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The 
oexisten
e of a homogeneous (Meissner-like) phase of spin{triplet super
ondu
tivity and

ferromagnetism is investigated within the framework of a phenomenologi
al model of spin{triplet

ferromagneti
 super
ondu
tors. The results are dis
ussed in view of their appli
ation to su
h metalli


ferromagnets as UGe

2

, ZrZn

2

, URhGe, and Fe.
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INTRODUCTION

Experiments at low temperatures and high pressure

have indi
ated the 
oexisten
e of ferromagnetism and su-

per
ondu
tivity in the metalli
 
ompounds UGe

2

[1{3℄,

ZrZn

2

[4℄, URhGe [5℄ and also in Fe [6℄. In 
ontrast to

other super
ondu
ting materials (see, e. g., Refs. [7,8℄),

in these metals the phase transition temperature to the

ferromagneti
 state is higher than the phase transition

temperature to the super
ondu
ting state and the su-

per
ondu
tivity not only 
oexists with the ferromagneti


order but is enhan
ed by it. It is widely a

epted [1,10℄

that this super
ondu
tivity 
an be most naturally under-

stood as a spin{triplet rather than a spin{singlet pair-

ing phenomenon (see, e. g., Ref. [9℄). The experiments

[6℄ on a high-pressure 
rystal modi�
ation of Fe, whi
h

has a hexagonal 
losed-pa
ked stru
ture, are also inter-

preted [1℄ in favour of the appearan
e of the same un-


onventional super
ondu
tivity. Note, that both vortex

and Meissner super
ondu
tivity phases [6℄ are found in

the high-pressure 
rystal modi�
ation of Fe where the

strong ferromagnetism of the usual b

 iron 
rystal prob-

ably disappears [10℄.

The phenomenologi
al theory that explains the 
o-

existen
e of ferromagnetism and un
onventional spin{

triplet super
ondu
tivity of Landau{Ginzburg type was

derived [11,12℄ on the basis of general symmetry group

arguments. It des
ribes the possible low-order 
oupling

between the super
ondu
ting and ferromagneti
 order

parameters and establishes several important features of

the super
ondu
ting vortex state in the ferromagneti


phase of un
onventional ferromagneti
 super
ondu
tors

[11,12℄. Both experimental and theoreti
al problems of

ferromagnetism in spin{triplet super
ondu
tors seem to

be quite di�erent from those in 
onventional (s-wave)

ferromagneti
 super
ondu
tors [7,8℄.

In this letter we investigate the 
onditions for the o
-


urren
e of the homogeneous (Meissner-like) phase of


oexisten
e of spin{triplet super
ondu
tivity and ferro-

magnetism in 
ase of a 
ubi
 (O

h

) 
rystal stru
ture.

Su
h a phase of 
oexisten
e may o

ur for a relatively

small magnetization and in a zero external magneti


�eld. Bearing in mind this 
ir
umstan
e and using the

model 
onsidered in Refs. [11,12℄ we show that the phase

transition to the super
ondu
ting state in ferromagneti


super
ondu
tors 
an be either of �rst or se
ond order and

this depends on the model parameters that 
orrespond

to the parti
ular substan
e. Our investigation is based on

the mean-�eld approximation [13℄ as well as on familiar

results about the possible phases in nonmagneti
 super-


ondu
tors with triplet (p-wave) Cooper pairs [14,15℄.

We negle
t all anisotropies, usually given by the respe
-

tive additional Landau invariants and gradient terms [9℄

in the Ginzburg{Landau free energy of un
onventional

super
ondu
tors. The reason is that the in
lusion of 
rys-

tal anisotropy is related with lengthy formulae and a mul-

tivariant analysis whi
h will obs
ure our main aims and

results. Let us emphasize that the present results should

be valid in the same or modi�ed form when the 
rystal

anisotropy is properly taken into a

ount. We have to

mention also that there is a formal similarity between

the phase diagram obtained in our investigation and the

phase diagram of 
ertain improper ferroele
tri
s [16℄.

I. MODEL

We 
onsider the Ginzburg{Landau free energy [11,12℄
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In Eq. (1), D

j

= (r � 2ieA

j

=~
), and A

j

(j = 1; 2; 3)

are the 
omponents of the ve
tor potential A related

with the magneti
 indu
tion B = r� A. The 
omplex

ve
tor  = ( 

1

;  

2

;  

3

) � f 

j

g is the super
ondu
t-

ing order parameter, 
orresponding to the spin{triplet

Cooper pairing and MM = fMM

j

g is magnetization. The


oupling 
onstant 


0

= 4�J > 0 is given by the ferro-

magneti
 ex
hange parameter (J > 0). The 
oeÆ
ients
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a

s

= �

s

(T�T

s

) and a

f

= �

f

(T�T

f

) are expressed by the

positive parameters �

s

and �

f

as well as by the super-


ondu
ting (T

s

) and ferromagneti
 (T

f

) 
riti
al temper-

atures in the de
oupled 
ase, whenM 

i

 

j

-intera
tion is

ignored; b > 0 and � > 0, as usual.

We assume that the magnetization M is uniform,

whi
h is a reliable assumption outside quite 
lose vi
inity

of the magneti
 phase transition but keep the spatial (x-)

dependen
e of  . The reason is that the relevant depen-

den
e of  on x is generated by the diamagneti
 e�e
ts

arising from the presen
e of M and the external mag-

neti
 �eld H [11,12℄ rather than from 
u
tuations of  

(this e�e
t is extremely small and 
an be safely ignored).

First term in (1) will be still present even for H = 0 be-


ause of the diamagneti
 e�e
t 
reated by magnetization

MM = B=4� > 0. As we shall investigate the 
onditions

for the o

urren
e of the Meissner phase where  is uni-

form, the spatial dependen
e of  and, hen
e, the �rst

term in r.h.s. of (1) will be negle
ted. This approxima-

tion should be valid when the lower 
riti
al �eld H


1

(T )

is greater than the equilibrium value of the magnetiza-

tionM in the phase of 
oexisten
e of super
ondu
tivity

and ferromagnetism.

One may take advantage of the symmetry of model (1)

and avoid 
onsidering equivalent thermodynami
 states

that o

ur as a result of the respe
tive 
ontinuous sym-

metry breaking at the phase transition point but have

no e�e
t on the thermodynami
s of the system. That

is why we shall assume for 
on
reteness of our 
al
ula-

tion that the magnetization ve
tor is along the z-axis:

MM = (0; 0;M), where M � 0. This 
on
rete 
hoi
e of

the dire
tion of the magnetization ve
tor does not re-

stri
t the generality of the present analysis and leads to

the same stru
ture of the ordered phases as previously

predi
ted and dis
ussed on the basis of general symmetry

group 
onsiderations in Ref. [12℄. We �nd 
onvenient to

use the followingnotations: '

j

= b

1=4

 

j

, '

j

= �

j

exp(�

j
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M = �

1=4

M, 
 = 


0

=(b

2

�)

1=4

, r = a

s

=

p

b, t = a

f

=

p

�,

�

2

= (�

2

1

+ �

2

2

+ �

2

3

), and � = (�

2

� �
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We shall not dwell on the metastable and unstable

phases des
ribed by model (1) [17℄ nor on the vortex

phase [11,12℄ 
orresponding to jBj > H


1

. Rather, we


onsider the stable homogeneous phases in a zero exter-

nal magneti
 �eld (H = 0) that are des
ribed by uniform

order parameters M and  . We shall essentially use the


ondition T

f

> T

s

.

II. RESULTS AND DISCUSSION

The model (1) des
ribes three stable homogeneous

phases: (1) normal phase (�

j

= M = 0) (hereafter re-

ferred to as N-phase), (2) ferromagneti
 (FM-) phase

(�

j

= 0, M

2

= �t > 0), and (3) a phase of the 
o-

existen
e of super
ondu
tivity and ferromagnetism (FS-

phase), given by �

3

= 0, � = 2�(k � 1=4), (k =

0;�1; : : :), �

2

= (�r + 
M ) > 0, 6M

2

> (


2

� 2t), and


r

2

=

�




2

2

� t

�

M �M

3

: (2)

This phase of the 
oexisten
e has the same symmetry

as pointed in Ref. [12℄ for 
ubi
 
rystals and in strong

spin-orbit 
oupling limit. It is not diÆ
ult to determine

the domains of existen
e and stability of the phases N,

FM, and FS. Note, that here we use the term \
ondi-

tion of stability" to indi
ate the ne
essary 
ondition of

stability when the respe
tive phase 
orresponds to a min-

imum of the free energy, i. e., in both 
ases of stable and

metastable states. When a phase 
orresponds to a global

minimum of free energy (a suÆ
ient 
ondition of stabil-

ity) it will be 
alled a \stable phase". Thus we easily

�nd the following existen
e and stability regions: (t > 0,

r > 0) for the N-phase, (t < 0, r > 
M ) | for FM. In or-

der to obtain the same domain for FS one should 
onsider

Eq. (2) together with the additional existen
e and stabil-

ity 
onditions 
orresponding to this phase: 
M > r and

3M

2

> M

2

0

, where M

0

> 0 is de�ned by the r(M ) = 0;

see Eq. (2).

Eq. (2) is shown in Fig. 1 for 
 = 1:2 and t = �0:2.

For any 
 > 0 and t, the stable FS thermodynami
 states

are given by r(M ) < r

m

= r(M

m

) for M > M

m

> 0,

where M

m


orresponds to the maximum of the fun
tion

r(M ). Fun
tions M

m

(t) and M

0

(t) = (�t + 


2

=2)

1=2

=

p

3M

m

(t) are drawn in Fig. 2 for 
 = 1:2. Fun
tions

r

m

(t) = 4M

3

m

(t)=
 for t < 


2

=2 (the line of 
ir
les in

Fig. 3) and r

e

(t) = 
jtj

1=2

for t < 0 de�ne the border-

lines of stability and existen
e of FS.

In the region on the left of point B (Fig. 3) with the


oordinates (�


2

=4,


2

=2), FS satis�es the existen
e 
on-

dition 
M > r only below the dashed line [r < r

e

℄. In

the domain 
on�ned between the lines of 
ir
les and the

dashed line on the left of point B the stability 
ondition

for FS is satis�ed but the existen
e 
ondition is broken.

The inequality r � r

e

(t) is the stability 
ondition of FM

for 0 � (�t) � 


2

=4. For (�t) > 


2

=4 the FM phase is

stable for all r � r

e

(t). The dashed line on the left of

point B, i. e. for (�t) > 


2

=4, is a line of the se
ond or-

der FM{FS phase transition. On this line the equilibrium

order parameters are given by �

j

= 0 and M

eq

=

p

jtj.

Therefore, the phase diagram for (�t) > 


2

=4 is 
lari�ed

for any r. When r < 0 the FS phase is stable and is de-

s
ribed by the fun
tion r(M ) for M > M

0

, as shown in

Fig. 1.

The part of the t-axis given by r = 0 and t > 


2

=2

in Fig. 3 is a phase transition line of se
ond order that

des
ribes the N-FS transition; see, the dashed line to

the right of point A in Fig. 3 The same transition for

0 < t < 


2

=2 is represented by the solid line AC whi
h

is the equilibrium transition line of the �rst order phase

transition. This equilibrium transition 
urve is given by

the fun
tion

r

eq

(t) =

1

4

h

3
 �

�




2

+ 16t

�

1=2

i

M

eq

(t); (3)
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Fig. 1. h = 
r=2 as a fun
tion of M for 
 = 1:2, and t = �0:2.

Fig. 2. M versus t for 
 = 1:2: the dashed line represents M

0

, the solid line represents M

eq

, and the dotted line 
orresponds

to M

m

.

where

M

eq

(t) =

1

2

p

2

h




2

� 8t+ 


�




2

+ 16t

�

1=2

i

1=2

(4)

is the equilibriumvalue (jump) of the magnetization. The

order of the N{FS transition 
hanges at the tri
riti
al

point A.

The domain above the solid line AC and below the line

of 
ir
les for t > 0 is the region of a possible overheating

of FS. The domain of over
ooling of the N-phase is 
on-

�ned by the solid line AC and the axes (t > 0, r > 0).

At the triple point C with 
oordinates [0, r

eq

(0) = 


2

=4℄

the phases N, FM, and FS 
oexist. For t < 0 the straight

line

r

�

eq

(t) =




2

4

+ jtj; �


2

=4 < t < 0; (5)

des
ribes the extension of the equilibrium phase transi-

tion line of the N{FS �rst order transition to negative

values of t, where it des
ribes the FM{FS �rst order

phase transition. For t < (�


2

=4) the equilibrium phase

transition FM{FS is of the se
ond order and is given

by the dashed line on the left of point B (the se
ond

tri
riti
al point in this phase diagram). Along the �rst

order transition line r

�

eq

(t), given by (5), the equilibrium
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value of M is M

eq

= 
=2, whi
h implies an equilibrium

order parameter jump at the FM{FS transition equal to

(
=2�

p

jtj). On the dashed line of the se
ond order FM{

FS transition the equilibrium value of M equals that of

the FM phase (M

eq

=

p

jtj). At the triple point C the

phases N, FM, and FS 
oexist. Note, that the dashed

line along the r-axis above the triple point C indi
ates

the se
ond order N{FM phase transition.

In 
on
lusion, we have demonstrated that model (1) of

ferromagneti
 spin{triplet super
ondu
tors gives quite a


omplex phase diagram 
ontaining three ordered phases,

two types of phase transitions, two tri
riti
al points, and

a triple point. Further 
onsiderations of the e�e
t of ad-

ditional terms in free energy (1) su
h as the terms of the

type MM

2

j j

2

and/or those des
ribing the Cooper pair

and 
rystal anisotropy [9,14℄ may give more information

about the shape of the phase diagram outlined in the

present paper.

Fig. 3. The phase diagram in the plane (t, r) with two tri
riti
al points (A and B) and a triple point C; 
 = 1:2. The se
ond

order transition lines are dashed, �rst order transition line is solid. The meaning of the notations N, FM and FS is given in

the text.
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SP�V�SNUVANN� ODNOR�DNIH FAZ SP�N{TRIPLETNOÕ NADPROV�DNOSTI

� FEROMAGNETIZMU

D. Xopova, D. Uzunov

Laborator�� SRSM, �nstitut f�ziki tverdogo t�la �. Nad�akova

Bolgars~ka akadem�� nauk, BG{1784, Bolgar��

Sp�v�snuvann� odnor�dnoÝ fazi sp�n{tripletnoÝ nadprov�dnosti ta feromagnetizmu dosl�d�eno za do-

pomogo� fenomenolog�qnoÝ model� sp�n{tripletnogo feromagnetnogo nadprov�dnika. Obgovoreno zastosu-

vann� otrimanih rezul~tat�v do feromagnetnih metal�v, UGe

2

, ZrZn

2

, URhGe � Fe.

430


