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In this work the expression for optical conductivity of spherical metal nanoshell as a function
of internal and external radii of nanoshell and photon energy — Fermi energy ratio is obtained.
Quantization of electron energy in nanoshells is shown to lead to the appearance of an oscillating
dependence of optical conductivity on the light frequency. An explicit expression of oscillating

addends for optical conductivity is obtained.
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INTRODUCTION

In recent years the research of physical properties of
various nanostructures has become significant and popu-
lar. It is known that physical properties of small particles
and their ensembles differ drastically from similar prop-
erties of bulk substance. In particular, when we deal with
ensembles of metal particles, new phenomena like elec-
tron and photon emission at the introducion of power
into ensemble [1] appear. These phenomena happen at
the power that is relatively small so that in bulk metal
they are not observed. A multitude of new effects is ob-
served in the absorption of light by small metal particles
(in particular, a steep dependence of absorption from the
shape of a particle and polarization of electromagnetic
wave appear [2]).

In this work, optical conductivity of metal nanoshells
is studied theoretically. An experimental study of such
systems is described in [3]. Our task is to find out how
effect of quantization of electron spectrum in spherical
metal nanoshells affects optical conductivity.

I. SETTING OF THE PROBLEM

Let’s study spherical metal nanoshell with the inter-
nal radius r = a and external radius » = b. The potential
energy of an electron in such a shell as a function of the
radial coordinate V(r) is given on Fig. 1.

We investigate light absorption in metal nanoshell.
First, we should find eigenfunctions and energy spectrum
of the electron in the potential well V(r). The Hamilto-
nian of our system can be written as follows:

~2

ﬁ:§%+vm (1)

Here, p is the momentum operator of the electron, mg is
its effective mass.

The eigenfunctions of the Hamiltonian H can be rep-
resented in the form

P(r) = R(r)Yim(0, ¢) (2)

Here Y, (0, @) are spherical functions, the radial func-
tion R(r) must satisfy the following equation:

n2

m+iﬁ+< ;U)Rza re(a,b) (3)

Here F is the electron energy, [ is the orbital quantum
number.
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Fig. 1. The potential in which the electron moves as a
function of radial coordinate for a model potential of the
nanoshell. Uy is the dielectric barrier height, which is sup-
posed to be equal outside the particle and in the inner cavity,
a and b are internal and external radii of nanoshell, corre-
spondingly.

The solution of (3) can be written in the form
R(r) = Buji(kr) + Bany(kr), (4)
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where j; and n; are the spherical Bessel functions, B
and B are the constants.
Also, we should mention that

hk = /2moE. (5)

To equation (3) we must add boundary conditions. If
weak lowering of wavefunction in the barrier is neglected,
boundary conditions can be written as follows:

R(a) = R(b) =0 (6)

(a and b are internal and external radii of nanoshell,
correspondingly). Condition (6) is satisfied exactly for
a barrier with infinite height.

Then, we presume that condition

ka>1 (7)

is satisfied.

From (5) we can see that this condition is satisfied, for
instance, if electron energy has the order of magnitude
of Fermi energy and a > 2- 107" cm.

From (7) we can see that condition kr > 1 is satisfied
for r € (a,b] and for the vicinity of a and b; we use this
in our further calculations.

If (7) is satisfied, we can use asymptotics for the func-
tions j; and n;:

. 1 b
g (kr) ~ o €08 (kr— (1+1) 5) ,

ny (k) ~ % sin (kr —(14+1) 3. (8)

Then, we introduce amplitude and phase instead of con-
stants By and Bs:

B; = Bsina, By = Bcosq, 9)

so the asymptotics of normalized on 1 function (4) can
be written as

R(r) ~ (b—2a>; %sin (k‘r— (i+1) % +a> . (10)

Let’s denote the values of k that satisfy (6) as k.
Taking into consideration (10), we can see that condi-
tions (6) are satisfied if

knia — (I + 1) 7w/2 + ay = 70,

kni (b—a) = 7. (11)

The second condition in (11) means that the interval be-
tween a and b contains an integer number of wavelength-
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€s.

Replacing k with k,,; in (5), we obtain quantum levels
of electron energy

h? ™\’
E=E,;=— 12
" 2mg (b—a> (12)

As we can see, energy is degenerated by orbital and az-
imuthal quantum numbers.

To be strict, this claim needs to be elaborated. More
precise calculations (see Appendix) give instead of (12)

h? m™m \° 1(+1)+1
Bt = 5 ((b_a> + = . (13)

so E,; is a function of [. But taking into consideration
the fact that b > b — a and | < 2n, we can see that
the second addend in brackets is negligible as compared
with the first one. After neglecting this addend, we ob-
tain (12). Even for b ~ b — a (a small value of a) and
I = 2n the second addend is by 2.5 times less than the
first one.

Now let us take into consideration the finiteness of a
potential well. We suppose that the difference of a dis-
turbed wavefunction Vo < +oo, F < Vy, Kya > 1,
where K,y = \/2m(Vo — E)/h ~ v/2mVyh from the non-
disturbed one can be described with small addends to k
and a:

Rpi(r) = gSiﬂ ((knl + Aknz)r—%(l +1)+ (a+ Aa)) ,

r € (a,bl. (14)
It can be easily seen that for ¢ (a, b]

r<a, Kpuyr>1, (15)

o A
R, = Aji(iKyr) = - exp(Knr)
in an analogous way

r>b Ru= gexp(—Knlr) (16)

(here A, A and C are the normalization constants) we
will find small addends to k£ and a from the condition of
sewing the radial part of the wavefunction for » = a and
r = b, we use sewing of a logarithmic derivative:

R (b+0
r—b+0: Mz—]{,m as

K, b>1,
Rou(b+0) !
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R’ -0
r—a—0: M% nl, as

Kpa > 1.
Rui(a —0) e

Taking into consideration only addends of the first or-
der of magnitude, we can easily obtain

r(b—0) ki

nl

Ru(b—0)  Akub+ A’

n(@a+0) kn
Rnl (Cl + O) Aknla + Aa '

From the condition of sewing the logarithmic deriva-
tive we obtain

Ak b+ Aa = _knl/Knh
(17)
Aknya+ Ao = knl/Knl-

(We do not calculate Ak,; and A« because for fur-
ther calculations we need not more exact expressions of
the electronic spectrum and phase but the value of wave-
function on the border of the potential well; it is obtained
from the combinations of Ak,; and A« given above).

We have obtained the wavefunctions and energy spec-
trum of the electron in a metal shell. Now we start the
study of light absorption.

II. LIGHT ABSORPTION

The Hamiltonian of the electron interaction with an
electromagnetic wave field can be written in the form

Hi = —— Ap. (18)
mocC

Here e is electron charge, c is light velocity, A is vector-
potential of the electromagnetic field.
We suppose that A can be written in the form

A = Apsinwt, (19)

where w is light frequency.
Let us direct the z axis along Ay. Then we can write

H;,t in the form

W +m') (I —m!

From (11) we can see that

)

Hi = i%ﬁz (et — emit) = i . (et — et

(20)

The energy that is absorbed by the electron system
during a unit of time is given by the following expres-
sion:

W= 2% > ‘<i\ff’|f>‘2 (Ei — Ey) f(Ei) (1 - f(Ey))
(4,f)

x § (B — E; — hw) (21)

In (21) index ¢ means the initial and f, respectively, the
final state, f(F) us a function of electrons distribution
by energy.
For the sake of simplicity we denote the energy of the
initial state E; as E and that of the final state E; as E'.
In correspondence with (20) we can write

BAQ
2mgc

ieEo
2mgc

(| H'|f) =i

(ilp=|f) = -

(@p=1 1) (22)

In this equation we expressed the amplitude of the
vector-potential Ay through amplitude of the electrical
field of the wave (Eg = —wAp/c).

The matrix element of momentum operator p can be
easily calculated using functions (2) and (10):

(ilps1f) = / dr Rt (1) Vi (6,9) =Rt (1) Yir (6. 0).

(23)

The function R, in (23) is obtained from (10) after the
replacement of k and a with k,; and ay,; also, (i| = (nim)|
and |f) = [n'U'm/).

The integral by r in (23) can be easily calculated, we
obtain

A 2th  kpiknr !
. = (1 - (-1
<Z|p |f> b—_a k?zl — k?ﬂl’ ( ( ) )

X / dQQYim, (95 90) )/l;km/ (95 (P) cos 6. (24)

An integral by the angle can also be easy calculated:

[N

(I+m) (I —m)\?
6l,l/—1 + <(2l+1)(2l—1)> 51,[’-&-1) 5m,m/~ (25)

= k(n), (26)
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. 2
0 ky; is not a function of [. It means that after substituting ‘<Z|H/|f>‘ into (21) we can perform summation over

(I, m) and over (I', m'). Summation over m is performed in limits —I < m < [ and [ changes from 0 to 2n, I’ and
m’ change correspondingly. But the presence of delta-indices d,, s and d; 41 changes the picture of summation. In
fact, [ and I’ change from 0 to 2min(n,n’) £ 1. If absorption take place, n is less than n/, so 0 <, I’ < 2n (we neglect
unity comparing to 2n). Having made this notations, we can write

w2 B 22(1— 1" )RR () 2 () n2(B) (1= J(E")) 6 (B = E — ). (27)

3m

We remind that E is given by (12) and E’ can be obtained from (12) after replacing n with n'.
The power absorbed by electronic system can also be expressed through optical conductivity o(w) in the following
way:

1
W = §Vba(w)E§
Here Vy is the volume of metal shell. Comparing this with (27), we obtain the expression for o(w)

woSr__ ¢ 22(1— 1" Y22 (n) K2 () £(B) (1~ (E) 8 (B — B~ o). (28)

3VLm w3

In this paragraph we neglect discreteness of electronic spectrum and replace in (28) the sum with integral. At this
we take into account that

An="0Nk  Aw=tC (29)
T T
The function (1 — (—1)”7#) takes discrete values 0,2,0,2, ..., so we replace it with its mean, i. e., unity. So we
obtain
4 oo o0 )
= dk dK'K*K " f(E) (1 — f(E') 6 (E' — E — hw). 30
0() = S Sy )1 F ()5 ) (30)
0 0

The integral by k and &’ can easily be calculated after following an approximation of the function f(FE)

f(E)=1—-x(FE - Ef), (31)

where x is the Heaviside function and E; is Fermi energy. First, we make substitution

k2 — %E kdk = %dE.
We obtain
“+00 400
/ kY ()2 F(E)(1 — F(E')S(E — B — hw) dk di/
0 0
+00 +00

[N

/ / (% )(ZE) (%) 1E)01 - 1ENOE - B~ ) ap a

(after using (31))
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Ey
2 2 2 2 2 2
mo 2mg 3 mo 2my 3 mo 2mg ~
~ <h2> (7#) / E:VE + hwdE = (fﬁ’) (h2> E?/q"‘\/q—&-l/dq: (hz) (h2 ) E{f(v),

E;y—hw 1—v
where v = hw/Ey and

(a(g +v))**  v(2q+v) 1

alatv) | %31n(\/§ g +u)>

3 8
1—v 1—v
For optical conductivity
ge2ht (b—a)? (mo\” [2mo)’ 3% 32e2(b—a)® 4 :
=——| — — | E =—-F
I 3Oy, <h2 ) ( n? > 110 = iy, B0
and as nanoshell volume
4
Vo = — (° —a?),
3
we can write
32¢2 (b —a)? 3 = 8e2 (b—a)> E} 8e2 (b — a)®
9= 9543) T ) == (3 )3 Lfw) =5 (3 )3 fw),
3m3htwd 4w (b2 — a3) mh (b3 — a®) (hw) w40 (b3 — a3)
where
Q)
fw =12,
so sought optical conductivity
8e? (b—a)’
01 = ﬁmf(”)v (32)
where v = hw/FEy and function f(v) is given by the following expression:
; 1 3/2 2 3 !
_ + v(2q+v +v
f(l/):V 3 / q3/2\/q+7ydq:§ <(Q(q 37/)) _ ( q )8 Q(q ) _~_V81n(\/a+\/m)) (33)
1-v 1—v
For the case v = hw/Ey < 1 (33) gives
f)=v72, (34)

so in this limit dependence optical conductivity from frequency is the same as for bulk metal.

ITI. OSCILLATIONS OF OPTICAL CONDUCTIVITY AS A RESULT OF QUANTITIZATION OF THE
ELECTRONIC SPECTRUM

In this paragraph we shall investigate the displays of discrete nature of electronic spectrum in optical conductivity
(and, consequently, in absorption). Let us rewrite equation (28) in the following form:

131



P. M. TOMCHUK, V. V. KULISH

8
W =
3W;m w3 an (

# 250 () () (1= (B + 1)

> (1 - (—1)"'*”)6(E’—E—hw). (35)

In (35) we used energy conservation law and expressed
E’ through E and k2(n’) through k?(n). Let us remind
that dependence of F on n is given by (12), E’ depends
on n/ in the same way.

Instead of replacing the sum with integral here we use
the exact formula for summation — the Poisson formula:

oo

Z y(n) = / ( )+2 Z y(n) cos 27rsn)> (36)

Such a procedure is used in theory of de Gaaz—van Alfen
oscillations (see, for instance, [4]).

Applying the Poisson formula for summation over n
does not make any difficulties. But when we use this for-
mula for summation over n’ we need to take into account
some specific points. We should calculate the following
sum:

G (E(n) + hw) = Z( ) (37)
x 0 (E(n') — E(n) — hw) .

The first notation is the following: d-function of dis-
crete indices (n and n') has no mathematical sense. If we
want to use it, we should remember that the j-function
in physics is, in fact, a limit of some classical function

|

oo

(

(for example, from C*° or given below). After taking the
limit area under the graph of classical function remains
equal to 1 when the width of the figure under the graph
tends to zero and its height to infinity. We use the fol-
lowing classical function:

0, < —AE/2
0 (r) =< 1/AE, —AE/2<x <AE/2 . (38)
0, x> AE/2.

with AE —0 limit.

The second note concerns the factor (1 - (71)”",”)
that equals 0 or 2 depending on whether from the fact,
is the number n’ — n even or odd. In the previous para-
graph we replaced this function with its mean (unity). If
we take into consideration discreteness of spectrum, the
possibility of such an approximation should be proved.
It can be proved if we consider for (37) two situations
(n being even and n being odd) separately. For exam-
ple, if n in (37) is odd, only even n (n’ = 2m’, where
m’ =1,2,3,...) will remain in the sum. Then,

G(E(n)+hw) =2 Y & (E@m') - E(n) - hw). (39)

Now we use (36) to calculate the sum (39):

s=1

G(E(n)+hw) = /dm’ -20% (E (2m) — E(n) — hw) <1 +2 icos (27s - 2m')>

0

:/dn’é* (E(n/
0

We can see that the result is the same as if we replaced (1 — (71)"7”

— E(n) — hw) (1 +2 i cos (27rsn')> :

s=1

) with 1 from the beginning. For even n this

fact could be proved in the same way (in this case only odd n’ (n’ = 2m’ — 1) makes an essential contribution).

So we replace in (37) the discrete function (1 — (—1)”7”/> with its mean that equals one and the delta-function

with §* and use the Poisson formula for a resulting sum. We obtain

G (E+hw) = (b—a) v2mo

o h\/EJrhw ( +2ZCOS<

2b-a) 2mo (E + hw))) . (40)

For the sake of simplicity we throw away index n for E,, in (40). Also, in (40) we have already made limit transition
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AFE — 0 (here AF is the same as in (38)). After substituting G (E + hiw) into (35) we use one more time (36) for
the summation over n. We obtain

32e2 (b —
3 (rhw)® AV,

W=

o0 (w) = /dE B3 (E + o)} £(E)(1— (B + hw))

x <1+2§:cos<sz(bha)\/27>> <1+QZCOS( 2(b—a) 2m0(E+hw)>). (41)

The addend in (41) that does not contain cosine has already been calculated in the previous paragraph (see (32)).
Now we should calculate the oscillating addends.

It is easy to calculate that for b — a > 2 - 10~ “cm and the energies that have order of magnitude of Fermi energy
arguments of cosines in (41) are much bigger than unity. It means that cosines in (41) are quickly oscillating functions
of energy. So an essential contribution into integral (41) are made only by addends with s = s’, that contain difference
of cosine, arguments:

s (B) = sw\&mo (\/E + hw — \/E) . (42)

This happens because these addends oscillations are the slowest and, consequently, their contribution into integral
(41) dominates.
If we leave in (41) only addends of the type of (42), we obtain

o0
32¢2 (b — a)?
373724013‘/1 /dE-E2 (F + hw)

Nl

o(w) = f(E)(1 = f(E + hw)) <1+2Zcos<p;(E)>. (43)

s=1

Now we can see that the problem is mathematically analogous with the problem of de Gaaz—van Alfen oscillations
(see [4]). So we use analogous approximations, but first, we use the equality

FE) (= F (B +hw) = (1= /)7 (F(B) — (2 + ). (44)

In (44) 0 is the temperature (in energetic units). Equality (44) allows us to limit calculation of integral (43) that
contains only f(E). An analogous integral that contains f(E 4 hw) can be obtained after replacing Fermi energy in
previous integral.

Now, let us expand function ¢s(E) into series in the vicinity of Fermi energy:

ps(E) = ¢s(Er) + 0 (Ey) (E — Ey). (45)
Now integral from (43) could be written in the for

/dE \E? (E + hw)% f(E) cos ps(E)
0

~ Re (ug (1 + hw) ® exp (ips (Ey) /dE f(E) exp (i} (Ef) (E — Ef)) ) (46)

In (46) we put factor before exponent into the integral (for E = Ey). If oscillations amplitude needs to be calculated
more precisely, this function can be expanded in a series analogously to (45).
Now, let us take into account the following:
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o0

/ dE f(E)exp (ig, (Ey) (E — Ey)) = 0

43

dy - exp (ips (Ef) y)

e¥y+1
0 B
[ dy-exp (igs (Ep)y) inf
~ 0 =— . 47
/ ey +1 sinh (7o’ (Ey) 0) (47)

Now, we have all the necessary equations to obtain the final expression for a high-frequency conductivity of metal

shell considering discreteness of electronic spectrum:

64¢2 (b — a)®
3r2hiwsV,

where the function ®(Ey)

sin s (Ef) (49)

@ (By) = B (By + h)t 30 e

s=1

and o is optical conductivity of a nanoshell without con-
sidering discreteness of electronic spectrum (see (32)).

In (48) V} is absorption volume of the nanoshell:

Vb:%(b?’—a?’).

For thin nanoshells

Vi, ~ 4ma® (b —a).

We can use the fact that hw < E; and expand into
series ps(Ey) by hw (see (42)), we obtain

1
9 3
ps = s(b—a) <mg) w:s~2(b—a)£:s7'w (50)
Ef vf

in (50) vy is the Fermi speed, 7 is the time of electron
flight from inner surface of shell to external and back
(1 =2(b—a) /vg). We can see that when photon energy
hw is negligible a comparing to Fermi energy, oscillations
possess completely classical nature.

In our approximation, the inequality iw < Ef is es-
sential because for energies F' = E — hiw inequality (7)
must be fulfilled. But, as is mentioned in Appendix, for
thin shells ((b — a)/b < 1) the solution could be found
without using inequality (7).
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hw
0

) (@) — B8~ hw)). (48)

Fig. 2. Relative oscillative addend (for 2 addends in (49))
as a function of incident photon energy — Fermi energy
ratio. Graph is given for Fermi energy of nanoshell metal
E; = 5.53¢eV (Fermi energy of gold), internal radius of the
nanoshell ¢ = 40 nm, nanoshell thickness b — a =100 nm. In-
terval of v is chosen so that Ao is small relative to U? and
v="hw/E; < 1.

Now we give graphical representation of the re-
sult. We suppose that Fermi energy of nanoshell metal
E;=5.53eV (Fermi energy of gold), temperature T' =
300K, internal radius of the nanoshell a = 40nm,
nanoshell thickness b —a=100nm. Our calculations show

that for T'= 300 K factor

practical values of photon energy (it could be replaced
with 1). The graphs show that we can leave only 2 ad-
dends in sum (49). The dependence of relative oscillating
addend Aoy /0¥, where Aoy is the second addend in (48),
from photon energy Fermi energy ratio v for 2 addends
in (49) is given in Fig.2. An analogous dependence for
b—a = 50nm and 5 addends in (49) is shown in Fig. 3
(for b —a = 50nm we can leave 5 addends in sum (49)).

(1 — e‘ﬁTw) is negligible for
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Fig. 3. Relative oscillation addend (for 5 addends in (49))
as a function of incident photon energy — Fermi energy
ratio. Graph is given for Fermi energy of nanoshell metal
E;=5.53 eV (Fermi energy of gold), internal radius of the
nanoshell @ =40 nm, nanoshell thickness b — a=50 nm. In-
terval of v is chosen so that Ao is small relative to a? and
v=hw/E; < 1.

RESULTS AND REMARKS

In this work the expression for optical conductivity of
spherical metal nanoshell is obtained. Quantization of
electron energy in nanoshells is shown to lead to the ap-
pearance of an oscillating dependence of optical conduc-
tivity from the external electromagnetic field frequency.
Oscillations also depend on thickness of metal shell and
Fermi energy. An explicit expression of oscillating ad-
dends for optical conductivity is obtained.

To perform summation over discrete quantum indices
we used the Poisson summation formula and, as electron-
ic spectrum of nanoshells possess quasi-one-dimensional
nature, the problem of the investigation of oscillations
of optical conductivity becomes mathematically analo-
gous with that of the investigation of de Gaaz—van Alfen
oscillations.

In the calculus of optical conductivity according to
(41) we left only those addends for which s = s’ (be-
cause cosines oscillate quickly). But situations when
s\/E¢ +hw ~ s'Ey, so such s and s’ cannot be neglect-
ed, are, in principle, possible.

And finally, we point out that the electric field Ey that
figures in this work is the one inside the conductor. It can
differ from that outside (see, for example, [1]).

APPENDIX

For thin shells ((b — a)/b < 1) equation (3) can be
solved in another way, if we neglect the dependence of
coefficients from (3) from the coordinate the interval
a <r <b. Instead of (3) we can write

2 (l+1

R'+ <R + (k2 - Un)) R=0. (A1)
b b2

The solution of (A1) can be written in the form

R=CyeM" + Cye, (A2)

T 1, 2+i+1
)\172:—5im:—giz kil—T. (A3)

After taking into consideration (A3) expression (A2) can
be transformed:

R = const - e~ sin (1 + o) . (A4)
Condition R(a) = R(b) = 0 gives
™m ™ma
n b—a’ ¥o b—a ( )
From the definition of n using (A3) we obtain
P+i+1
772 = k/}%l T (AG)
So
P+1+1 m \°  P+1+1
K2 = p? = — (A
nl n+ b2 <b—a> + h2 ( 7)

and, consequently, eigennumbers of energy equal

B2 72 m \> P+i+l
E, = k2 )
! 2my <(ba> + b2

2m0
(A8)
This result is similar to the result obtained in [5].
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II. M. Tomuyx®, B. B. Kymim?
! Inemumym gisuru, 6i0dia meopemunnot disuru, npocn. Haywku, 46, Kuis, 03028, Yrpaina,
2 Pisuro-mexnivnut imemumym, HTYY “KIIT, xagedpa npuxaadnoi disuru,
npocn. Ilepemozu, 37, Kuis, 03056, Yxpaina

OrpumaHOo BHpa3s Jyisi ONTUYHOI HPOBiHOCTH cdeprydHol MeTaseBol 0O0JIOHKHU sK (DyHKI] BHYTPIIIHBOIO i
30BHIIIHBOTO PaJiiyca HAaHOOOOJIOHKHM i BijHOINEHHs eHepril ¢porona ;10 eneprii @epmi. [Tokazano, 1110 KBaHTYBaH-
HsI eHepTil eJIeKTPOHA B HAHOODOJIOHKAX 3YMOBJIIOE€ TOSIBY OCIIMJISITIIIHOI 3aJI€2KHOCTH ONTUYHOI MPOBIAHOCTH Bij
qacToTn cBiTia. OTpUMaHO ABHUIA BUIJIS] OCHUIAMIRHAX CKJIAJ0BUX B ONTHYHIA IIPOBIAHOCTI.



