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The high temperature approximation (HTA) for a polydisperse hard-sphere Yukawa chain fluid
is proposed. A closed form analytical expression for Laplace transform of the reference system site-
site radial distribution function, which is used as an input in the theoretical scheme developed, is
obtained from the solution of the averaged version of the multidensity Ornstein–Zernike equation.
It is demonstrated that in the frames of the HTA polydisperse hard-sphere Yukawa chain fluid
model belongs to a class of “truncatable free energy models”, i. e. the models with thermodynamical
properties (Helmholtz free energy, chemical potential and pressure) defined by a finite number
of generalized moments. The accuracy of the theory is accessed by comparison of its liquid-gas
phase diagram predictions obtained in the monodisperse limiting case, with the corresponding
predictions of the statistical associating fluid theory for the potentials of variable range (SAFT–
VR) and thermodynamic perturbation theory dimer (TPTD).
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I. INTRODUCTION

It is our pleasure to dedicate this paper to our mentor
and colleague Professor Ivan Vakarchuk on the occasion
of his 60th birthday.

A vast majority of colloidal and polymeric systems are
intrinsically polydisperse, i. e. each particle of a colloidal
suspension or polymer blend is unique in its size, charge,
shape and other properties. This feature affects the struc-
ture and thermodynamic properties of the systems, in
particular their phase behavior. Usually the theoretical
concepts used to study polydisperse systems treat such
systems as a mixture with an infinite number of com-
ponents, each of them characterized by the variable x,
which is distributed according to the distribution func-
tion f(x). The main obstacle in theoretical description of
the phase behavior of polydisperse mixtures is the fact
that we are now dealing with a formally infinite num-
ber of coexisting equations for the coexisting phases. In
spite of the fact that a basic formalism for polydisperse
systems was developed some time ago [1], a numerical
solution of this problem for a general system, where pres-
sure and chemical potential have to be calculated numer-
ically (with some suitable liquid state theory) remains
up to date unsolved. Presently systematic study of the
phase behavior of polydisperse fluids is conceivable in the
frames of the so-called truncatable free energy models.
These are the models with thermodynamic and structure
properties expressed via a finite number of generalized
moments of the distribution function f(x). As a result
infinitely many coexistence equations for the phase equi-
librium can be mapped onto a finite number of coupled,
highly non-linear equations for these moments. Phase be-

havior of a number of different polydisperse systems has
been studied via this access [2–5]. However, most of these
studies in their sophistication do not go beyond a sim-
ple van der Waals (vdW) approach. Only recently in an
attempt to go beyond the vdW picture, phase behav-
ior of polydisperse mixtures of hard-sphere Yukawa [6,7]
and charged hard-sphere fluids [8–10] have been studied
using the high temperature approximation (HTA) and
mean spherical approximation (MSA).

In this paper we propose an extension of the HTA
for a polydisperse mixture of Yukawa hard-sphere chain
molecules. We have shown that within this extension the
model at hand belongs to the family of TFE models. Cur-
rently there are several theoretical methods which are ca-
pable of giving reasonably accurate predictions for ther-
modynamical properties of the fluid of chain molecules.
These include a generalized Flory-dimer theory [11],
polymer reference interaction site model (PRISM) equa-
tion approach [12], statistical associating fluid theory
for the potentials of variable range (SAFT–VR) ap-
proach [13, 14] and product reactant Ornstein–Zernike
approach (PROZA) [15–19]. Among those perhaps on-
ly appropriately reformulated SAFT–VR approach can
be used to express thermodynamic properties of polydis-
perse Yukawa hard-sphere chain fluid in terms of finite
number of the moments of a certain distribution func-
tion. Both SAFT–VR approach and our version of the
HTA account interparticle correlations on the level of
the corresponding reference system. In the former case
the reference system is represented by the Yukawa hard-
sphere mixture and in the latter case by the hard-sphere
chain mixture. We are expecting that HTA predictions
will be more accurate of the two, since in the HTA better
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approximation for the structure of the original Yukawa
hard-sphere chain fluid is used. Laplace transforms of
the reference system site-site radial distribution func-
tions (RDF), which are needed in HTA as an input, were
calculated analytically using PROZA [15, 16] appropri-
ately reformulated in terms of the average total and di-
rect correlation functions. For thermodynamical proper-
ties of the reference system we have used thermodynamic
perturbation theory (TPT) of Wertheim [20, 21], gener-
alized for polydisperse hard-sphere chain mixture. Final-
ly, to verify the accuracy of the present theory we com-
pare our results for the phase diagram of monodisperse
Yukawa hard-sphere chain fluid with the corresponding
results of other theories.

II. THE MODEL AND THEORY

We consider N -component mixture of freely joint-
ed tangent hard-sphere Yukawa chain molecules of the
species number density ρa and chain length ma. Here-
after small characters a, b, c, d, . . . denote the species of
the chain molecules and take the values 1 . . . N , and small
characters i, j, k, . . . indicate the chain monomer species
and take the values 1, . . . ,ma. All the monomers in the
chain of the a sort are assumed to be of the same size
σa. In addition to the hard-sphere interaction there is a
Yukawa potential acting between the monomers, which
are not connected directly. Thus for the total hard-sphere
site-site Yukawa potential we have

uab
Y (r) =

∞, r ≤ σab

−ε
ab
0 r0
r

e−z0(r−σab), r > σab

(1)

where ε0 represents the energy at the contact, z0 is the
Yukawa screening length and r0 is the distance unit. For
simplicity reasons we employed here only one-Yukawa
interaction; extension of the theory to include multi-
Yukawa potential is rather straightforward. For further
simplification we also assume that Yukawa interaction
(1) depends only on the species of the chains.

According to the HTA Helmholtz free energy per unit
volume can be written as follows

f = fref + ∆fHTA (2)

where fref is Helmholtz free energy density of the refer-
ence system, which is represented by the fluid of hard-
sphere chains, and ∆f is a contribution from the Yukawa
interaction averaged over the reference system RDF:

∆fHTA = 2π
∑

a

∑
b

ρamaρbmb

∫ ∞

0

dr r2uab
Y (r) gab

ref (r).

(3)

where
gab
ref(r) =

1
mamb

∑
ab

gab
ij (r)

and gab
ij (r) is site-site RDF between the monomers of i

and j species, which belong to the chains of species a
and b.

Substituting (1) into (3) we have

∆fHTA = −2π
∑

a

∑
b

ρamaρbmbε
ab
0 r0e

z0σabGab
ref(z0),

(4)

where
Gab

ref(s) =
∫ ∞

0

dr re−srgab
ref (r) (5)

is the Laplace transform of the RDF gab
ref(r).

Thermodynamical properties of the reference system
will be calculated using TPT of Wertheim [20,21]

III. STRUCTURE PROPERTIES OF THE
REFERENCE SYSTEM

We will calculate Laplace transform of the RDF gab
ref(r)

using the averaged version of the multidensity OZ equa-
tion supplemented by the ideal chain approximation and
polymer Percus–Yevick (PPY) closure relation [15,16].

A. Averaged multidensity OZ equation in the ideal
chain approximation

Multidensity OZ equation for the multicomponent
chain fluid in the ideal chain approximation is [15,16]:

hab
ij (r) = cab

ij (r) +
∑
c,k

∫
[cac

ik (r′) + ∆ac
ik (r′)] ρcα

[
hcb

kj(|r− r′|) + ∆cb
kj(|r− r′|)

]
dr′ (6)

where we have extracted from the correlation functions the terms with delta functions and denoted them by ∆ab
ij (r).

The matrices used in (6) are total correlation function matrix

hab
ij (r) =

 hab
ij,00(r) hab

ij,0A(r) hab
ij,0B(r)

hab
ij,A0(r) hab

ij,AA(r) hab
ij,AB(r)

hab
ij,B0(r) hab

ij,BA(r) hab
ij,BB(r)

 , (7)

direct correlation function matrix

cab
ij (r) =

 cab
ij,00(r) cab

ij,0A(r) cab
ij,0B(r)

cab
ij,A0(r) cab

ij,AA(r) cab
ij,AB(r)

cab
ij,B0(r) cab

ij,BA(r) cab
ij,BB(r)

 , (8)

density matrix
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α =

 1 1 1
1 0 1
1 1 0

 , (9)

and the matrix containing delta-functions:

∆ab
ij (r) = δi,j+1

 0 0 0
0 0 ∆ab(r)
0 0 0



+ δi,j−1

 0 0 0
0 0 0
0 ∆ab(r) 0

 , (10)

where

∆ab(r) =
δab

4πρaσ2
ab

δ(r − σab), σab = (σa + σb)/2. (11)

Taking the average of both sides of equation (6) we have

1
mamb

∑
ij

hab
ij (r) =

1
mamb

∑
ij

cab
ij (r) (12)

+
1

mamb

∑
ij

∑
ck

∫
[cac

ik (r′) + ∆ac
ik (r′)] ρcα

[
hcb

kj(|r− r′|) + ∆cb
kj(|r− r′|)

]
dr′.

To proceed we will assume that site-site correlation functions cab
ij (r) and hab

ij (r) are independent of the positions
of the sites (a, i) and (b, j) in the chains a and b. By direct multiplication and summation it can be shown that

1
mamb

∑
ij

∑
ck

∆ac
ik (r′)ρcα∆cb

kj(|r− r′|) =
∑

c

m2
c(mc − 2)

(mc − 1)2
∆̄ac(r′)ρcα∆̄cb(|r− r′|) (13)

where we have introduced a new matrix

∆̄ab(r) =

 0 0 0
0 0 ∆̄ab(r)
0 ∆̄ab(r) 0

 . (14)

with

∆̄ab(r) =
(ma − 1)δab

4πm2
aρaσ2

ab

δ(r − σab). (15)

Similarly

1
mamb

∑
ij

∑
ck

∆ac
ik (r′)ρc αhcb

kj(|r− r′|) =
∑

c

∆̄ac(r′)ρc αh̄cb(|r− r′|) , (16)

1
mamb

∑
ij

∑
ck

cac
ik (r′)ρc α∆cb

kj(|r− r′|) =
∑

c

c̄ac(r′)ρc α∆̄cb(|r− r′|), (17)

where c̄cb(r) and h̄cb(r) are the averaged direct and total correlation functions

c̄ab(r) =
1

mamb

∑
ij

cab
ik (r), (18)

h̄ab(r) =
1

mamb

∑
ij

hab
ik (r). (19)

Note that ∆̄ab(r) has a Kroneker delta symbol δab, thus the sums over c in (16) and (17) can be removed. However,
we keep them because they will be used to assemble the OZ equation from the corresponding averaged quantities.

h̄ab(r) = c̄ab(r) +
∑

c

ρcmc

∫ [
c̄ac(r′)αh̄cb(|r− r′|) + c̄ac(r′)α∆̄cb(|r− r′|)

+ ∆̄ac
ik (r′)αh̄cb

kj(|r− r′|) +
mc(mc − 2)
(mc − 1)2

∆̄ac
ik (r′)α∆̄cb

kj(|r− r′|)
]
dr′. (20)
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Neglecting in (20) the terms with 1/m2
c we have

mc(mc − 2)
(mc − 1)2

= 1 (21)

and finally equation (20) can be written in the following form

hab(r) = cab(r) +
∑

c

ρ(m)
c

∫
cac(r′)αhcb(|r− r′|)dr′, (22)

where ρ(m)
c is the number density of the monomers, which belong to the chain of the c sort, i. e. ρ(m)

c = mcρc, and

cab(r) = c̄ac(r) + ∆̄ac(r), (23)

hab(r) = h̄cb(r) + ∆̄cb(r), (24)

are the new averaged correlation functions, which now depend only on the chain species indices. For the corresponding
version of the PPY approximation we have

hab
αβ(r) = −δα0δβ0, r < σab, (25)

cab
αβ(r) =

δab(ma − 1)

4πρ(m)
a ma (σab)

2
(δαAδβB + δαBδβA) δ (r − σab) , r ≥ σab (26)

where α and β take the values 0, A,B.
We note in passing that the averaged OZ equation (22) coincides with multidensity OZ equation for the fluid of

associating particles forming chains with the average length ma [22, 23].

B. Solution of the averaged OZ equation

Solution of the set of the OZ equation (22) with closure conditions (25) and (26) was performed employing Baxter
factorization method [24], earlier [22,23]. Therefore, we will omit details here and present only the final result, which
will be needed to derive an expression for Laplace transform of the RDF. Factorizing set of equations (22) we have

−rcab
αβ(r) =

[
qab
αβ(r)

]′ − 2π
∑

c

ρcmc

∑
γ,δ

(1− δγδ + δγ0δδ0)
∂

∂r

∫ min[σac,σcb−r]

λac

qca
γα(t)qcb

δβ(r + t)dt, (27)

for λab < r < σab,

−rhab
αβ(r) =

[
qab
αβ(r)

]′ − 2π
∑

c

ρcmc

∑
γ,δ

(1− δγδ + δγ0δδ0)
∫ σac

λac

qac
αγ(t) (r − t)hcb

δβ(|r − t|)dt, (28)

r > λab,

where λab = 1
2 (σa − σb) and

qab
αβ(r) =

(
1
2
a(a)

α r2 + b(a)
α r

)
δβ0 + dab

αβ . (29)

This function is defined in the interval λab < r < σab, with the coefficients a(a)
α , b(a)

α and dab
αβ found to be

a
(a)
0 =

1
∆

+
1
2
σaξ2
∆2

, b
(a)
0 = −1

4
(σa)2 ξ2

∆2
, dab

00 = −1
2

(σa)2 ξ2
∆

+
1
4
σaσabλabξ2

∆2
,

a
(a)
M = −1

2
(ma − 1)
ma∆

(δMA + δMB) , b
(a)
M = −1

2
a
(a)
M σa, dab

M0 =
1
2
a
(a)
M σabλab,

dab
0L = 0, dab

ML =
δab

4πρamaσa

(
ma − 1
ma

)
(δMAδLB + δLAδMB) ,

where ξi = π
∑

c ρcmcσ
i
c, ∆ = 1− ξ3/6 and M and L take the values A and B.

Expressions for the regular part of contact values of the RDF gab
αβ(r) = δα0δβ0 + hab

αβ(r) are:
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gab
00(σab+) =

1
∆

+
1
4
σaσbξ2
∆2σab

, (30)

gab
M0(σab+) = −1

4
σb

∆σab

(
ma − 1
ma

)
, (31)

gab
0M (σab+) = −1

4
σa

∆σab

(
mb − 1
mb

)
, (32)

gab
ML(σab+) =

δab

8πρamaσ2
aσab

(
ma − 1
ma

)2

(1− δML) (33)

C. Laplace transform of the site-site radial distribution functions

Integrating both sides of equation (28) with
∫∞

λab
e−sr . . . dr we have∑

c

∑
δ

(δcaδδα − 2πρcmc [Qac
α0(s) + (1− δδA)Qac

αA(s) + (1− δδB)Qac
αB(s)])Gcb

δβ(s)

= δα0δβ0

∫ ∞

λab

e−srdr −Qab
αβ

′
(s)− 2π

∑
c

ρcmc

∑
γδ

(1− δγδ + δγ0δδ0) δδ0δβ0

×
∫ σac

λac

qac
αγ(t)

(
1
s2
− λab

s
− t

s

)
e−sλab dt (34)

where

Qab
αβ(s) =

∫ ∞

λab

e−srqab
αβ(r)dr = e−sλab

([
a(a)

α

(
ϕ2(σb) +

σb

2
ϕ1(σb)

)
(35)

+

(
a
(a)
α σa

2
+ b(a)

α

)
ϕ1(σb)

]
δβ0 + (1− δα0) (1− δβ0) dab

αβϕ0(σb)

)
,

Qab
αβ

′
(s) =

∫ ∞

λab

e−srqab
αβ

′
(r)dr = e−sλab

([
a(a)

α

(
ϕ1(σb) +

σb

2
ϕ0(σb)

)
(36)

+

(
a
(a)
α σa

2
+ b(a)

α

)
ϕ0(σb)

]
δβ0 − (1− δα0) (1− δβ0) dab

αβ

)
,

ϕ2(σb) =
1− sσb + s2σb

2/2− e−sσb

s3
, ϕ1(σb) =

1− sσb − e−sσb

s2
, ϕ0(σb) =

1− e−sσb

s
,

and

Gab
αβ(s) =

∫ ∞

λab

e−srgab
αβ(r)dr. (37)

Equation (34) can be written in the following form:∑
c

∑
δ

Mac
αδG

cb
δβ(s) = â(a)

α

[
1
s2

+
σb

2s

]
δβ0 + ĉ(a)

α

1
s
δβ0 +

∑
t

ê(a)
α

δtbδβA

2πρbmb
e−sσb/2 +

∑
t

ĝ(a)
α

δtbδβB

2πρbmb
e−sσb/2,

where Jacobi like matrix Mac
αδ is given by

Mac
αδ = δacδαδ − â(a)

α b̂
(c)
δ − ĉ(a)

α d̂
(c)
δ −

∑
t

(
ê(a)(t)
α f̂

(c)(t)
δ + ĝ(a)(t)

α ĥ
(c)(t)
δ

)
. (38)

and

â(a)
α = e−sσa/2a(a)

α , (39)

b̂
(c)
δ = 2πρcmc

[
ϕ2(σc) +

σc

2
ϕ1(σc)

]
esσc/2, (40)
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ĉ(a)
α = e−sσa/2

[σa

2
a(a)

α + b(a)
α

]
= e−sσb/2 δα0σa

2∆
, (41)

d̂
(c)
δ = 2πρcmcϕ1(σc)esσc/2, (42)

ê(a)(t)
α = e−sσa/2ma − 1

2maσa
δatδαB , (43)

f̂
(c)(t)
δ = ϕ0(σc)esσc/2δct (1− δδA) , (44)

ĝ(a)(t)
α = e−sσa/2ma − 1

2maσa
δatδαA, (45)

ĥ
(c)(t)
δ = ϕ0(σc)esσc/2δct (1− δδB) , for t = 1 . . . N. (46)

The last four vectors ê(a)(t)
α , f̂ (c)(t)

δ , ĝ(a)(t)
α and ĥ(c)(t)

δ appear due to decomposition of the Kronecker delta

δab =
∑

t

δatδtb (47)

in dab
αβ . This decomposition makes the matrix Mac

αδ Jacobi-like. Thus, similar to [25–27], the solution of equation (34)
can be obtained inverting this matrix. In general it appears to be impossible to revert such a matrix with an arbitrary
number of forming vectors ê(a)(t)

α , f̂ (c)(t)
δ , ĝ(a)(t)

α and ĥ(c)(t)
δ for t = 1 . . . N without knowing that some of these vectors

are orthogonal and others can be composed back to the form δab:(
ê(p)f̂ (q)

)
=
∑

c

∑
γ

ê(c)(p)
γ f̂ (c)(q)

γ =
mp − 1
2mpσp

ϕ0(σp)δpq, (48)(
ê(p)ĥ(q)

)
=
∑

c

∑
γ

ê(c)(p)
γ ĥ(c)(q)

γ = 0, (49)(
ĝ(p)f̂ (q)

)
=
∑

c

∑
γ

ĝ(c)(p)
γ f̂ (c)(q)

γ = 0, (50)

(
ĝ(p)ĥ(q)

)
=
∑

c

∑
γ

ĝ(c)(p)
γ ĥ(c)(q)

γ =
mp − 1
2mpσp

ϕ0(σp)δpq. (51)

We assume the following form for the inverse matrix:[
M−1

]xy

γλ
= δxyδγλ + αâb̂â

(x)
γ b̂

(y)
λ + αĉd̂ĉ

(x)
γ d̂

(y)
λ + αĉb̂ĉ

(x)
γ b̂

(y)
λ + αâd̂â

(x)
γ d̂

(y)
λ (52)

+
∑

t

â(x)
γ

(
α

(t)

âf̂
f̂

(y)(t)
λ + α

(t)

âĥ
ĥ

(y)(t)
λ

)
+
∑

t

ĉ(x)
γ

(
α

(t)

ĉf̂
f̂

(y)(t)
λ + α

(t)

ĉĥ
ĥ

(y)(t)
λ

)
+
∑

t

(
α

(t)

êb̂
ê(x)(t)
γ + α

(t)

ĝb̂
ĝ(x)(t)

γ

)
b̂
(y)
λ +

∑
t

(
α

(t)

êd̂
ê(x)(t)
γ + α

(t)

ĝd̂
ĝ(x)(t)

γ

)
d̂
(y)
λ

+
∑
t1

∑
t2

α
(t1)(t2)

êf̂
ê(x)(t1)
γ f̂

(y)(t2)
λ +

∑
t1

∑
t2

α
(t1)(t2)

ĝĥ
ĝ(x)(t1)

γ ĥ
(y)(t2)
λ

+
∑
t1

∑
t2

α
(t1)(t2)

êĥ
ê(x)(t1)
γ ĥ

(y)(t2)
λ +

∑
t1

∑
t2

α
(t1)(t2)

ĝf̂
ĝ(x)(t1)

γ f̂
(y)(t2)
λ

where αâb̂, αĉd̂,. . . ,α
(t1)(t2)

ĝf̂
are unknown coefficients which follow from the relation MM−1 = I with I being unity

matrix. Obtained coefficients are presented in Appendix A.
Multiplying both sides of equation (38) by M−1 we have:

Gab
αβ(s) =

e−sσab

∆D
δα0δβ0

[
1
s2

+
σab

s
− σaσb

∑
c

πρcmc

∆s2
Kc

1−Kc
σc
ϕ1(σc)
ϕ0(σc)

s+
σaσbξ2
4∆s

+
1

2∆s2
∑

c

πρcmcσ
3
cψ(σc) +

∑
c

πρcmcϕ1(σc)ψ(σc)
2∆s

(σa − σc) (σb − σc)

]

+
e−sσab

∆D
Ka

1−Ka
(1− δα0) δβ0

[
1
s2

+
σab

s
− σa

ϕ0(σa)

(
1
s2

+
σb

2s

)
+

σa

2∆s2

(
ξ2 −

∑
c

πρcmcσ
2
cΘ(σc)

)
+
σaσbξ2
4∆s

+
1

2∆s2
ϕ1(σa)
ϕ0(σa)

s
∑

c

πρcmcσ
3
cψ(σc)
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+
∑

c

πρcmcϕ1(σc)
2∆s

(
σaΘ(σc)−

ϕ1(σa)
ϕ0(σa)

sψ(σc)σc

)
(σb − σc)

]

+
e−sσab

∆D
Kb

1−Kb
δα0 (1− δβ0)

[
1
s2

+
σab

s
− σb

ϕ0(σb)

(
1
s2

+
σa

2s

)
+

σb

2∆s2

(
ξ2 −

∑
c

πρcmcσ
2
cΘ(σc)

)
+
σaσbξ2
4∆s

+
1

2∆s2
ϕ1(σb)
ϕ0(σb)

s
∑

c

πρcmcσ
3
cψ(σc)

+
∑

c

πρcmcϕ1(σc)
2∆s

(
σbΘ(σc)−

ϕ1(σb)
ϕ0(σb)

sψ(σc)σc

)
(σa − σc)

]

+
e−sσab

∆D
Ka

1−Ka

Kb

1−Kb
(1− δα0) (1− δβ0)

[
ϕ1(σa)
ϕ0(σa)

ϕ1(σb)
ϕ0(σb)

+
σaσbξ2
4∆s

+
(
σb

2
ϕ1(σa)
ϕ0(σa)

+
σa

2
ϕ1(σb)
ϕ0(σb)

)
+

1
2∆

ϕ1(σa)
ϕ0(σa)

ϕ1(σb)
ϕ0(σb)

∑
c

πρcmcσ
3
cψ(σc)

+
s

2∆
ϕ1(σa)
ϕ0(σa)

ϕ1(σb)
ϕ0(σb)

∑
c

πρcmcϕ1(σc)σ2
cψ(σc) +

σaσb

2∆s

∑
c

πρcmcϕ1(σc)Θ(σc)

− 1
2∆

(
σb
ϕ1(σa)
ϕ0(σa)

+ σa
ϕ1(σb)
ϕ0(σb)

)∑
c

πρcmcϕ1(σc)σcψ(σc)

]

+ e−sσa
δab

2πρama

Ka

1−Ka

1
ϕ0(σa)

(δαAδβB + δαBδβA) , (53)

where

Ka =
(
ĝ(a)ĥ(a)

)
=
(
ê(a)f̂ (a)

)
=
ma − 1
2maσa

ϕ0(σa), (54)

ψ(σa) = 1 +
2Ka

1−Ka
, (55)

Θ(σa) = 1 +
2Ka

1−Ka

ϕ1(σa)
ϕ0(σa)

s, (56)

and

D = 1− 2
∆

∑
t

πρtmtϕ2(σt)Θ(σt)

{
1 +

1
2∆

∑
c

πρcmcσ
3
cψ(σc)

}

− 1
∆2

∑
t

πρtmtϕ2(σt)σtψ(σt)

{
ξ2 −

∑
c

πρcmcσ
2
cΘ(σc)

}

− 2
∆

∑
c

πρcmcϕ1(σc)
{
σc

(
ψ(σc)

[
1
2

+
ξ2σc

4∆

]
+

Θ(σc)
2

)
(57)

+
1

4∆
ψ(σc)

∑
c

πρcmcϕ1(σt)Θ(σc) (σc − σt)
2

}
.

Finally for the Laplace transform of the overall RDF we have

Gab
ref(s) =

∑
αβ

Gab
αβ(s). (58)

The intermolecular and intramolecular parts of the overall RDFs are related to partial RDFs by

Gab
inter(s) = Gab

00(s) + 2Gab
A0(s) + 2Gab

0A(s) + 4Gab
AA(s), (59)

Gab
intra(s) = 2

(
Gab

AB(s)−Gab
AA(s)

)
. (60)
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IV. THERMODYNAMIC PROPERTIES OF THE
HARD-SPHERE YUKAWA CHAIN MIXTURE

For the sake of simplicity we will consider here polydis-
perse mixture of the chains of different length and equal
monomer size. Extension of the theory for the mixture
with different chain monomer sizes is rather straightfor-
ward. According to TPT [20,21] we have

fref = fid + f ex
HS + fchain, (61)

where fid is the ideal gas contribution

βfid =
∑

c

ρcmc

[
ln
(
Λ3

cρc

)
− 1
]
, (62)

with Λc being thermal de Broglie wave length, f ex
HS is

hard sphere excess free energy, which is represented here
by the Carnahan–Starling expression [28]

βf ex
HS =

1
2π∆

l2σ3

(
1 +

1
3∆

)
(63)

and the third term in (61) contains contribution from the
chain formation

βfchain =
∑

c

ρc (mc − 1)
[
−ln

(
4πρcσ

2
cY
)

+ 1
]
, (64)

where hard-sphere cavity correlation function Y is calcu-
lated here using Carnahan–Starling approximation [28]

Y =
1
∆

+
lσ3

4∆2
+

l2σ6

72∆3
. (65)

Finally, substituting expression for the RDF Laplace
transform (58) into expression for the Yukawa contri-
bution to Helmholtz free energy (4) and using (53), we
get

β∆fHTA = −2βε0r0
π∆D

{
l2
[

1
z02

+
σ

z0
− σ3

∆z0
ϕ1(σ)
ϕ0(σ)

v +
lσ4

4∆z0
+

σ3

2∆z02
(l + 2v)

]
(66)

+ 4lv
[

1
z02

+
σ

z0
− σ

ϕ0(σ)

(
1
z02

+
σ

2z0

)
− σ3

∆z0
ϕ1(σ)
ϕ0(σ)

v +
lσ4

4∆z0
+

(l + 2v)σ3

2∆z0
ϕ1(σ)
ϕ0(σ)

]
+ 4v2

[(
ϕ1(σ)
ϕ0(σ)

)2

+ σ
ϕ1(σ)
ϕ0(σ)

+
lσ4

4∆z0
+
l + 2v

∆

((
σ3

2
+
ϕ1(σ)z0σ2

2

)(
ϕ1(σ)
ϕ0(σ)

)2

−

− σ2ϕ1(σ)
ϕ1(σ)
ϕ0(σ)

)
+

(
l + 2vϕ1(σ)

ϕ0(σ)z0

)
σ2ϕ1(σ)

2∆z0

− 2βε0r0
π

2v
ϕ0(σ)

where

D = 1− 2
∆
ϕ2(σ)

(
l + 2v

ϕ1(σ)
ϕ0(σ)

s

)(
1 +

σ3

2∆
(l + 2v)

)
+
σ3ϕ2(σ)

∆2
(l + 2v) 2v

ϕ1(σ)
ϕ0(σ)

s

− 1
∆
ϕ1(σ)σ

[
(l + 2v)

(
1 +

lσ3

2∆

)
+
(
l + 2v

ϕ1(σ)
ϕ0(σ)

s

)]
, (67)

ϕ2(σb) =
1− z0σb + z0

2σ2
b/2− e−z0σb

z03
, (68)

ϕ1(σb) =
1− z0σb − e−z0σb

z02
, ϕ0(σb) =

1− e−z0σb

z0
. (69)

In expressions (63), (65), (67) and (67)

l = π
∑

c

ρcmc, v = π
∑

c

ρcmc
Kc

1−Kc
, (70)

are the moments of the chain species distribution function.
Expressions for the pressure of the system and chemical potential of the chain molecules can be obtained from the

above expression for Helmholtz free energy (61)–(67). We have

βP = β
∑

c

ρcµc − βf = βPHS + βPchain + β∆PHTA, (71)

βµc =
∂ (βf)
∂ρc

= βµc,id + βµex
c,HS + βµc,chain + β∆µc,HTA. (72)
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Here µc,id, µex
c,HS, µc,chain, ∆µc,HTA and Pchain, ∆PHTA hold contributions from the corresponding free energies fid,

f ex
HS, fchain and ∆fHTA, except for βPHS that holds a sum of contributions from fid and f ex

HS. These expressions for
excess chemical potential and pressure can be formulated in terms of the moments and their density derivatives

βµc,id = mcln
{
Λ3

cρc

}
, (73)

βµex
c,HS =

lσ3l(c)
π∆

(
1 +

1
3∆

)
+
l2σ6l(c)
12π∆2

(
1 +

2
3∆

)
, (74)

βµc,chain = −(mc − 1)ln
{
4πρcσ

2Y
}
− (l− πρ)

Y
∂Y
∂ρc

, (75)

β∆µc,HTA = −4βε0r0ez0σ

π
πρcmc

∑
a

πρamaG
ac
ref(z0)−

2βε0r0ez0σ

π

∑
a

πρama

∑
b

πρbmb
∂Gab

ref(z0)
∂ρc

,

βPHS =
l

∆π

(
1 +

lσ3

2∆
+

l2σ6

12∆2
+

l3σ9

216∆2

)
, (76)

βPchain =
l − πρ

π

(
1
Y

[
5lσ3

12∆2
+

l2σ6

12∆3

]
+ 1
)
, (77)

β∆PHTA = −2βε0r0ez0σ

π

∑
a

πρama

∑
b

πρbmbG
ac
ref(z0)−

2βε0r0ez0σ

π

∑
a

πρama

∑
b

πρbmb

∑
c

ρc
∂Gab

ref(z0)
∂ρc
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Fig. 1. Liquid–gas phase diagram for the systems with three different chain lengths m = 2, 4, 8 from the bottom to the top.
Solid curves represent HTA predictions, dotted curves represent SAFT–VR predictions, and dashed curves represent TPTD
predictions. Small filled circle on the top of each coexistence curve shows the location of the corresponding critical point.

where

∂Y

∂ρc
=

5σ3lc
12∆3

+
lσ6lc
9∆2

+
l3σ9lc
144∆4

, (78)

lc =
∂l

∂ρc
= πmc, vc =

∂v

∂ρc
= πmc

Kc

1−Kc
. (79)

and ρ =
∑

c ρc is total number density. Because of the
size, final expressions for ∆µc,HTA and ∆PHTA via the
moments are shown in the Appendix B.

We can conclude that our model belongs to the family
of the TFE models since its thermodynamic properties

can be represented by a finite number of (generalized)
density distribution moments.

V. RESULTS AND DISCUSSION

To verify the accuracy of the present HTA approach we
consider the limiting case of monodisperse one-Yukawa
chain fluid and calculate liquid-gas phase diagram for
several choices of the chain length. Unfortunately com-
puter simulation results for the phase behavior of such
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systems are currently not available. Therefore we com-
pare our results with those of the SAFT–VR approach
and TPTD theory [19]. Recently the SAFT–VR and
TPTD phase behavior predictions for two-Yukawa chain
fluid were tested against computer simulation results
[19]. According to this study the TPTD results appear
to be more accurate of the two.

In Figure 1 we show liquid-gas phase diagram for
Yukawa hard-sphere chain fluid with the chain length
m = 2, 4, 8 and Yukawa screening length z0r0 = 1.8. It
can be seen that the HTA curve is located in between the
corresponding TPTD and SAFT–VR curves. Note that
in the previous study [19] the results of the TPTD ap-
proach were always slightly above computer simulation
results. Here the HTA curve is located slightly above
the TPTD curve. With the increase of the chain length
the HTA and TPTD results become closer. Thus we can
conclude that our HTA approach is more accurate than
the SAFT–VR approach and slightly less accurate than
TPTD.

VI. CONCLUDING REMARKS

In this paper recently proposed HTA for polydisperse
mixture of Yukawa hard spheres [7] is extended and
applied to polydisperse mixture of Yukawa hard-sphere

chain fluid. We consider the case of chain length polydis-
persity, although extension of the theory for the systems
with both chain length and monomer size polydispersity
is rather straightforward. We propose an averaged ver-
sion of the multidensity OZ equation and use it to cal-
culate the structure properties of the reference system,
which are needed as an input in the HTA. The analyt-
ical solution of the OZ equation supplemented with the
PPY approximation was used to derive a closed form
analytical expression for Laplace transform of site–site
RDFs of the system. Thermodynamical properties were
calculated using TPT for associating fluids. In spite of its
simplicity predictions of the HTA for the phase behav-
ior of one-Yukawa chain fluid with monodispersity in the
chain length appears to be more accurate than the cor-
responding predictions of SAFT–VR theory and slightly
less accurate in comparison with the TPTD predictions.

According to our analysis polydisperse Yukawa hard-
sphere chain mixture treated within HTA belongs to the
TFE class of models which allows one to study its phase
behavior. The results of the corresponding studies will
be presented in due course.

Acknowledgment This work was supported by the Sci-
ence & Technology Center in Ukraine through research
grant No. 4140.

APPENDIX A: COEFFICIENTS OF INVERSE MATRIX

Presented below expressions for the inverse matrix coefficients take into account orthogonality conditions (48)–(51).
Here the quantities in brackets (x̂ŷ) represent a dot product of vectors x̂ and ŷ. The first four coefficients are given
by

αâb̂ =
1−

(
d̂ĉ
)
−
∑

t
(d̂ê(t))(f̂ (t)ĉ)

1−Kt
−
∑

t
(d̂ĝ(t))(ĥ(t)ĉ)

1−Kt

D
, (1)

αĉd̂ =
1−

(
b̂â
)
−
∑

t
(b̂ê(t))(f̂ (t)â)

1−Kt
−
∑

t
(b̂ĝ(t))(ĥ(t)â)

1−Kt

D
, (2)

αâd̂ =

(
b̂ĉ
)

+
∑

t
(b̂ê(t))(f̂ (t)ĉ)

1−Kt
+
∑

t
(b̂ĝ(t))(ĥ(t)ĉ)

1−Kt

D
, (3)

αĉb̂ =

(
d̂â
)

+
∑

t
(d̂ê(t))(f̂ (t)â)

1−Kt
+
∑

t
(d̂ĝ(t))(ĥ(t)â)

1−Kt

D
, (4)

where

D =

1−
(
d̂ĉ
)
−
∑

t

(
d̂ê(t)

)(
f̂ (t)ĉ

)
1−Kt

−
∑

t

(
d̂ĝ(t)

)(
ĥ(t)ĉ

)
1−Kt

[1− (b̂â
)

−
∑

t

(
b̂ê(t)

)(
f̂ (t)â

)
1−Kt

−
∑

t

(
b̂ĝ(t)

)(
ĥ(t)â

)
1−Kt

−
(b̂ĉ

)
+
∑

t

(
b̂ê(t)

)(
f̂ (t)ĉ

)
1−Kt

(5)
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+
∑

t

(
b̂ĝ(t)

)(
ĥ(t)ĉ

)
1−Kt

(d̂â
)

+
∑

t

(
d̂ê(t)

)(
f̂ (t)â

)
1−Kt

+
∑

t

(
d̂ĝ(t)

)(
ĥ(t)â

)
1−Kt

 ,
and Kt =

(
f̂ (t)ê(t)

)
=
(
ĝ(t)ĥ(t)

)
.

The remaining twelve coefficients are as follows:

α
(p)

êb̂
=

1
1−Kp

{
αâb̂

(
f̂ (p)â

)
+ αĉb̂

(
f̂ (p)ĉ

)}
, (6)

α
(p)

ĝb̂
=

1
1−Kp

{
αâb̂

(
ĥ(p)â

)
+ αĉb̂

(
ĥ(p)ĉ

)}
, (7)

α
(p)

êd̂
=

1
1−Kp

{
αâd̂

(
f̂ (p)â

)
+ αĉd̂

(
f̂ (p)ĉ

)}
, (8)

α
(p)

ĝd̂
=

1
1−Kp

{
αâd̂

(
ĥ(p)â

)
+ αĉd̂

(
ĥ(p)ĉ

)}
, (9)

α
(p)

âf̂
=

1
1−Kp

{
αâb̂

(
b̂ê(p)

)
+ αâd̂

(
d̂ê(p)

)}
, (10)

α
(p)

ĉf̂
=

1
1−Kp

{
αĉb̂

(
b̂ê(p)

)
+ αĉd̂

(
d̂ê(p)

)}
, (11)

α
(p)

âĥ
=

1
1−Kp

{
αâb̂

(
b̂ĝ(p)

)
+ αâd̂

(
d̂ĝ(p)

)}
, (12)

α
(p)

ĉĥ
=

1
1−Kp

{
αĉb̂

(
b̂ĝ(p)

)
+ αĉd̂

(
d̂ĝ(p)

)}
, (13)

α
(pq)

êf̂
=

δ(pq)

1−Kp
+
αâd̂

(
d̂ê(q)

)(
f̂ (p)â

)
+ αâb̂

(
b̂ê(q)

)(
f̂ (p)â

)
+ αĉd̂

(
d̂ê(q)

)(
f̂ (p)ĉ

)
+ αĉb̂

(
b̂ê(q)

)(
f̂ (p)ĉ

)
(1−Kp) (1−Kq)

,

α
(pq)

êĥ
=
αâd̂

(
d̂ĝ(q)

)(
f̂ (p)â

)
+ αâb̂

(
b̂ĝ(q)

)(
f̂ (p)â

)
+ αĉd̂

(
d̂ĝ(q)

)(
f̂ (p)ĉ

)
+ αĉb̂

(
b̂ĝ(q)

)(
f̂ (p)ĉ

)
(1−Kp) (1−Kq)

,

α
(pq)

ĝĥ
=

δ(pq)

1−Kp
+
αâd̂

(
d̂ĝ(q)

)(
ĥ(p)â

)
+ αâb̂

(
b̂ĝ(q)

)(
ĥ(p)â

)
+ αĉd̂

(
d̂ĝ(q)

)(
ĥ(p)ĉ

)
+ αĉb̂

(
b̂ĝ(q)

)(
ĥ(p)ĉ

)
(1−Kp) (1−Kq)

,

α
(pq)

ĝf̂
=
αâd̂

(
d̂ê(q)

)(
ĥ(p)â

)
+ αâb̂

(
b̂ê(q)

)(
ĥ(p)â

)
+ αĉd̂

(
d̂ê(q)

)(
ĥ(p)ĉ

)
+ αĉb̂

(
b̂ê(q)

)(
ĥ(p)ĉ

)
(1−Kp) (1−Kq)

.

APPENDIX B: EXPRESSIONS FOR THE CHEMICAL POTENTIAL AND PRESSURE OF THE
REFERENCE SYSTEM

The quantities given below can be simplified, but they are kept here in the form that resembles the structure of
the overall RDFs Laplace transform.

The HTA contribution to the chemical potential reads

β∆µc,HTA = −4βε0r0
π∆D

{
llc

[
1
z02

+
σ

z0
− σ3

∆z0
ϕ1(σ)
ϕ0(σ)

v +
lσ4

4∆z0
+

σ3

2∆z02
(l + 2v)

]
+2 (vlc + lvc)

[
1
z02

+
σ

z0
− σ

ϕ0(σ)

(
1
z02

+
σ

2z0

)
− σ3

∆z0
ϕ1(σ)
ϕ0(σ)

v +
lσ4

4∆z0

+
(l + 2v)σ3

2∆z0
ϕ1(σ)
ϕ0(σ)

]
+ 4vvc

[(
ϕ1(σ)
ϕ0(σ)

)2

+ σ
ϕ1(σ)
ϕ0(σ)

+
lσ4

4∆z0

+
l + 2v

∆

((
σ3

2
+
ϕ1(σ)z0σ2

2

)(
ϕ1(σ)
ϕ0(σ)

)2

− σ2ϕ1(σ)
ϕ1(σ)
ϕ0(σ)

)
+

(
l2vϕ1(σ)

ϕ0(σ)z0

)
σ2ϕ1(σ)

2∆z0
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−4βε0r0
π

vc

ϕ0(σ)
+ β

(
fHTA − f intra.

HTA

)( lcσ3

6∆
−

∂D
∂ρc

D

)
(1)

−2βε0r0
π∆D

{
ll

[
−vcσ

3

∆z0
ϕ1(σ)
ϕ0(σ)

− vσ6lc
6∆2z0

ϕ1(σ)
ϕ0(σ)

+
lcσ

4

4∆z0
+

lσ7lc
24∆2z0

+
σ3 (lc + 2vc)

2∆z02

+
(l2v)σ6lc
12∆2z02

]
+ 4lv

[
−σ

3vc

∆z0
ϕ1(σ)
ϕ0(σ)

− vσ6lc
6∆2z0

ϕ1(σ)
ϕ0(σ)

+
lcσ

4

4∆z0
+

lσ7lc
24∆2z0

+
(
σ3 (lc + 2vc)

2∆z0
+

(l + 2v)σ6lc
12∆2z0

)
ϕ1(σ)
ϕ0(σ)

]
+ 4vv

[
lcσ

4

4∆z0
+

lσ7lc
24∆2z0

+
(
lc + 2vc

∆
+

(l + 2v)σ3lc
6∆2

)((
σ3

2
+
ϕ1(σ)z0σ2

2

)(
ϕ1(σ)
ϕ0(σ)

)2

− σ2ϕ1(σ)
ϕ1(σ)
ϕ0(σ)

)

+

(
lc + 2vc

ϕ1(σ)
ϕ0(σ)z0

)
σ2ϕ1(σ)

2∆z0
+

(
l + 2vϕ1(σ)

ϕ0(σ)z0

)
σ5ϕ1(σ)lc

12∆2z0

+
2βε0r0
π

vc

ϕ0(σ)
,

where

βf intra
HTA = −2βε0r0

π

2v
ϕ0(σ)

(2)

and ∂D/∂ρc has the following form

∂D

∂ρc
= −ϕ2(σ)σ3lc

3∆2

(
l + 2v

ϕ1(σ)
ϕ0(σ)

z0

)(
1 +

σ3

2∆
(l + 2v)

)
− 2

∆
ϕ2(σ)

[(
lc + 2vc

ϕ1(σ)
ϕ0(σ)

z0

)(
1 +

σ3

2∆
(l + 2v)

)
(3)

+
(
l + 2v

ϕ1(σ)
ϕ0(σ)

z0

)(
σ6lc
12∆2

(l + 2v) +
σ3

2∆
(lc + 2vc)

)]
+
ϕ2(σ)σ6lc

3∆3
(l + 2v) 2v

ϕ1(σ)
ϕ0(σ)

z0

+
σ3ϕ2(σ)

∆2
[(lc + 2vc) 2v + (l + 2v) 2vc]

ϕ1(σ)
ϕ0(σ)

z0

−σ
3lc

3∆2
ϕ1(σ)σ

[
(l + 2v)

(
1 +

lσ3

2∆

)
+
(
l + 2v

ϕ1(σ)
ϕ0(σ)

z0

)]
− 1

∆
ϕ1(σ)σ

[
(lc + 2vc)

(
1 +

lσ3

2∆

)
+ (l + 2v)

(
σ3lc
2∆

+
lσ6lc
12∆2

)
+
(
lc + 2vc

ϕ1(σ)
ϕ0(σ)

z0

)]
.

The corresponding expression for pressure is given by

∆βPHTA = βfHTA + β
(
fHTA − f intra.

HTA

)( lσ3

6∆
−
∑

c ρc
∂D
∂ρc

D

)

−2βε0r0
π∆D

{
ll

[
− vσ

3

∆z0
ϕ1(σ)
ϕ0(σ)

− vσ6l

6∆2z0

ϕ1(σ)
ϕ0(σ)

+
lσ4

4∆z0
+

lσ7l

24∆2z0
+
σ3 (l + 2v)

2∆z02

+
(l + 2v)σ6l

12∆2z02

]
+ 4lv

[
− σ

3v

∆z0
ϕ1(σ)
ϕ0(σ)

− vσ6l

6∆2z0

ϕ1(σ)
ϕ0(σ)

+
lσ4

4∆z0
+

lσ7l

24∆2z0
(4)

+
(
σ3 (l + 2v)

2∆z0
+

(l + 2v)σ6l

12∆2z0

)
ϕ1(σ)
ϕ0(σ)

]
+ 4vv

[
lσ4

4∆z0
+

lσ7l

24∆2z0

+
(
l + 2v

∆
+

(l + 2v)σ3l

6∆2

)((
σ3

2
+
ϕ1(σ)z0σ2

2

)(
ϕ1(σ)
ϕ0(σ)

)2

− σ2ϕ1(σ)
ϕ1(σ)
ϕ0(σ)

)

+

(
l + 2vϕ1(σ)

ϕ0(σ)z0

)
σ2ϕ1(σ)

2∆z0
+

(
l + 2vϕ1(σ)

ϕ0(σ)z0

)
σ5ϕ1(σ)l

12∆2z0

+
2βε0r0
π

v

ϕ0(σ)
,

where
∑

c ρc
∂D
∂ρc

can be obtained from (3) replacing lc and vc by l =
∑

c ρclc and v =
∑

c ρcvc.
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ПОЛIДИСПЕРСНА РIДИНА ЛАНЦЮГIВ ТВЕРДИХ СФЕР IЗ ЮКАВIВСЬКОЮ
ВЗАЄМОДIЄЮ: ВИСОКОТЕМПЕРАТУРНЕ НАБЛИЖЕННЯ

С. П. Глушак, Ю. В. Калюжний
Iнститут фiзики конденсованих систем НАН України

вул. Свєнцiцького, 1, Львiв, 79011, Україна

Для опису полiдисперсної за довжиною рiдини ланцюгiв твердих сфер iз Юкавiською взаємодiєю запро-
поновано високотемпературне наближення. Для застосування високотемпературного наближення з розв’яз-
ку усередненого багатогустинного рiвняння Орштайна–Цернiке отримано аналiтичний вираз для Лаплас-
образу радiяльної функцiї розподiлу мiж мономерами ланцюга. Також продемонстровано, що в межах ви-
сокотемпературного наближення дослiджувана система належить до класу моделей з “обрiзаною” вiльною
енерґiєю, тобто моделей, термодинамiчнi властивостi яких (вiльна енерґiя, хемiчний потенцiял та тиск)
виражаються скiнченною кiлькiстю узагальнених моментiв функцiї розподiлу. Для порiвняння точности
отриманих результатiв у роботi подано фазовi дiяграми спiвiснування монодисперсних газу та рiдини для
статистичної теорiї асоцiятивних рiдин (SAFT–VR) та термодинамiчної теорiї збурень для димерiв (TPTD).
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