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A translation invariant system of interacting quantum anharmonic oscillators indexed by the
elements of a simple cubic lattice Z¢ is considered. The anharmonic potential is of a general type,
which in particular means that it might have no symmetry. For this system, we prove that the
global polarization (obtained in the thermodynamic limit) gets discontinuous at a certain value of
the external field provided d > 3, and particle mass as well as interaction intensity are big enough.
The proof is based on the representation of local Gibbs states of the model in terms of path measures
and thereby on the use of the infrared estimates and the Garsia-Rodemich—-Rumsey inequality.
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I. INTRODUCTION AND SETUP

The theory of phase transitions in quantum systems
has essential peculiarities, which distinguish it from the
corresponding theory of classical systems. In this con-
text, it suffices to mention that the existence of phase
transitions in the three-dimensional isotropic quantum
Heisenberg model has not been proven yet.

For lattice models, most of the results in this do-
main were obtained by means of quantum versions of
the method of infrared bounds developed in [1]. The
first publication in which the infrared estimates were ap-
plied to quantum spin models seems to be article [2].
After certain modifications this method had also been
applied to a number of models with unbounded Hamil-
tonians [3-7], the main characteristic feature of which
was the Zs-symmetry broken by the phase transition.
This symmetry allowed for obtaining an estimate crucial
for the method. However in classical models, for prov-
ing phase transitions by means of the infrared estimates,
symmetry was not especially important, see Theorem 3.5
in [1] and the discussion preceding this theorem. There
might be two explanations of such a discrepancy: (a) the
symmetry was the key element, but only of the methods
employed therein, and, like in the classical case, its lack
does not imply the lack of phase transitions; (b) the sym-
metry is crucial in view of e.g. quantum effects, which
stabilize the system, see [8-10]. So far, there has been no
possibility to check which of these explanations is true.
In this article, we employ new tools based on recent ad-
vances in stochastic analysis and prove that the system of
interacting quantum anharmonic oscillators without any
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symmetry undergoes a phase transition if in particular
the oscillator mass is sufficiently big. In this case, the
oscillators are ‘close’ to their classical analogs and hence
quantum effects are not so strong, see [11]. As a conse-
quence, the dilemma mentioned above has been solved
in favor of explanation (a).

Infinite systems of interacting quantum anharmonic
oscillators possess many interesting properties and appli-
cations. If the oscillators are indexed by the elements of
a crystal lattice, the model is called (with a certain abuse
of terminology) a quantum anharmonic crystal. Mostly
such models are related with ionic crystals containing
localized light particles oscillating in the field created
by heavy ionic complexes. An example here can be a
KDP-type ferroelectric with hydrogen bounds in which
the particles are protons or deuterons performing one-
dimensional oscillations along the bounds. It is believed
that structural phase transitions in such ferroelectrics are
triggered by the ordering of the protons [12-14]. Thereby,
quantum anharmonic crystals may have direct applica-
tion to the theory of ferroelectrics with hydrogen bounds
and the development of their rigorous theory remains a
significant mathematical task.

To models of this kind the method of infrared esti-
mates was first applied in [3,4], where the anharmonic
potential was Z-symmetric and of ¢* type. These two
properties allowed for obtaining the crucial estimate by
means of a purely quantum tool — the Bogoliubov in-
equality. Afterwards in [5-7], the method of infrared es-
timates was extended to cover the case of Zs-symmetric
anharmonic potentials of the general type, which have
two sufficiently deep wells. This was achieved by means
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of a representation of the Gibbs states in the form of
imaginary-time Feynman path integrals. The approach
in quantum statistical physics based on this representa-
tion is called Fuclidean due to its conceptual similarity
with the corresponding approach in quantum field theo-
ry, see [15,16]. In the Euclidean approach, the model is
treated as a system of interacting classical spins, which
are infinite-dimensional and unbounded. Due to this fact
the method of [1] may be applied directly if the estimate
mentioned above is obtained.

In this article, we prove the existence of phase tran-
sitions in quantum anharmonic crystals with possibly
asymmetric anharmonic potentials. We employ an up-
dated version of the Euclidean representation used in
[6—7], combined with new techniques of the stochastic
analysis. Namely, we prove an analog of Lemma 3.4
of [1] by means of the Garsia—Rodemich-Rumsey lem-
ma, which then is used to prove an analog of Theorem
3.5 of [1].

A general version of the model we consider has the
following heuristic Hamiltonian

H = —% Z Joor qeqe + Z Hy,
o0 ¢

(1.1)

where the sums run through a crystal lattice L. For sim-
plicity we assume that L is a simple cubic lattice Z¢, the
interaction is of the nearest-neighbor type and V; is in-
dependent of /, i.e., the model is translation invariant.
The displacement gy is a one-dimensional vector. The in-
teraction term in (1.1) is of the dipole-dipole type. The
Hamiltonian

def

1 a
Hy=H™ +V(g) S —pi+ -6 +V(g), a>0,

2m 2
(1.2)

describes an isolated anharmonic oscillator of mass m
and momentum py. The Hamiltonian H ém corresponds
to a quantum harmonic oscillator of rigidity a. We as-
sume that Jy» = J > 0if and only if [¢—¢'| = 1, which in
particular means that the model is ferroelectric. Regard-
ing the anharmonic potential, we assume that it contains
an external field h € R in the form
V(z) = Vo(z) — ha. (1.3)
Furthermore, Vj is a continuous real-valued function,
such that V5(0) = 0 and for all x € R,
Ayx® 4+ By < Vy(x), (1.4)
with certain constants » > 1, Ay > 0, By € R. An
example of V' to bear in mind is

2r
Viz) = Zbgs)xs — hz.
s=2

Thus, the heuristic Hamiltonian of the model we shall
consider is

J
H=-3 > qaqr + Y [H™ +V(g)] . (15)
00 |e—t'|=1 ¢

Like all objects of this kind, Hamiltonian (1.5) has no
direct mathematical meaning and is ‘represented’ by lo-
cal Hamiltonians corresponding to non-void finite sub-
sets A C L. To indicate this property of a given A we
write A € L; by |A| we denote the number of elements.
In the sequel, the adjective local will always mean the
property of being related to a certain A € L, whereas
global will refer to the whole lattice. If we say that some-
thing holds for all ¢, we mean it holds for all £ € L;
sums like )5, mean ), . By (-,-) and | - | we denote a
scalar product and the norm in the Euclidean space R?,
respectively.

The set {A}reL is countable; it is a net with the order
defined by inclusion. A linearly ordered sequence of sub-
sets A € L, which exhausts the lattice LL, will be called a
cofinal sequence. The limit of a sequence of appropriate
A, taken along such a cofinal sequence £ will be denot-
ed by lim, Ap; we write limy 1, Ap if the limit is taken
along the net {A}rer. The same notations will be used
in the case of limsup and lim inf.

The local Hamiltonians, Hy, are obtained by restrict-
ing the corresponding summations over ¢ and ¢ to this
A. That is,

J
Hy = -3 Z qeqet Z [H}™ +V(q)] . (1.6)
e ]—t|=1 teA

A special kind of A € L is the box

A=(-LL*(L, LeN, (1.7)
which can be turned into a torus by setting periodic con-
ditions on its boundary. The same can be done by equip-
ping A with the periodic distance [¢ —¢'| 5, the definition
of which is standard. By L.« we denote the set of all
boxes, which obviously is a cofinal sequence.

For the box A, we set

er J ar
HR = —3 > qeqe + > [H™ +V(ao)]
COEN: =0 | =1 ten

(1.8)
that is the periodic local Hamiltonian. In the sequel, by
writing expressions like HY®" we tacitly assume that the
corresponding A is a box. Due to property (1.4), both

Hp and HY™ are self-adjoint operators in the physical
Hilbert space Ha = L?(RIA), such that for every 8 > 0,

Zy < trace [exp(—BHp)| < oo,

ZR 2 trace lexp(—BHY™)] < oo.

(1.9)

Thus, one can define the corresponding local Gibbs states

oa(A) = trace [Aexp(—BHA)] /Zn, A€ €y,
ox (A) = trace [Aexp(—BHR™)] /ZX.

(1.10)
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Here €, is the local algebra of observables, which is the
C*-algebra of all bounded linear operators on Hp. As
the main source on the ‘algebraic’ aspects of our theory
we mention monograph [17].

We study the dependence of the averages (1.10) on J,
and h. Among them are local polarizations (magnetiza-
tions, in a ferromagnetic terminology), defined as follows

le\)er(‘]v h) = QI/)\er(Qf)’ (1.11)
1
Ma(J,h) = 1Al ZQA(LM), teA.
leA

One observes that the periodic polarization is indepen-

|

AL

dent of ¢ in view of the corresponding invariance of the
Hamiltonian (1.8). Since the thermodynamic properties
of the model reveal themselves in the thermodynamic
limit, let us look at the asymptotic behavior of the net
{Ma(j, h)}rer and of the sequence {MY” (4, h)}rcc,.-
Here we present some relevant facts, the proof of which
will be discussed in the subsequent sections.

Proposition 1.1 Both {Ma(j, h)}aeL
and {MX (4, h)}rec,., are bounded.

In view of this fact, we define

AELpox

My (J, h) = max {lim sup Ma(J,h) ; im sup MY (J, h)} , (1.12)

M_(J,h) = min {hmAlr}f]L Ma(J, h)

In the following, by a denumerable set we mean a set
which is void, finite, or countable. In the statements be-
low, if we do not mention 3 and J, we mean that the
statement holds for all possible values of these parame-
ters.

Proposition 1.2 There exists a denumerable set R C R,

such that, for h € R¢ f R \ R,

def

M_(J,h) = M (J,h) < M(J,h). (1.13)

The polarization M(J,h), as a function of h, is non-
decreasing on R€; it is continuous on each of its open
connected components.

Note that by R we mean the smallest set with the prop-
erties stated.

Let us make some comments. By Proposition 1.1, it fol-
lows that for a specific cofinal sequence £, which may al-
so be composed by boxes, the corresponding sequence of
local polarizations has a limit, which belongs to the inter-
val [M_(J, h), My (J, h)]. By Proposition 1.2, this interval
shrinks into a point if A € R°, which merely means that,
at such h, there exists a (global) polarization indepen-
dent of the sequence £ along which the thermodynamic
limit has been taken. This polarization is continuous on
the interval (a_,a4) C R¢, where ay are two consecu-
tive elements of R. At such ax, M (J, h) is discontinuous.
Since M(J,h) € [M_(J,h), M4 (J,h)], the discontinuity
is of the first kind. Therefore, at each a € R, such that
both (a — €,a), (a,a + €) are subsets of R for a certain
€ > 0, one has

lim M (J, h) < im M (J, h). (1.14)
hla hla
At the same time, the set R¢ may have empty interior;
hence, the global polarization may be nowhere continu-
ous.

180

; lim inf MR (J,h)

A€ Luox } '

Now we are ready to define the main notion of the
paper.

Definition 1.3 The model considered undergoes a phase
transition (of first order) at certain 3, J, and h, if the
global polarization, as a function of h at fixed B and J,
18 discontinuous at this h..

Note that this definition agrees with the known one giv-
en by L. Landau. Remarkably, we do not suppose that
the phase transition breaks any symmetry.

Recall that . = Z% and that m is the particle mass.
The result of the paper is contained in the following
statement.

Theorem 1.4 For every d > 3 and 8 > 0, there exist
my > 0 and J, > 0 such that for every m > m, and
J > J,, there exists h, € R, possibly dependent on (3, m,
and J, such that M(J,h) gets discontinuous at hy, i.e.,
the model undergoes a phase transition.

In the next section, we give the proof of this theorem
based on a number of lemmas, which we prove by em-
ploying the representation of the local states (1.10) in
terms of path measures. In Section III, we give a brief
description of the corresponding approach — article [18]
may serve as the main source of details. The proof of the
lemmas is given in Section IV.

II. PROOF OF THE THEOREM

As the inverse temperature 3 plays no role in our con-
sideration, see the formulation of Theorem 1.4, from now
on we set # = 1. We also set h = 1, which merely means
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that m = mp,/h?, where myy, is the physical mass of the
particle.

The proof of Theorem 1.4 will be given at the end
of this section. It is based on a number of preparato-
ry statements — Propositions and Lemmas. The former
ones will be either taken from other sources or discussed
in the subsequent parts of the article. Some of them will
be proved here. Lemmas, which are more important and
nontrivial, will be proved in Section IV.

Keeping in mind the dependence of the partition func-
tions (1.9) on the interaction intensity and the external
field, we define

pa(J,h) =log Za/IA|; PR (T, h) =log ZX"/|A|. (2.1)

We call these functions the pressure and the periodic pres-
sure, respectively; up to the sign they coincide with the
free energy density corresponding to the free and period-
ic conditions on the boundary of A. The properties of the
pressure are described by the following statements. The
first one can be obtained directly from definition (2.1).

Ky (r,7') = T (m,7") — 0a(qe) - 04(q)

Proposition IL.1 Each py(J,h), pR*(J,h) is an in-
finitely differentiable function of h € R and J € R. It
s also a conver function of both these parameters.

One can easily verify that

Ky (r,7'|per) = T'fy (1, 7'|per) — o5 (q0) - 05" (q0),

and

I (r,7") = oa{aeexp [~ (7" — 7)Ha) qo exp (7' — 7)Hal}

9 _ 0 per _ per
%pA(J, h) = Ma(J, h), hPA (J,h) = MR“(J, h),
(2.2)
and
9? 1 A
WPA(J h) = m Z Ky:(0,0), (2.3)
L0ren
0 per 1 A
WPA (']7 ): m Z KM/(O,OH)QI‘),
L0 e
where for 7,7 € [0,1], 7 < 7/, we have set
|
(2.4)
(2.5)

i (r,7'lper) = o {arexp [ (" = 7) HE™) o exp [(+' = ) "]}

Proposition I1.2 It follows that for any 0 <7 <7/ <1,

K (r,7') >0, Kb, (1, 7'|per) > 0. (2.6)

The next statement clarifies the situation with the lim-
iting pressure.

Proposition I1.3 For every J >0 and h € R,

def

. T per lel
Al;ripA(J, h) = lim pi*(J,h) = p(J, h). (2.7)

Lvox

Thereby, the limiting pressure always exists and is inde-
pendent of the way the limit has been taken. This fact
together with those established by Proposition II.1 yield
some important information regarding the properties of
the global polarizations.

We recall that for the function ¢ : R — R, the one-
sided derivatives are

. p(tEe) —p(t)
@l (t) i —————

It is known, see e. g., [25], pages 34-37, that

Proposition I1.4 For a convex function ¢ : R — R,

(a) the one-sided derivatives ¢’y (t) exist for every
t € R; the set {t e R | ', (t) # ¢"_ (1)}
is denumerable;

(b) the point-wise limit ¢ of a sequence of convex
functions {on tnen i a conver function;
if p and all @, ’s are differentiable at the given t,
the sequence {¢), (t)}nen converges to ¢'(t).

The proof of Proposition 1.2 readily follows from the con-
vexity of the pressure and the latter statement.

Next we introduce the so called Duhamel two-point
function — a traditional element of the theory of phase
transitions in quantum systems, see [2]. In our context,
it is

1 1
Dby, = / / {4}, (r, 7' |per)drdr’ (2.8)
o Jo
1
:/ I#(0,lper)dr, £, € A.
0
As follows from (2.8) and (2.6),
DY, >0, (2.9)

for all boxes A and ¢, ¢'. By construction, Dé‘é, is invari-
ant with respect to the translations of the torus A. To
employ this property we introduce the set A, (a Brillouin
zone) consisting of
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2

=55 (2.10)

p:(pla"'apd)a pj:*ﬂ"i’
sj=1,...2L, j=1,....d,

and thereby the Fourier transformation

DY =" Dl explu(p,t — )], peh.,  (211)
VeN
1 ~
D}y, = 1A > Dy expl—u(p, € = €)].
PEA.

Now we need to make a more formal definition of the
thermodynamic limit, c.f. Proposition I.1. Recall that
for a given A € I, €, is the algebra of local observables,
being the C*-algebra of all bounded linear operators on
the physical Hilbert space Hp. For A C A’, one can de-
fine the canonical embedding €5 < €4/, up to which €,
is a subalgebra of €,,. Thereby, we define the algebra of
all local observables

Q:loc _ U ¢y

AcL

(2.12)

Equipped with the norm inherited from €, it becomes
a normed space, although not complete. Its completion,
¢, is called the algebra of quasi-local observables. It is
also a C*-algebra. One can show that the union in (2.12)
may be taken over any cofinal sequence L.

The local states (1.10) describe the properties of a por-
tion of the system, while the whole system is described
by the states defined on the algebra €.

Proposition I1.5 For every J > 0 and h € R, there ex-
ists a tendenly to infinity sequence {Ly}nen and hence
sequence {A, }nen of the corresponding boxes (1.7), such
that sequence {0} }nen of the states (1.10) converges to
a translation invariant state oP°* on the algebra € (called
a periodic state) in such a way that for every polynomial
P(ga); A €L, ga = (q0)een,

lim R [P(qa)] = " [P(ga)]-

n—-+oo

(2.13)

Furthermore, this convergence also yields that for every
0,0,

iy (- -[per) — Ly (-, -|per), (2.14)
uniformly on 7,7 € [0,1].
Note that by (2.13), one has, c.f. (1.12),
() = N ME(Jh). (2.15)
In view of (2.14), we set, c.f. (2.8),
1
Dy = / Ty (0, T|per)dr. (2.16)
0

By construction, I'yy (-, -|per), and hence Dy, are invari-
ant with respect to the translations of Z¢. Thus, one can
define

Dy =" Duexplu(p, t — )], pe (—m a7, (217)
2/

1 ~
D = D - - ! .
&t (2m)d /(mr]d pexp[—u(p, { — ')]dp

182

Proposition I1.6 Suppose that for a given J > 0, there
exists hy such that

0" (qe) =0

at h = hy. Suppose in addition that at h = h, there exists
a sequence of boxes {Ay}ren such that

1 1
lim —— Dgg/ = lim ——
k—+o0 |Ak| Z’GZAk k—+o00 |Ak|2

(2.18)

Z Dypr > 0.

0,0 €N
(2.19)

Then the model undergoes the phase transition at these

J and h,.
By (2.17) and (2.9) it follows that

Dy > > D,
0 eN

for any Ay mentioned in the above statement. Thus, if
(2.19) holds, then there exists ¢ > 0 such that

Do > c|Akl, for any ke N. (2.20)
This means that ﬁp is singular at p = 0 in this case.
On the other hand, by the second line of (2.17) this in-
frared singularity is integrable; hence, D, is a distribu-

tion. Thus, one can write it in the form

D, = (2m)%525(p) + g(p),

where § is the Dirac d-function and g(p) is regular at
p = 0. By (2.9), g(p), for all p, and s are nonnegative; s
is positive if (2.19) holds. Note that (2.21) is similar to
the Kéllen—Lehmann representation known in quantum
field theory. For more on this subject, see Introduction
in [1].

By (2.17) and (2.21),

1
= Dy — —— dp;
x §24 (27T)d \/(W’ﬂ]d g(p) v

hence, in order to prove that » > 0 one has to estimate
Dy from below and g(p) from above. The estimate of
g(p) is obtained in the next statement which we prove
by means of a method used in [2], see Example 4, pages
362-364.

(2.21)

(2.22)

Proposition I1.7 Suppose there exists a continuous b :
(—m, w4\ {0} — [0, +00) satisfying the condition

/ b(p)dp < o0, (2.23)
(=, m]d
and such that for all boxes A,

nA

D,y < b(p), for all pe A\ {0}. (2.24)

Then the function g in representation (2.21) obeys the
estimate

g(p) < b(p), for all pe (—7T,7r]d \ {0}. (2.25)
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Proof: Let ¢ : Z¢ — C be such that there exists A € L,
for which 1y = 0 for all £ € A® =1L\ A. We also assume

that
Z Y = 0.

LeA

Pick up the box A, such that A C A. For this A, we set

(2.26)

_ 1 a2
A _ A _ A
= Z Dyp by = W Z D, ‘ﬂ’(p) , (2.27)
INTEIN peEAN{0}
where
= vrexplp, 0)] = Y vexplu(p, (2.28)
LeA LeA
which can obviously be defined for all p € (—, 7]%. The

p = 0 term in the sum in (2.27) has been excluded in
view of (2.26). Then by (2.24) we have

5 ),
(27T) (—m,m]d

In view of (2.28) and the bound (2.24), the limit on
the left-hand side exists by Lebesgue’s dominated con-
vergence theorem, at least for a subsequence {L,}. Then

]. fay ~ 2 o . AL
(2m)d /(m]deWp)‘ dp= m ¥
[ ]
< P ‘ p)dp
(27T)d (—m,m]d

For every p, # 0, one can choose the function ¢ in such
2

a way that ‘zﬁ(p)‘ is close to the d-function concentrated
at this p.. This yields (2.25). &

2
lim ¥Ar < ‘
L—+o0

b(p)

b(p)dp. (2.29)

As was mentioned above, the proof of the theorem is
based on the infrared estimates. A detailed presentation
of this method in its application to quantum anharmon-
ic crystals can be found in [5-7,18]. By means of it we
make estimate (2.24) precise.

Proposition I1.8 For every box A, and any p € A \{0},

NA
0< DX <1/JE(p), (2.30)

where

(2.31)

d
Z [1 — cospjl.

Note that the function 1/E(p) is integrable on (—m,x]¢
for d > 3.

Now we give the statements which finalize the prepa-
ration of the proof of the theorem.

Lemma I1.9 For every mg > 0, there exist ho(mg) €
R, hy(mg) > h_(myg), such that for all m > mg and
J >0,
MY (J,h) >0,
MY (J,h) <0,

for all h > hy(myp);
for all h < h_(my).

(2.32)

The next statement is an analog of Lemma 3.4 of [1].

Lemma I1.10 There exist positive numbers €, §, and
my > Mg, where mq is as in Proposition I1.9, such that
for all A and m > m,,

per(J h)

PRE(0, ) > d(eJ — §). (2.33)

Lemma I1.11 Let m, be as above. Then for every A,
m>my, J >0, and h € R,
R (a7) = PR (S h) —

pRE(0, b))/ Jd. (2.34)

One observes that pR™ (0, h) does not depend on A. By
means of Lemmas I1.10, I1.11 we have

ox"(aF) > € =8/, (2.35)
which can be used to estimate Dy, from below, see (2.22).
To this end we use the Bruch—Falk inequality, see Theo-

rem 3.1 in [2] or Theorem IV.7.5, page 392 of [25]. Recall
that by (2.8) and (2.5),

1
Db, = / R {qeexp[—THY"]qs exp|—THY "]} dr.
0

Proposition I1.12 (Bruch—Falk Inequality)
It follows that

Dy > o (q7) - f ( (2.36)

1
4m9per(q3)) ’

where the function f :[0,4+00) — [0, 1] is defined implic-

itly by

= ¢ ttanhé, and f(0)=1

(2.37)

f(¢tanh(§) for £ > 0;

The function f is differentiable, convex and monotone
decreasing on (0, 4+00), and such that

lim £f(¢) = (2.38)

E—+4o0

see Theorem A.2 in [2]. As the right-hand side of (2.36)
is independent of A, one can pass here to the thermo-
dynamic limit along the same sequence of boxes as in
(2.15). Then

Die > (e =8/D0CT); () € f(J/4m.(e] —0)),

(2.39)

where m, is the same as in Lemma I1.10 and J > d/e.

Proof of Theorem I.4: Suppose the model has no
phase transitions. Then by Proposition 1.2 the set R is
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void and the polarization M (J, h) is a continuous func-
tion of h € R for each J > 0. This yields, see (1.13) and
Lemma I1.9, that for every J > 0, there exists h, € R,
possibly depending on J, such that M(J,h,) = 0. On
the other hand, by (2.39) and (2.30), (2.25), we have in
(2.22)

2> (e —06/0)0(]) — &(d)/J], (2.40)

where

def 1 dr
2D = G /<] Ep)’

which exists for d > 3, see (2.31). Note that the right-
hand side of (2.40) does not depend on h. Now we pick
up J, > 0 such that > > 0 for all J > J,. For such J and
m > ms, Dy does not tend to zero as |[¢ — /| — 400,
see (2.17); hence, (2.19) holds. Then by Lemma I1.6, we
get a contradiction with the supposition made at the be-
ginning of the proof. B

III. THE EUCLIDEAN APPROACH

States (1.10) define the thermodynamic properties of
the portion of the system located in A. The dynamics of

D = {(t1,...

and continuous on their closures D_g. For every n € N,
the subset

{(ta,...

is an inner set of uniqueness for functions analytic in
Dy, see [24], pages 101 and 325. This means that the
Matsubara functions

) €DY | R(t1) = ... = R(tn) =0},  (3.4)

def
Flfﬂllwypn(rl e Th) = Glf}“”’Fn (1T1y..oy1m),  (3.5)
defined for 0 < 7 < --- < 7, < 3, uniquely determine
the corresponding Green functions and hence the states

oA- They have the property

s Tn)s

yeeey

where addition is of modulo 3. This periodicity and the
analyticity of the Green functions imply the KMS prop-
erty of the state g, [20,22,23].

This passage from real to imaginary values of time,
see (3.4), is conceptually similar with the Euclidean ap-
proach in quantum field theory, see e.g., [15], It allows
for employing the properties of the semi-groups of op-
erators exp(—7Hp ), where 7 varies in the interval [0, 3]
with the periodic condition at the endpoints. This semi-
group generates a [-periodic Markov process, see [20].
Its canonical realization is described by a probability
measure on a space of continuous paths. Thereby, the

184

) €CT0<S

this portion is described by the time automorphisms

A ap(A) = exp (itHy) Aexp (—itHy),
teR, Ael.

(3.1)

As both dynamics and thermodynamics are determined
by the same object — the local Hamiltonian Hy — the
states (1.10) obey the KMS condition, see e.g. [20].

Let 9M5°™ be the algebra of all multiplication oper-
ators by bounded continuous functions F € C,(R¥IA1).
One can prove, see [21], that the linear span of the opera-
tors a* (Fy)---ap (F,) with all possible choices of n € N,
t1,.. .ty € Ryand Fi, ..., F, € M, is dense in €, in
the topology in which the states (1.10) are continuous.
Therefore, such states are fully determined by their val-
ues on the mentioned products, i.e., by the local Green
functions

b)) = on [6 (F)---a} (F))],  (32)

and the corresponding periodic local Green functions.

They can be looked upon, see [18,22,23], as the restric-
tions of functions Gjl}},.“, , analytic on the domains

(3.3)

Matsubara functions (3.5) can be written in the form of
integrals taken with respect to this measure, which opens
the possibility to apply here powerfull methods from the
stochastic analysis and measure theory. Our proof will
be based on some of them.

Now let us introduce the mentioned path spaces and
measures. For simplicity, we perform this for 8 = 1. In
view of the periodicity at the endpoints of the interval
[0,1] we associate it with the circle S of unit length,
considered as a Riemannian manifold equipped with the
Lebesque measure dr. Therefore, each such path can
be considered as a classical spin at ¢, though infinite-
dimensional. It takes values in the space C of all contin-
uous functions ¢ : S — R, which can also be considered
as continuous functions [0,1] — R taking equal values
at the endpoints. We equip C with the usual supremum
norm | - |¢, in which is becomes a Banach space. Along
with C we use also spaces of Holder-continuous functions
¢ : S — R. For such a function and o € (0,1/2), we set

_ !
blos = [dle + sup DN g
7 7,7 €S, TH#T' |T - 7"|§
where
ir— s ¥ min{jr — ;1 —|r — 7|} (3.7)
Then we set
Co={9€C||ple, < oo}. (3.8)
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Equipped with norm (3.6), C, becomes a Banach space
as well. Along with these spaces we shall use also the
real Hilbert space £2 L?(S,dr), the scalar prod-
uct and norm of which are denoted by (-, )2 and |- |2

For A € L, we set

24 ={wa = (We)eea | we €C, forall £eA}. (3.9)
Thus, the representation of function (3.5) in the form of

respectively. the integral mentioned above is, c.f. (2.5),
|
I’}l] ,,,, r (71, = trace [Fy exp(— (2 — T1)HA) -+ Fr1exp(— (T — Tne1 ) HA) Frnexp(—(1 — 7, + 71)HA)] /Za
/ Fu(wa(r)) - Fu(wa(ra))na(den), (3.10)

where pp is the above-mentioned path probability mea-
sure, which we are going to construct now.

The Hamiltonian H}®*, see (1.2), generates a Gaus-
sian periodic Markov process, known as the Ornstein—
Uhlenbeck velocity process. Its canonical realization on
C is described by the path measure which one introduces
as follows. In £2, we define the self-adjoint (Laplace—
Beltrami type) operator

2

Its spectrum consists of the eigenvalues
M = m(27k/B) +a, keEZ. (3.12)

Thus, the inverse A~! is of trace class and the Fourier
transform

[, exolto.v)eslxan)= exp { -5 (4700013 |

¢ € L3 (3.13)

trace[Fle*(TrTl)HAFQG*(B*@)HA e Fn67(7n+1*Tn)HA]/trace[e*HA] — /

forall Fy,...,F, € L*(RI*), n € Nand y,...,7, € Sg,
such that m; < -+ <7, <1, 741 = 71 + 1. And vice
verse, representation (3.16) uniquely, up to equivalence,
defines Hy (see [20]). In the same way, one obtains the
connection between the periodic Hamiltonian (1.8) and
the measure pR™. By means of the Feynman—Kac formu-

la 5" is obtained as a Gibbs modification
ph (dwa) = exp {—I3" (wa)} xa(dwn)/Za, (3.17)
of the ‘free measure’
A(dwp) = H X (dwy). (3.18)

LeA

Here

defines a Gaussian measure x on £2. Employing eigen-
values (3.12) one can show that for any k € N,

2FT(1/2 + k)

| Ik
T (1/2)

per>

[ () = ol Pix(as) <
L2
(3.14)

which by Kolmogorov’s lemma, page 43 of [26], yields
that

x(C?) =1, foralloe(0,1/2). (3.15)
Then x(Cs) = 1 and we redefine x as a probability mea-
sure on C. An account of the properties of y may be
found in [18].

The measure x is the local Euclidean Gibbs measure
for a single harmonic oscillator. The measure pp which
corresponds to a portion of interacting anharmonic os-
cillators located in A € LL is associated with a stationary
periodic Markov process defined as follows. The marginal
distributions of u5 are given by the integral kernels of the
operators exp(—7Hp), 7 € [0,1]. This means that

; Fi(wa(m1) -+ Fp(wa(mn))pa(dwy), (3.16)
IXEY(WA) = _% Z (Wg,wW)ﬁz
GOTEN: || a=1
Y / Vi(we(r (3.19)

is the energy functional describing the system of inter-
acting paths wy located in the torus A, whereas

2= [ ew (- h ). 320)

is the partition function, the same as in (1.9). The cor-
responding construction can be conducted for the local
Gibbs state pp. The Euclidean Gibbs measure py will
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have representation (3.17), (3.19), (3.20) in which the
condition |¢ — ¢'|p =1 is replaced by [¢ — ¢'| = 1.

We conclude this section by giving the path integral
representation of the local polarizations and Matsubara
functions (2.5). They are

ME™"(J,h) = /Q e (O (dw ), (3.21)
“ A ZGZA/Q 0)pea(dwa),
FZ/EI(T, T/) = ‘/Q Wg(T)wg/(T/)/LA(de), (3.22)

Il (7, 7'|per) = /Q we(r)uwe (T') B (dwp).

IV. COMMENTS AND PROOF
OF THE LEMMAS

A. Comments on Propositions

Here we discuss the proof of Propositions 1.1, 11.2, T1.3,
I1.5, 11.6, and II.8.

By means of the Euclidean realization of states (2.1)
described in the previous section one can prove that the
net {oa}aer, as well as the sequence {08 }acy,,,, are
relatively compact in the topology which guarantees the
convergences stated in the propositions under question.
The boundedness follows from the moment estimates
for Euclidean Gibbs measures proved in [19,27,28|. The
equalities in (1.12) can be obtained by means of Theorem
7.12 of [29]. The inequalities (2.6) follow from the FKG
inequality, for the Euclidean Gibbs measures proved in
[18,19]. The proof of (2.7) was performed in [19], see
Lemma 6.4. If (2.19) holds, then the limiting periodic
Euclidean Gibbs states are nonergodic with respect to
the group of translations of IL, which certainly means a
phase transition, see [19] and the references therein. Fi-
nally, estimate (2.30) is the infrared bound, the proof of
which is standard, see [5-7,18,19]. B

B. Proof of Lemma II1.9

We start by proving the first line in (2.32). To
this end, we find a strictly increasing function ¢
[h4(mp), +00) — R such that

PR (T h) > ¢(h) for h > hy(myg). (4.1)
Then we use the convexity of pi*(J, ) and get the result
in question by (2.2). Let us split the potential V} into
even and odd parts

Vo(z) = Vo (z) + Vg ().
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Thereby, for b > 0, we choose h > 0 such that, for
all h > h, hay — Vi (xy) is an increasing function of
x¢ € [—b,b]. Set, c.f. (3.9), (3.17),

Gy ={wel||wle<b},
025 = {wa = (Wo)eea | we € Cy, L€ A},

2RO = [ e[ BT o). (42

Obviously,

PR (J h) > ——log ZX(J, h). (4.3)

IA\
By the first GKS inequality, see e.g., Theorem 12.1 in
[26],

Z8(J,h) > 28 (0,h) & for all h > h.

(4.4)

exp (|A[p(h)) ,

Here

exp o] = [ exp { / () - Volw(r))] dT} x(dw)

d(h) > (h = B)y(m, h) + 6(h), ~(m,h) < ¢ (h).

By (3.14), one can show, see [18], that for any mg > 0,
the family of the corresponding measures {X}jm>m, is
tight as measures on C. On the other hand, the right-
hand side of (4.5) can be extended to the whole complex
plane as an entire ridge function of h with the ridge be-
ing the real axis. Thereby, for any mg > 0, there should
exist h such that

7 def

ve(h) = inf ~(h,h) >

m>mg

Then for a fixed my, we take h. (mg) = max{h, h}, which
yields (4.1) and hence the first part of (2.32). Since we
have not employed any property of Vj, the rest of the
lemma can be proved by changing the sign of h and all
Wwy.

C. Main Estimate

The proof of Lemmas I1.10, I1.11 is based on the esti-
mate which we derive now.

The path measure v}, corresponding to the anharmon-
ic oscillator (1.2) with the external field h is defined as
a probability measure on C by the following expression,
c.f (1.3), (3.17)~(3.19),
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1(dw) = 1 exp [h / Culrar - / 1 %(w(r))dr} Y(dw),

h

where

M= [ [n [ wwar - [ atwtmar] xaw)

Let hy(mg) be as in Lemma I1.9. Then for € > 0 and

h € [h—(mg) — € hy(mo) + €,

by (3.14) we readily get

/C w(r) — w(r)Pun(dw) < m*Qs-[r — 7|k, kEN,

(4.7)

m > my,

(4.10)

which holds, uniformly in & and m obeying (4.9), with @} depending on € only. In the sequel, we always assume that

h and m are chosen according to (4.9).

Since the potential V{ is continuous and defined on the whole R, every one-dimensional projection of v} is non-

degenerate, which yields that for every n € N, 7q,...,

CE(11, ..y Tas€) wof {wel| £w(ry) >¢, forall j=1,...,n}

are such that vy, [C*(r, ..

Lemma IV.1 For every integer n > 2 and any ¢ > 0,
there exist m > mq, ¢ > /g, and B € C*(n;c), such
that for all m > m,

vn(BZE) > 0, (4.12)
and for all w € BE,
vV relo1]: +w(r) > e (4.13)

Proof: Let us fix p € N\ {1}, a € (0,p — 1), and set
_ \]12p
o = { =)

e |O<TT’|per§19},
9 € (0,1).

per

(4.14)

Then by the Garsia—Rodemich-Rumsey lemma, see e. g.,
pages 202, 203 in [31], one has from (4.10)

[ Moo < (1+2) morquor=
C o
def

— —a
=m pr,oﬂgp 5

where ¢ > 0 is an absolute constant. Now we fix n > 2
and for ¢ > /e, define

Ae) ={w € C | A jn(w) < (e — VeE)*Pn*},
BE = A(q E)HC’i(n;c).

2a+6p+§
p—a—1
(4.15)

Then for any 7 € [0, 1], one can pick up j/n, such that
) 1/2p _q
w(r) = w(i/n)| < Payn(@)]*F nmel2,

which yields +w(7) > v/ if w € BE. To estimate vy,(BF)
we proceed as follows. By (4.13) and (4.15), and by the
Chebyshev inequality

-+ Tni€)] > 0. By CF(n;c) we denote C*(ry, ..

Tn € ]0,1], and ¢ > 0 both sets

(4.11)

S Tpsc) With 73 = j/n, j=1,...,n.

v [C\ Alese)] < (_ﬁ / A () ()
<m™P-Qpa/[nlc— \/‘g)Q]p

Now we set

o(n;c) =min{v, [CT(n;c)] ;v [C™(n50)] . (4.16)
Thereby,
vn(BE) > o(n;c) —vp [C\ A(c;€)] (4.17)
> o(n;c) =m™" - Qpa/nlc — ve)J,

which is positive for all

m>m déf max {mo; [n(c — \@)2]—1 . [pra/,y(n; C)}l/p} .
(4.18)

|

Now we introduce
1
CxC3 (ww)r—Y(ww) :/ w(rt)w'(t)dr.  (4.19)
0

Then, by (4.13)

Vw,w' € BY: Y(w,w') >e. (4.20)

D. Proof of the Lemmas

Proof of Lemma I1.10: In the Euclidean approach,
the periodic pressure (2.1) has the following representa-
tion, see (3.20), (3.19), and (4.7),
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PR (J ) — pRF(0, h) = |A| " log {/Q exp [JY (wp) H v (dwp) }

where

Ya(wa) = % >

(4.21)
JAN

Y (we, wer), (4.22)

LUEA, [6—|p=1

and Y being as in (4.19). For £h > 0, we get from (4.21), (4.20)

PR (T, h) — (0, h) > |A| " log {/(Bi)l/\ exp [JY (wp)] H uh(dwg)} > dJe + vy (BE).

LeA

Now we fix ¢, ¢, n, and «. Then for a given 6 > 0, we denote by m, the value of m for which the second line in (4.17)
equals exp(—¢). Thereafter, the latter estimate turns into (2.33). B

Proof of Lemma II.11: First we write

er J a er a er
PR (T, h) — pa(0,h) :/ (atplj’\ (t,h)) dt < J@p?\ (J, h),
0

. per
since pj

per _
8J (J,h) =

1
Sqn 2

LU EN, [€—0' =1

1
AL, 2

CLUEN, [6—0|a=1

since o8 (¢7) is independent of ¢. Here, c.f., (4.21),

PR (dwn) = exp [Fa(J, h) + JY A (wa)] H vy (dwy),

FA(Jv h) = ‘A| [pA(O’O) -

is the Euclidean local Gibbs measure which corresponds to the Hamiltonian (1.

(4.23) and get (2.34). &

£,07€A, V |a=1

is a convex function of J. Then by (4.21), (4.22), (4.19),

/Q (.Ug Wer er(de) (4.23)
{[we(0))? + [wer (0)]} 1y (dwn)
2,
{8 (a7) + ok (a2) } = doi™ (d7) .
(4.24)

LeA

Py (Jh)]

8). Thereby, we employ (4.23) in

[1] J. Frohlich, B. Simon, T. Spencer, Commun. Math. Phys.
50, 79 (1976).

[2] F. J. Dyson, E. H. Lieb, B. Simon, J. Statist. Phys. 18,
335 (1978).

[3] W. Driessler, L. Landau, J. F. Perez, J. Statist. Phys.
20, 123 (1979).

[4] L. A. Pastur, B. A. Khoruzhenko, Teoret. Mat. Fiz. 73,
111 (1987).

[5] V. S. Barbulyak, Y. G. Kondratiev, Rep. Natl. Acad. Sci.
Ukr. 10, 19 (1991).

[6] V. S. Barbulyak, Y. G. Kondratiev, Func. Anal. Appl
26(2), 61 (1992).

[7] Ju. G. Kondratiev, in Stochastic Processes, Physics, and
Geometry II, (World Scientific, Singapore New Jersey,
1994), p. 465.

[8] S. Albeverio, Y. Kondratiev, Y. Kozitsky, M. Rockner,

188

Phys. Rev. Lett. 90, 170603 (2003).
[9] S. Albeverio, Y. Kondratiev, Y. Kozitsky, M. Rockner,
Ann. Inst. H. Poincaré Probab. Statist. 37, 43 (2001).

[10] S. Albeverio, Y. Kondratiev, Y. Kozitsky, M. Rockner,
Commun. Math. Phys. 241, 69 (2003).

[11] S. Albeverio, Y. Kondratiev, Y. Kozitsky, Lett. Math.
Phys. 48, 221 (1999).

[12] R. Blinc, B. Zeks, Soft Modes in Ferroelectrics and
Antiferroelectrics (North-Holland Publishing Compa-
ny/Americal Elsevier, Amsterdam London New York,
1974).

[13] S. Stamenkovié¢, Condens. Matter Phys.
(1998).

[14] V. G. Vaks, Introduction to the Microscopic Theory of
Ferroelectrics (Nauka, Moscow, in Russian 1973).

[15] B. Simon, The P(¢)2 Euclidean (Quantum) Field Theo-

1(14), 257,



A PHASE TRANSITION IN A QUANTUM ANHARMONIC CRYSTAL

ry (Princeton University Press, New York San Francisco
London, 1974).

[16] J. Glimm, A. Jaffe, Quantum Physics. A Functional In-
tegral Point of View (Second Edition, Springer-Verlag,
New York Berlin Heidelberg London Paris Tokyo, 1987).

[17] O. Bratteli, D. W. Robinson, Operator Algebras and
Quantum Statistical Mechanics,I, II (Springer-Verlag,
New York, 1981).

[18] S. Albeverio, Y. Kondratiev, Y. Kozitsky, M. Rockner,
Rev. Math. Phys. 14, 1, (2002).

[19] Y. Kozitsky, T. Pasurek, J. Statist. Phys. 127, 985
(2007).

[20] A. Klein, L. Landau, J. Funct. Anal. 42, 368, (1981).

[21] Y. Kozitsky, Lett. Math . Phys. 68, 183 (2004).

[22] L. Birke, J. Frohlich, Rev. Math. Phys. 14, 829 (2002).

[23] R. Gielerak, L. Jakébezyk, R. Olkiewicz, J. Math. Phys.
35, 3762 (1994).

[24] B. V. Shabat, Introduction to Complex Analysis. II:

Functions of Several Variables (Translations of Mathe-
matical Monographs, 110. American Mathematical Soci-
ety, Providence, RI. (1992).

[25] B. Simon, The Statistical Mechanics of Lattice Gases,
I (Princeton University Press, Princeton, New Jersey,
1993).

[26] B. Simon, Functional Integration and Quantum Physics
(Academic Press, New York and London, 1979).

[27] S. Albeverio, Y. G. Kondratiev, T. Pasurek, M. Rockner,
Ann. Probab. 32, 153 (2004).

[28] S. Albeverio, Y. G. Kondratiev, T. Pasurek, M. Rockner,
Transec. Moscow Math. Society 1, 3 (2005).

[29] H.-O. Georgii, Gibbs Measures and Phase Transitions.
(Studies in Mathematics, 9, Walter de Gruyter, Berlin
New York, 1988).

[30] A. M. Garsia, E. Rodemich, H. Rumsey, Jr., Indiana
Univ. Math. J. 20, 565 (1970/1971).

[31] M. T. Barlow, M. Yor, J. Funct. Anal. 49, 198 (1982).

®A30BUMN IMEPEXIJ Y KBAHTOBOMY AHTAPMOHIYHOMY KPUCTAJII

A. Kaproms, FO. Kozunpkuit
Incmumym mamemamuru, Ynisepcumem Mapii Kiopi-Craodoscoxoi, 20-031, Jlobaun, [Hoavwa

PozrisnyTo TpaHCAsSIiiHO-IHBAPIIHTHY CHUCTEMY B3a€MOMIIOYNX KBAHTOBUX AHIAPMOHIYHUX OCIMJSTOPIB, iH-

JEKCOBaHUX eJIeMEeHTaMu d-BUMipHOI TpOCTOol KyGiuHOT I'paTKu. AHrapMOHIYHMIA IOTEHITIST € 3arajJbHOrO THUITY, IO,

30KpeMa, O3HAYa€ BiICyTHICTD Oy/b-sikol cumerpil. Jls 1iel cucTeMn MU JOBOIMUMO, IO TI00ATBHA MOJISTPUBAIIIS

(omeprxana y TepMoAMHAMIUHII rpaHMI) CTAE€ PO3PUBHOIO JIsl JIESKOrO 3HAYEHHs 30BHINIHBOTO 10JIst, AKIIO d > 3,

a TaKOXK Maca JYaCTUHKHM i IHTEHCUBHICTH B3a€MOJIII € JJOCTATHRO BeIuKuMu. /loBeieHHsT 3p00JIeHO Ha OCHOBI IIpejI-

CTaBJIeHHs! JIOKAILHNX cranis I i66ca Mozesi y BUIVISIZII Mip Ha CTEXKKaX, IO JIa€ 3MOT'y BUKOPUCTATH iH(MPaIepPBOHI

ouinku Ta Hepieuicrs [apcii-Ponemixa—Pamces.

189



