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This study is aimed at the creation of a physical model of transmission through a synaptic
cleft at the cell-to-cell communication with taking into account such real processes: time-dependent
release of mediator (acetylcholine) molecules (ACh) to a synaptic cleft, diffusion of ACh molecules
from synaptic cleft, receptor binding of ACh — formation of mediator-receptor complexes (AChR),
decay of ACh and AChR by action of a specific ferment — acetylcholinesterase (AChE). The system
of three nonlinear differential equations was proposed to characterize the change of concentrations
of acetylcholine molecules, mediator-receptor complexes and acetylcholinesterase. The stationary
states and types of singular points are studied for the given model of synaptic transmission.
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The problem of cell-to-cell communication is of the
same fundamental importance in animate nature as in-
termolecular interaction is in abiocoen. Particularly, as is
well known [1,2], the cell-to-cell communication happen-
ing as a result of synaptic transmission of information
underlies processes of thinking.

Shortly saying one can picture basic processes re-
spondent for synaptic transmission using the following
scheme:

ACh + R → AChR → R.

It means:

1. Acetylcholine (ACh) is synthesized by choline-
acetyltransferase and is stored up in spherical vesi-
cles in presynaptic area; membrane is depolarized
while nerve excitation acetylcholine is injected into
a synaptic cleft. One should mention here that dur-
ing this process about 104 acetylcholine molecules
are released and reach postsynaptic membrane
where cholinergic receptors (R) are located.

2. Acetylcholine reacts with a cholinergic receptor
forming a complex compound (AChR) which is in
dynamic equilibrium with free acetylcholine and re-
ceptor. As a result of ACh and R reaction, mem-
brane permeabilities for Na+ and K+ ions increase
causing membrane depolarization. If ACh concen-
tration is large enough the process of depolariza-
tion becomes supraliminal evoking the spreading
of synaptic stimulation along the muscle fiber.

3. Acetylcholinesterase hydrolyzes ACh. The process
of removing acetylcholine from the receptor loca-
tion area is very important for the renewal of the
initial state of postsynaptic membrane. A large

amount of ferment acetylcholinesterase (AChE) is
located in postsynaptic membrane area. If AChE
is inactivated, the transmission of synaptic stimu-
lation is blocked as a result of ACh accumulation
in receptor membrane area.

Models of synaptic transmission were created allow-
ing for concentrations of acetylcholine and non-active
receptors [3, 4]. The aim of the present study is to cre-
ate a more realistic model of synaptic transmission. Here
we will consider synaptic transmission in the cleft where
muscarinic cholinoreceptors prevail. It is well known that
cholinoreceptors of this type are G-protein coupled. This
means that for activation they need G-protein to be
present. In the present study we will assume that con-
centration of G-protein is constant and enough for ac-
tivation, thus, we will not take it into account. Also we
will assume that one molecule of acetylcholine activates
the receptor and acetylcholinesterase takes part in the
decomposition of mediator-receptor complexes. And we
will approximate the function of acetylcholine release by
the Dirac δ-function.

Thus, we obtain the following system of nonlinear dif-
ferential equations, where x matches up concentration of
ACh, y and z denote concentrations of AChR and AChE,
respectively:

dx

dt
= Kδ(t)− k1x(a− y)− k2xz − k3x + D1∆x, (1)

dy

dt
= k1x(a− y)− k4xyz, (2)

dz

dt
= k5z − k2xz − k4xyz −D3∆z, (3)
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The first equation describes such processes: velocity
of ACh release to synaptic cleft (1st term), the 2nd
term gives the velocity of receptor binding of ACh (a
is total amount of receptors on the post-synaptic mem-
brane), the 3rd term gives the velocity of ACh decay
under the action of AChE, the 4th and the 5th terms
describe the process of ACh removing from the synap-
tic cleft due to back trap and diffusion, respectively. In
the second equation the 1st term corresponds to the for-
mation of mediator-receptor complexes (AChR), the 2nd
term — velocity of the AChR decay due to AChE. The
third equation corresponds to such processes: velocity of
AChE release after free ACh and AChR splitting (1st
term), 2nd, 3rd and 4th terms have the same meanings
as in eqs. (1) and (2). We put sign “+” before D1∆x be-
cause we consider the mediator to flow from the synap-
tic cleft, and sign “−” before D3∆z because we consider
cholinesterase to move to the place with a higher ACh
concentration. Then we will take a natural assumption
that D∆c ≈ D c

L2 where L is the characteristic geometric
size, thus we obtain such a system of equations:
dx

dt
= Kδ(t)− k1x(a− y)− k2xz − k3x + D1

x

H2
, (4)

dy

dt
= k1x(a− y)− k4xyz, (5)

dz

dt
= k5z − k2xz − k4xyz −D3

z

L2
, (6)

Here H is the width of synaptic cleft; L is character-
istic geometric size of the postsynaptic zone.

In our system of equations we consider the 1st term in
(1) to be perturbation in this system. Thus the station-
ary solutions of system (4)–(6) are as follows:

(a) x0 = 0, y0 = g, z0 = 0,
where g is a certain concentration of activated recep-

tors, obviously g ≤ a; for k5 > 0 (physiological con-
dition), this point is classified as a strange attractor:
λ1 = k1g + D1

H2 − k1a− k3 < 0 ( D1
H2 ≈ 105, k1a ≈ 2 · 1012,

[5]), λ2 = 0, λ3 = k5 − D3
L2 > 0, λi are solutions of the

corresponding characteristic equation;

(b) x0 = m, y0 = a, z0 = 0,
where m is a certain concentration of free acetyl-

choline; this solution satisfies system (4)–(6) on condi-
tion that k3 = 0; indeed, when time is big enough all
free acetylcholine will be trapped back into presynaptic
membrane or diffuse from the synaptic cleft, so its ve-
locity of back trap will be zeroth; for this point λ1 =
D1
H2 − k3, λ2 = −k1m < 0, λ3 = k5 + D3

L2 − k2m− k4ma :
this point may be either stable or unstable due to signs
of λ1 and λ3;

(c) x0 = 0, y0 = g, z0 = h,
where h is a certain concentration of acetyl-

cholinesterase; this solution satisfies system (4)–(6) on
conditions that k5 = 0; really, when t is big enough
AChE will have split all ACh and AChR and its ve-
locity of release will be zeroth, for this point λ1 =
k1g+ D1

H2 −k1a−k2h−k3 < 0, λ2 = 0, λ3 = k5− D3
L2 > 0,

(k5 ≈ 104, D3
L2 ≈ 10−2, [5]), so it is classified as strange

attractor. Under normal condition when for sufficiently
big time all the ACh are removed from the synaptic cleft
due to diffusion and hydrolysis over AChE (x0 = 0), all
the mediator-receptor complexes will be split (y0 = 0)
and AChE will be free and ready for the new action
(z0 = h). It is clearly seen that this condition is the
closest to the point (c) if we put g = 0.

For k5 < 0 (action of AChE inhibitors):

Point (a):
x0 = 0, y0 = g, z0 = 0,
λ1 = k1g + D1

H2 − k1a− k3 < 0,
λ2 = 0,
λ3 = k5 − D3

L2 < 0.
When the organism is poisoned by AChE inhibitors

(phosphororganic substances, for example) all the recep-
tors will be activated (y0 = a) and all molecules of AChE
will be bent (z0 = 0). Then point (a) is classified as a
limiting cycle.

The same can be applied to point (b):
x0 = m, y0 = a, z0 = 0,
λ1 = −D1

H2 − k3 < 0,
λ2 = −k1m < 0,
λ3 = k5 − k2m− k4ma + D3

L2 < 0
so point (b) is classified as sink.

Point (c):
x0 = 0, y0 = g, z0 = h,
λ1 = k1g + D1

H2 − k1a− k2h− k3 < 0,
λ2 = 0,
λ3 = k5 − D3

L2 < 0, so point (c) is a limiting cycle.
Constants m, g, h are certain concentrations of acetyl-

choline, activated receptors and acetylcholinesterase,
their values can be different, they can equal zero, the
only limitation is for the concentration of activated re-
ceptors: 0 ≤ g ≤ a.

A partial solution of the corresponding linearized sys-
tem is as follows:

δxps = K, (7)

Thus, a general solution of system (1)–(3) is following
one:

x = x0 + K + F1 exp(λ1t) + F2 exp(λ2t) + F3, (8)

y = y0 + G1 exp(λ1t) + G2 exp(λ2t) + G3, (9)

z = z0 + H1 exp(λ1t) + H2 exp(λ2t) + H3, (10)

where Fi, Gi, Hi can be found from the initial conditions.
It can be easily seen that diffusion of mediator has a

stronger influence than lateral diffusion of cholinesterase
on the process of synaptic transmission. Diffusion sum-
mand gives shifts to values of characteristic equations’
solutions but does not change types of singular points,
i. e. its contribution to the process of synaptic transmis-
sion is not so strong.

The main result of our study is as follows: kinetic mod-
el of synaptic transmission with three order parameters
demonstrates a strange attractor behaviour under special
above-mentioned conditions.
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Метою цiєї роботи є створення фiзичної моделi передачi iнформацiї через синаптичну щiлину при мiж-
клiтиннiй взаємодiї, якi враховує такi реальнi процеси:

1) вивiльнення в синаптичну щiлину молекул медiятора (ацетилхолiну), яке залежить вiд часу;
2) дифузiю ацетилхолiну (ACh) iз синаптичної щiлини;
3) зв’язування ацетилхолiну з рецепторами;
4) дiю специфiчного ферменту — ацетилхолiнестерази (AChE), яка вiдповiдає за руйнування медiятор-

рецепторних комплексiв. Запропоновано систему трьох нелiнiйних диференцiяльних рiвнянь, якi характери-
зують змiну концентрацiї молекул ацетилхолiну, активованих рецепторiв (медiятор-рецепторних комплексiв)
та ацетилхолiнестерази; дослiджено стацiонарнi стани та тип особливих точок.

324


