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States with maximal spatial localization around the origin are found for the (n+1)-dimensional
Snyder algebra. Maximally localized states in the Snyder space-time belong to the subset of the
squeezed states in contrast to commutative algebra with minimal length. The noncommutativity of
coordinate operators of the Snyder algebra leads to inhomogeneous space-time with the origin as
the “center of the Universe”.
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I. INTRODUCTION

Modified canonical commutation relations have at-
tracted much attention recently as a possible manifes-
tation of more fundamental theories which are still un-
der development (see, for example, [1–3]). In this pa-
per the commutation relations with minimal length are
considered. Their main feature is the nonzero minimal
uncertainty of spatial coordinate operators. This proper-
ty of the deformed commutation relations was the cen-
tral motivation for Snyder’s pioneer work [4], as he was
looking for the regularization of UV divergences of quan-
tum field theory. However, an attempt to develop elec-
trodynamics over the Snyder space-time with minimal
length had little success [5]. Field theory requires defini-
tion of fields and field equations while coordinates being
not mere parameters but operators instead. The usu-
al coordinate representation does not work here since
the position eigenfunctions are unphysical. In [6] the so
called quasiposition representation was proposed. When
the fields (or quantum mechanical states) ψ(x)

ml of maxi-
mal localization around any point x of space are found
one can define the quasiposition representation as follows

ψ(x) =
〈
ψ

(x)
ml

∣∣∣ψ〉 . (1)

In [7] maximal localization states were studied for the
Euclidean covariant algebra with minimal length. Anoth-
er type of deformed commutation relations (the so called
canonical noncommutativity, which breaks the Lorentz
invariance) was considered in [8]. Some suggestions on
the properties of the deformed Minkowski space-time
were given in [9,10]. The two-parametric Lorentz covari-
ant deformed algebra with minimal length and applica-
tion to the Dirac oscillator was considered in [11]. In this
paper the problem of quasiposition representation in the
Snyder space-time is addressed.

II. STATES OF MAXIMAL SPATIAL
LOCALIZATION

The definition of maximally localized states in mul-
tidimensional space is ambiguous. The obvious defini-
tion in the Euclidean case is the isotropic one [7], i.

e., the state ψ is maximally localized when the uncer-
tainty

∑
i

〈
ψ
∣∣∣(∆Xi)

2
∣∣∣ψ〉 is minimal. The Minkowski

space is more involved to handle as the time coordinate
is fundamentally different from spatial ones. Therefore
“time-energy” commutation relation has negative sign
in the deformation term and the corresponding uncer-
tainty relation gives no minimal time [9]. Localization
around some point (event) in space-time clearly breaks
the Lorentz symmetry (except the degenerate case of
infinite localization by the Dirac delta function in un-
deformed case). Here we consider the states which are
maximally localized in space, thus minimizing the same
functional as in the Euclidean case.

The (n+1)-dimensional Snyder algebra is given by the
following commutation relations

[Xµ, P ν ] = −i~ (gµν − βPµP ν) ,

[Xµ, Xν ] = −i~β (PµXν − P νXµ) , (2)

[Pµ, P ν ] = 0 ,

where gµν = diag(1,−1,−1, . . . ,−1), β is the deforming
parameter, Xµ and Pµ are coordinate and momentum
operators, respectively. Calculations will be performed
in the momentum representation, the coordinate repre-
sentation being unavailable due to nonzero minimal un-
certainty in positions:

Xµ = −i~
(

∂

∂Pµ
− βPµP ν ∂

∂P ν
− 3

2
βPµ

)
. (3)

The operators thus defined are Hermitian with respect
to the Lorentz covariant scalar product

〈ψ |φ 〉 =
∫
d(n+1)P ψ∗(P )φ(P ) . (4)

To start with, let us make the following (Lorentz nonco-
variant) transformation of the momentum variables:

Kµ =
Pµ√

1 + βP2
, K2 ∈ [ 0 ; 1/β ) , (5)
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P being the spatial part of the momentum. Commuta-
tion relations of coordinate operators with Kµ operators
read

[Xµ,Kν ] = −i~
√

1− βK2
(
gµν − βgµ0K0Kν

)
. (6)

It is the feature of the Snyder algebra that such transfor-
mation leads to the separation of variables, that is in the
K-representation the operators of the spatial coordinates
Xi have no dependence on K0:

Xi = i~

(√
1− βK2

∂

∂Ki
− β

2
Ki√

1− βK2

)
. (7)

Let us find the symmetric states maximally localized
in space around the origin with

〈
Xi
〉

=
〈
P i
〉

= 0. Fol-
lowing the procedure of [7] one can look for the squeezed
state with minimal spatial uncertainty as a state of max-
imal localization. The corresponding equation is(

Xi + iαP i
)
ψ = 0 , (8)

which in the K-representation reads[
∂

∂Ki
+
(
α

~
− β

2

)
Ki

1− βK2

]
ψ = 0 . (9)

Its general solution (containing arbitrary function of the
K0 variable) is

ψ = f(K0)
(
1− βK2

)α/2~β−1/4
. (10)

The parameter α has to be found by minimization of〈
(∆X)2

〉
. Rigorously speaking this method gives maxi-

mally localized solution from the subset of the squeezed
states only, so one is not guaranteed to obtain the state
localized as much as possible [12]. To prove that (10) is
indeed an absolutely maximally localized state for some
value of α we will directly minimize spatial uncertain-
ty with additional condition for the states to belong to
the domain on which an commutation relations (2) are
represented. The minimization of

〈
(∆X)2

〉
leads to the

Euler–Lagrange equation (which is the eigenvalue equa-
tion of the X2 operator when

〈
Xi
〉

= 0):

(
X2 − λ2

)
ψ = 0 . (11)

The boundary condition is

ψ
∣∣
K2=1/β

= 0 , (12)

coming from the requirement for
〈
(P i)2

〉
to exist. In the

K-representation equation (11) reads

[(
1− βK2

)( ∂

∂K

)2

− 2βK
∂

∂K
− β2K2

4 (1− βK2)
− nβ

2
+
λ2

~2

]
ψ = 0 . (13)

Due to the rotational symmetry the solution has the form ψ = ψ
(
K2
)
. After changing to dimensionless variable

q = βK2 we have to solve the equation[
4q(1− q)

d2

dq2
+ 2(n− (n+ 2)q)

d

dq
− q

4(1− q)
+

λ2

~2β
− n

2

]
ψ = 0 , (14)

with

q ∈ [0; 1] , ψ
∣∣∣∣

q=1

= 0 .

Its general solution is expressed through the associated Legendre functions:

ψ(q) =
q1/2−n/4

(1− q)1/4

{
C1P

n/2−1
v

(√
1− q

)
+ C2Q

n/2−1
v

(√
1− q

)}
, (15)

where the degree is

v =
1
2

(√
(n− 1)2 +

4λ2

~2β
− 1

)
. (16)

For our purpose, however, it is enough to look for the
solution in the form ψ(q) ∼ (1 − q)δ. This particular
solution and the corresponding eigenvalue of the X2 op-
erator are

ψ = f(K0)
(
1− βK2

)1/4
,

(17)
λ2 = n~2β .

It is easily checked that λ coincides with the lower bound
on the minimal length obtained from uncertainty rela-
tions for commutators (2). The commutation relations
imply the minimal uncertainty of ~

√
β for each spa-

tial coordinate operator, therefore the lowest possible
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eigenvalue of the X2 operator is n~2β. So one concludes
that (17) is the state of the maximal spatial localiza-
tion for the Snyder algebra. One can further verify that
(17) belongs to the set of squeezed states, namely, it is
the squeezed state (10) with the parameter α = ~β. A
different situation arises in the case of commutative al-
gebra with the minimal length of [7]. For this algebra
the squeezed states are not the maximally localized ones
(see [12]).

One may obtain the Lorentz covariant solution from
the general expression (17) taking into account that

1− β(K0)2 =
1− βPνP

ν

1 + βP2
. (18)

By choosing an arbitrary function f(K0) to be

f(K0) = const
1

[1− β(K0)2]n/4+1
, (19)

one gets the Lorentz covariant expression in the P -
representation

ψ(P ) = const
1

(1− βPνPν)n/4+1
. (20)

State (20) is easily proved to be the squeezed state that
saturates uncertainty relations for all the n+1 coordinate
operators simultaneously. This solution is nonnormaliz-
able and diverges on the hypersurface PνP

ν = 1/β. A
similar divergence was observed in [11] for the general-
ized Lorentz covariant algebra with minimal length. The
authors introduced the corresponding condition that re-
stricts the energy of the physical states. The direct cal-
culation of the bound states of (1+1)-dimensional Dirac
oscillator showed that physical states exist for a finite
range of deforming parameter only. The energy spectrum
of the oscillator is bounded accordingly.

Normalizable states are allowed in (17) as well. For
example, if one substitutes

f(K0) = const
1

[1 + β(K0)2]n/4+1
, (21)

then in the P -representation

ψ(P ) = const
1

(1 + β(P0)2 + βP2)n/4+1
. (22)

The states considered so far are localized around the
origin. There is no simple algorithm how to obtain the
states localized around an arbitrary point in the Snyder
space-time. Since the coordinate operators do not com-
mute the space-time is inhomogeneous. The usual trans-
lation operator does not exist in such a space-time. To
show this one can start from the general Lorentz covari-
ant form of the commutation relations

[Xµ, P ν ] = i~
{
F (P 2)gµν +G(P 2)PµP ν

}
= −i~ Θµν(P ) . (23)

The coordinate operators can be represented as

Xµ = −i~ Θµσ ∂

∂P σ
+ f(P ) , (24)

f(P ) being an arbitrary function of momenta. The gen-
erator of space-time translations by а given values ξµ, if
it exists, is some function of momenta T (P ), which has
to satisfy the following commutation relations

[T,Xµ] = ξµ . (25)

From this follows the equation for T :

∂T

∂Pµ
=
i

~
(
Θ−1

)
µσ
ξσ . (26)

Since

∂2T

∂Pµ∂P ν
=

∂2T

∂P ν∂Pµ
, (27)

one has to require

∂

∂P ν

(
Θ−1

)
µσ

=
∂

∂Pµ

(
Θ−1

)
νσ

(28)

for the solution of (26) to exist. Being written in terms of
the functions F,G from (23), the last formula reduces to
the Kempf condition [7] on coordinates commutativity:

G =
2FF ′

F − 2P 2F ′ . (29)

One can of course still find the generators that would
displace the mean values of coordinates in the state ψ.
It is enough to require the following relation to satisfy,
which is weaker than (25):

〈ψ |[T,Xµ]|ψ〉 = ξµ . (30)

However, the uncertainty of any coordinate in the trans-
formed state ψ′ = e−Tψ will read〈

ψ′
∣∣(∆Xµ)2

∣∣ψ′〉 =
〈
ψ
∣∣(∆Xµ)2

∣∣ψ〉
+
〈
ψ
∣∣(∆ [T,Xµ])2

∣∣ψ〉 . (31)

From this one concludes that the action of the displace-
ment operator in the Snyder space-time results in the
coordinate “smearing”. This is equally true for any oth-
er noncommutative space with the Euclidean or Lorentz
covariant commutators. There exists the “center of the
Universe” in such a space which can be located with max-
imal precision. The space gets “smeared” while moving
away from the center, that is, the minimal coordinate
uncertainty grows with the distance to the origin. The
displacement generator can be fitted to result in a sharp
translation for any given direction, but the translation
without smearing in one direction leads to the smearing
in other directions.
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III. CONCLUSIONS

In this paper the spatial localization properties of the
Snyder space-time are considered. The states with min-
imal coordinate uncertainty centered around the origin
are found. In contrast to deformed multidimensional al-
gebra with minimal length and commuting coordinate
operators the maximally localized states of the Snyder
algebra belong to the set of squeezed states. There ex-
ists the Lorentz invariant solution which diverges on the
hypersurface PνP

ν = 1/β. The similar divergence was
earlier reported for a more general Lorentz covariant al-
gebra with minimal length.

Due to the noncommutativity of the coordinate opera-
tors the Snyder space is inhomogeneous with the origin as
the “center of the Universe”. The coordinate uncertainty

grows with the distance to the origin. The usual transla-
tion operator does not exist in such spaces so the defini-
tion and obtaining of the states localized in the vicinity of
an arbitrary point needs further clarification. One could
try to solve the variational problem of maximal localiza-
tion with additional conditions that fix the mean values
of coordinate operators. However, the separation of vari-
ables is unavailable for this problem. Alternatively one
may apply the generalized deformed translations [11] to
define the quasiposition representation.
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Для (n + 1)-вимiрної алґебри Снайдера знайдено стани, максимально локалiзованi у просторi навколо
початку координат. На вiдмiну вiд комутативної алгебри з мiнiмальною довжиною, максимально локалiзо-
ванi стани у просторi-часi Снайдера належать до множини стиснутих станiв. Унаслiдок некомутативностi
координатних операторiв простiр-час Снайдера є неоднорiдним, у ньому iснує “центр Всесвiту” в початку
координат.
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