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Within the framework of the modified proton ordering model for the KH2PO4 type with taking
into account a linear in strain ε6 contribution to the proton subsystem energy but without tunneling,
in the four-particle cluster approximation we calculate the thermodynamic potentials of the sys-
tem. Using the appropriate equations of state, we calculate spontaneous polarization, longitudinal
dielectric permittivity of mechanically free and clamped crystals, their piezoelectric characteristics,
elastic constants and molar specific heat. At the proper choice of the values of model parameters
we obtain a good quantitative description of available experimental data for the K(H1−xDx)2PO4

type ferroelectrics.
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I. INTRODUCTION

Ferroelectrics of the MD2XO4 (M = K, Rb; X = P,
As) in the paraelectric phase crystallize in the 4̄ ·m class
of the tetragonal singony (space group I 4̄2d with a non-
center-symmetric point group D12

2d). In the ferroelectric
phase the space group of these compounds is Fdd (the
point group C19

2v ) of the rhombic syngony with the ax-
es rotated with respect to the crystallographic axes of
the paraelectric phase by 45◦. Thus, the MD2XO4 type
crystals are non-centrosymmetric and possess piezoelec-
tric properties in both phases which essentially affects
their physical characteristics, particularly their dielectric
response. Spontaneous polarization in these crystals is di-
rected along the c axis and accompanied by spontaneous
strain ε6. So far, the theoretical description of the dielec-
tric properties of the MD2XO4 type ferroelectrics with-
in the conventional proton ordering model (see [1]) has
been restricted by the static limit and the high-frequency
relaxation. Attempts to explore the piezoelectric reso-
nance phenomenon within the model that does not take
into account the piezoelectric coupling were pointless. It
should be also noted that qualitatively correct results
for the MD2XO4 type compounds can be obtained only
with taking into account the piezoelectric interactions.
The conventional proton ordering model does not allow
description of the effects related to the difference be-
tween the regimes of free and clamped crystals and is
not able to reproduce the effect of crystal clamping by
high-frequency electric fields.

In the presence of electric fields and shear stresses of
certain symmetries the role of piezoelectric coupling in
the phase transition and in the formation of the physical
properties of the crystals can be explored.

Fundamental results for the KH2PO4 family ferroelec-
tric have been obtained in [2–10]. For deformed crystals
of the KH2PO4 type the Hamiltonian of the proton or-

dering model has been modified for the first time [2, 3]
by taking into account the influence of the strain ε6, de-
formational molecular field and splitting of lateral pro-
ton configurations only. Later [4,5] all possible splittings
of proton configurations induced by the strain ε6 were
taken into account. In [4] the phase transition, thermo-
dynamic and longitudinal dielectric, piezoelectric, and
elastic characteristics of the K(H0.12D0.88)2PO4 crystal
were calculated for the first time, and the influence of the
σ6 stress on these characteristics was explored. The same
characteristics for the non-deuterated KH2PO4 crystals
with taking into account tunneling and piezoelectric cou-
pling were explored in [5, 6]. At the proper choice of
the theory parameters a good quantitative description
of experimental data for KH2PO4 is obtained. It should
be noted that when tunneling is taken into account
within a cluster approach, a non-physical behavior of
the calculated characteristics appears at low tempera-
ture [11]. In [7–9] the influence of the electric field E3 on
the phase transition and physical characteristics of the
K(H0.12D0.88)2PO4 and KH2PO4 ferroelectrics was ex-
plored. A good agreement between the obtained results
and the corresponding experimental data was obtained.
It should be also mentioned that in [10] a mechanism of
spontaneous strain ε6 formation in the KH2PO4 type fer-
roelectrics and the role of proton coupling with acoustic
lattice vibrations were explored in details.

In [4–8] the dynamic properties of the KH2PO4 fam-
ily ferroelectrics were not considered. The investigation
of these properties with taking into account the piezo-
electric coupling is an important problem. Since the cal-
culations of dynamical characteristics of these crystals
within the cluster approximation with tunneling being
taken into account are extremely difficult, and since tun-
neling has been found suppressed in these crystals by the
short-range correlations [12], it is expedient to approach
this problem by neglecting tunneling. In [13] within the
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modified proton ordering model [4, 5] the thermal and
longitudinal dielectric, piezoelectric, and elastic charac-
teristics of the K(H1−xDx)2XO4 type ferroelectrics are
calculated. Also, the relaxational phenomena in mechan-
ically free and clamped crystals of this type are explored;
ultrasound velocity and attenuation are calculated. It is
shown that to determine the optimal values of the the-
ory parameters, one has to take into account the exper-
imental data for the longitudinal dynamic characteris-
tics of the crystals. The effect of crystal clamping by
high-frequency electric field, piezoelectric resonance and
UHF dispersion, that is observed experimentally was dis-
cribed. Also, the peculiarities of sound attenuation near
the phase transition points where considered.

In the present paper, within the framework of the mod-
ified proton ordering model for the KH2PO4 type with
taking into account a linear in strain ε6 contribution to
the proton subsystem energy but without tunneling, in
the four-particle cluster approximation we calculate ther-
modynamic and longitudinal piezoelectric, elastic, and
dielectric characteristics of the M(H1−xDx)2XO4 type
ferroelectrics. Using the obtained theoretical results an
analysis of the available experimental data is performed.

II. CRYSTAL HAMILTONIAN

We shall consider a system of deuterons moving on
the O–D...O bonds in deuterated ferroelectric MD2XO4

crystals. The reference system (x, y, z), also denoted as
(1, 2, 3), coincides with the tetragonal (I4̄2d) crystallo-
graphic reference system (a,b,c). The primitive cell of
the Bravais lattice of these crystals consists of two neigh-
boring tetrahedra PO4 along with four hydrogen bonds
attached to one of them (the “A” type tetrahedron). The
hydrogen bonds attached to the other tetrahedron (“B”
type) belong to four surrounding it structural elements
(Fig. 1).
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Fig. 1. A primitive cell of MD2XO4 crystals. One of pos-
sible ferroelectric proton configurations is shown.

The Hamiltonian of the deuteron subsystem with tak-
ing into account short-range and long-range interactions
in the presence of external mechanical stress σ6 = σxy

and electric field E3 applied along the crystallograph-
ic axis c, inducing contributions to the strain ε6 and

polarization P3 consists of the “seed” and pseudospin
parts [4, 5]:

Ĥ = NH(0) + Ĥs, (2.1)

where N is the total number of primitive cells. The
“seed” energy of a primitive cell corresponds to the heavy
ions lattice and is explicitly independent of the hydro-
gen bonds configurations. It is expressed in terms of the
strain ε6 and the electric field E3 and includes the elastic,
piezoelectric, and dielectric parts

H(0) = v

(

1

2
cE0
66 ε

2
6 − e036E3ε6 −

1

2
χε0

33E
2
3

)

, (2.2)

v is the primitive cell volume; cE0
66 , e036, χ

ε0
33 are the “seed”

elastic constant, coefficient of piezoelectric stress, and di-
electric susceptibility, respectively. These quantities de-
termine the temperature behavior of the corresponding
characteristics of the studied crystals far from the tran-
sition temperature Tc.

The pseudospin part of the Hamiltonian reads

Ĥs =
1

2

∑

qf

q′f′

Jff ′(qq′)
σqf

2

σq′f ′

2
+ Ĥsi(6)

+
∑

qf

2ψ6ε6
σqf

2
−

∑

qf

µf3E3
σqf

2
. (2.3)

Here the first term describes effective long-range interac-
tions between deuterons including indirect lattice medi-
ated interactions [14,15]; σqf is the z-th component of the
pseudospin operator, describing the state of a deuteron
in the q-th cell on the f -th bond (f = 1, 2, 3, 4). Two
eigenvalues of the operator σqf = ±1 correspond to two
possible positions of the deuteron on the bond (positions
“1”, “2” in Fig. 1).

In (2.3) Ĥsi(6) is the linear over the strain ε6 Hamilto-
nian of short-range interactions between deuterons near
the PO4 groups. In the absence of the strain ε6 and
field E3 the short-range Hamiltonian of deuterons in
the KD2PO4 crystal was obtained within the Slater–
Takagi model [15, 16], where the energy of upper/lower
deuteron configurations εs are twice degenerate, later-
al configurations εa are four-fold degenerate, the single-
ionized configurations ε1 are eight-fold degenerate, and
double-ionized configurations ε0 are twice degenerate
(εs < εa � ε1 � ε0).

In the presence of the strain ε6 and in the electric field
E3 the system loses symmetry with respect to the mirror
rotation by π/4 around the c axis, and splitting of up-
per/lower, lateral, and single-ionized configurations takes
place (Table 1). Since the strain ε6 and polarization P3

are transformed via the same irreducible representation
(B2 in the paraelectric phase and A1 in the ferroelectric
phase), the electric field E3 does not split those levels,
which remain degenerate in the presence of the strain
ε6 [17].

The Hamiltonian of the short-range interactions be-
tween deuterons

Ĥsi(6) =
∑

q

[ĤA
6 (q) + ĤB

6 (q)],
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describes the total configurational energy of crystal

deuterons. Here ĤA,B
6 (q) are the Hamiltonians of the

short-range configurations interactions of deuterons near
PO4 tetrahedra of the “A” and “B” types. Also

ĤA
6 (q) =

16
∑

i=1

N̂A
i (q)Ei(6),

where N̂i(q) =
4
∏

f=1

1
2 (1 + sf

σ̂qf

2 ) is the operator of the

four-particle configuration [15, 16], where sf is the sign
of the eigenvalue of the σ̂qf operator in a particular
deuteron configuration “s1s2s3s4”: sf=“+” or “−”; Ei(6)
are the deuteron configuration energies (Table 1). The
contributions of the two tetrahedra to the configurational
energy of the primitive cell are the same [15].

i Ei6 i Ei6

1

1

2

1

1

1

2

2

2

2

3

1

4

+ + ++ εs − δs6ε6 − µ3E3 9 −−−+ ε1 − δ16ε6 −
µ3E3

2

2 −−−− εs + δs6ε6 + µ3E3 10 −− + −

3 + − + − ε0 11 − + −−

4 − + − + ε0 12 + −−−

5 + + −− εa + δa6ε6 13 + + − + ε1 + δ16ε6 + µ3E3

2

6 −− + + εa + δa6ε6 14 + + + −

7 − + + − εa − δa6ε6 15 − + + +

8 + −− + εa − δa6ε6 16 + − + +

Table 1. Energies of deuteron configurations near the PO4 groups.

Finally, the Hamiltonian Ĥsi(6) takes the form

Ĥsi(6) =
∑

q

{(

δs6
8
ε6 +

δ16
4
ε6

)

(σq1 + σq2 + σq3 + σq4)

+

(

δs6
8
ε6 −

δ16
4
ε6

)

(σq1σq2σq3 + σq1σq2σq4 + σq1σq3σq4 + σq2σq3σq4)

+
1

4
(V + δa6ε6)(σq1σq2 + σq3σq4) +

1

4
(V − δa6ε6)(σq2σq3 + σq4σq1) (2.4)

+
1

4
U(σq1σq3 + σq2σq4) +

1

16
Φσq1σq2σq3σq4,
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Here

V = −
1

2
w1, U =

1

2
w1 − ε, Φ = 4ε− 8w + 2w1,

and

ε = εa − εs, w = ε1 − εs, w1 = ε0 − εs,

where εs, εa, ε1, ε0 are the deuteron configuration en-
ergies, and ε w, w1 are the ferroelectric energies of the
extended Slater–Takagi model [15, 16].

The third term in (2.3) is the linear over the shear
strain ε6 mean field Hamiltonian, induced by the piezo-
electric coupling; ψ6 — is the parameter of the deforma-
tional molecular field.

The last term in (2.3) effectively describes interactions
of deuterons with the external electric field E3. Here µf3

is the effective dipole moment of the f -th hydrogen bond,
and

µ13 = µ23 = µ33 = µ43 = µ3 =
1

2
µ3s + µ

(d)
3 ,

where µ3s is the dipole moment of upper/lower configu-

rations, and µ
(d)
3 is the projections of the dipole moment

of a deuteron bond [17].
Considering the peculiarities of the crystal structure

of the MD2XO4 type ferroelectrics, the thermodynamic

potential of the system will be calculated using the four-
particle cluster approximation for the short-range inter-
actions [15,16]. The long-range interactions are taken in-
to account in the mean field approximation. In the cluster
approach the thermodynamic potential of the MD2XO4

per primitive cell reads

g(6) = H(0) + 2νc[η
(1)(6)]2 +

1

2
T

4
∑

f=1

lnZ1f

− T lnZ4 − v̄σ6ε6, v̄ =
v

kB
, (2.5)

where 4νc = J11(0) + 2J12(0) + J13(0) is the eigenval-
ue of the Fourier transform of the long-range interaction
matrix Jff ′ =

∑

Rq−Rq′

Jff ′(qq′);

η(1)(6) = 〈σq1〉 = 〈σq2〉 = 〈σq3〉 = 〈σq4〉

is the parameter of deuteron ordering; Z1f = Sp e−βĤ
(1)
qf ,

Z4 = Sp e−βĤ
(4)
q6 β = 1

kBT
are the single-particle and

four-particle partition functions. The single-particle Ĥ
(1)
qf

and four-particle Ĥ
(4)
q6 deuteron Hamiltonians are

Ĥ
(1)
qf = −

z̄f6

β

σqf

2
, (2.6)

Ĥ
(4)
q6 = −

4
∑

f=1

z6
β

σqf

2
+
ε6
4

(−δs6 + 2δ16)

4
∑

f=1

σqf

2
(2.7)

− ε6(δs6+2δ16)
(σq1

2

σq2

2

σq3

2
+
σq1

2

σq2

2

σq4

2
+
σq1

2

σq3

2

σq4

2
+
σq2

2

σq3

2

σq4

2

)

+ (V + δa6ε6)
(σq1

2

σq2

2
+
σq3

2

σq4

2

)

+ (V − δa6ε6)
(σq2

2

σq3

2
+
σq4

2

σq1

2

)

+ U
(σq1

2

σq3

2
+
σq2

2

σq4

2

)

+ Φ
σq1

2

σq2

2

σq3

2

σq4

2
,

where

z6 = β(−∆c + 2νcη
(1)(6) − 2ψ6ε6 + µ3E3),

z̄f6 = β[−2∆c + 2νcη
(1)(6) − 2ψ6ε6 + µ3E3].

The effective field ∆c created by the neighboring bonds
from outside the cluster can be determined from the self-
consistency condition, which states that the mean values
of pseudospins 〈σqf 〉 calculated within the four-particle
and one-particle cluster approximations should coincide,
that is,

〈σqf 〉 =
Sp

{

σqf e
−βĤ

(4)
q6

}

Sp e−βĤ
(4)
q6

=
Sp

{

σqf e
−βĤ

(1)
qf

}

Sp e−βĤ
(1)
qf

. (2.8)

The field ∆c are determined from the condition of the
thermodynamic potential minimum (2.5):

∂g

∂∆c
= 0.

Finally, the single-particle deuteron distribution func-
tions can be obtained in the following form

η(1)(6) =
m6

D6
, (2.9)

where

m6 = sinh(2z6 + βδs6ε6) + 2b sinh(z6 − βδ16ε6),

D6 = cosh(2z6 + βδs6ε6) + 4b cosh(z6 − βδ16ε6)

+ 2a coshβδa6ε6 + d,

z6 =
1

2
ln

1 + η(1)(6)

1− η(1)(6)
+ βνcη

(1)(6) − βψ6ε6 +
βµ3

2
E3,
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a = e−βε, b = e−βw, d = e−βw1 .

Calculating the eigenvalues of the cluster and single-
particle Hamiltonians, we obtain the single-particle and
four-particle partition functions and write the thermo-
dynamic potentical (2.5) as

g(6) =
v̄

2
cE0
66 ε

2
6 − v̄e036ε6E3 −

v̄

2
χε0

33E
2
3 + 2T ln 2 (2.10)

+2ν̄c[η
(1)(6)]2 − 2T ln[1 − (η(1)(6))2] − 2T lnD6 − v̄σ6ε6.

Now we shall calculate the dielectric, piezoelectric,
elastic, and thermal characteristics of MD2XO4 ferro-
electrics.

Using the dielectric, elastic, and thermal equations of
state

P3 = −
1

v̄

(

∂g(6)

∂E3

)

T,σ6

,
1

v̄

(

∂g(6)

∂ε6

)

T,E3,σ6

= 0,

S6 = −R

(

∂g(6)

∂T

)

E3,σ6

and the thermodynamic potential (2.10) we obtain ex-
pressions for polarization P3, stress σ6 (an equation for
the strain ε6) and molar entropy of the deuteron subsys-
tem (here R is the gas constant)

P3 = e036ε6 + χε0
33E3 + 2

µ

v

m(6)

D6
, (2.11)

σ6 = cE0
66 ε6 − e036E3 +

4ψ6

v

m(6)

D6
+

2δa6

v̄Dz
6

Ma6

−
2δs6
vD6

Ms6 +
2δ16
vD6

M16, (2.12)

S6 = R
{

2 ln 2 + 2 ln[1 − (η(1)(6))2] + 2 lnD6

+ 4TϕT
6 η

(1)(6) +
2M6

D6

}

. (2.13)

Here we use the following notations

Ma6 = 2a sinhβδa6ε6, Ms6 = sinh(2z6 + βδs6ε6),

M16 = 4b sinh(z6 − βδ16ε6),

ϕT
6 = −

1

T 2
(νcη

(1)(6) − ψ6ε6),

M6 = βw4b cosh(z6 − βδ16ε6) + βw1d

+ βε2a coshβδa6ε6 + βε6r6,

r6 = −δs6Ms6 − δa6Ma6 + δ16M16.

From Eq. (2.11), (2.12) we find the isothermic dielec-
tric susceptibility of a clamped crystal (ε6 = const):

χTε
33 =

(

∂P3

∂E3

)

T,ε6

= χ0
33 + v̄

µ2

v2

1

T

2κ6

D6 − 2κ6ϕ
η
6

, (2.14)

where

κ6 = cosh(2z6 + βδs6ε6) + b cosh(z6 − βδ16ε6)

− η(1)(6)m6,

ϕη
6 =

1

1 − (η(1)(6))2
+ βνc;

isothermic coefficient of piezoelectric stress eT
36

eT
36 = −

(

∂σ6

∂E3

)

T,ε6

=

(

∂P3

∂ε6

)

T,E3

= e036 +
2µ3

v

βθ6
D6 − 2ϕη

6κ6
. (2.15)

where

θ6 = −2κ
c
6ψ6 + f6,

f6 = δs6 cosh(2z6 + βδs6ε6) − 2bδ16 cosh(z6 − βδ16ε6)

+ η(1)z(6)(−δs6Ms6 + δa6Ma6 + δ16M16);

isothermic elastic constant at constant field

cTE
66 = cE0

66 +
8ψ6

v
·
β(−ψ6κ

c
6 + f6)

D6 − 2ϕη
6κ6

−
4βϕη

6f
2
6

vD6(D6 − 2ϕη
6κ6)

−
2β

vD6
[δ2s6 cosh(2z6 + βδs6ε6)

+ δ2a62a coshβδa6ε6 + δ2164b cosh(z6 − βδ16ε6)]

+
2β

vD2
6

(−δs6Ms6 + δa6Ma6 + δ16M16)
2. (2.16)

In the paraelectric phase and in the absence of exter-
nal fields, that is at E3 = 0, σ6 = 0, the above-calculated
characteristics have much simpler form

χTε
33 = χε0

33 + v̄
µ2

3

v2

β2(1 + b)

−1 + 2b+ 2a+ d− 2βνc(1 + b)
,

eT
36 = e036 +

µ3

v

2β[−2(1 + b)ψ6 + δs6 − 2bδ16]

−1 + 2b+ 2a+ d− 2βνc(1 + b)
,

cTE
66 = cE0

66 +
8ψ6

v

β[−2(1 + b)ψ6 + δs6 − 2bδ16]

−1 + 2b+ 2a+ d− 2βνc(1 + b)

−
4β(1 + βνc)(δs6 − 2bδ16)

2

(1 + 4b+ 2a+ d)[−1 + 2b+ 2a+ d− 2βνc(1 + b)]

+
2β

v

δ2s6 + 2aδ2a6 + 4bδ216
1 + 4b+ 2a+ d

.

The other isothermic dielectric, piezoelectric, and elas-
tic characteristics can be expressed via the quanti-
ties found above using the known relations. Thus, the
isothermic dielectlric susceptibility of a free crystal reads
(σ6=const)

χTσ
33 =

(

∂P3

∂E3

)

T,σ6

= χTε
33 +

(eT
36)

2

cTE
66

= χTε
33 + eT

36d
T
36; (2.17)

the isothermic coefficient of piezoelectric strain is

dT
36 =

(

∂ε6
∂E3

)

T,σ6

=

(

∂P3

∂σ6

)

T,E3

=
eT
36

cTE
66

, (2.18)

the isothermic constant of piezoelectric stress is
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hT
36 = −

(

∂E3

∂ε6

)

T,P3

= −

(

∂σ6

∂P3

)

T,ε6

=
eT
36

χTε
33

, (2.19)

the isothermic constant of piezoelectric strain is

gT
36 = −

(

∂E3

∂σ6

)

T,P3

=

(

∂ε6
∂P3

)

T,σ6

=
eT
36

χTε
33 c

TE
66 + (eT

36)
2

=
hT

36

cTP
66

, (2.20)

the isothemic elastic constant and the constant polariza-
tion is

cTP
66 =

(

∂σ6

∂ε6

)

T,P3

= cTE
66 + eT

36h
T
36

= cTE
66 +

(eT
36)

2

χTε
33

, (2.21)

the isothermic compliances at constant field are

sTE
66 =

(

∂ε6
∂σ6

)

T,E3

=
1

cTE
66

,

sTP
66 =

(

∂ε6
∂σ6

)

T,P3

=
1

cTP
66

. (2.22)

The molar heat capacity of the deuteron subsystem of
MD2XO4 crystals can be found from the entropy (2.13)

∆Cσ
6 = T

(

∂S

∂T

)

σ

= ∆Cε
6 + qP

6 α6, (2.23)

where ∆Cε
6 is the molar specific heat at constant strain

∆Cε
6 = qP,ε

6 + qε
6p

σ
6 . (2.24)

Using (2.13), we easily obtain

qP,ε
6 =

(

∂S6

∂T

)

P3,ε6

=
2R

D6

{

2TϕT
6 (q6 − η(1)(6)M6) +N6 −

M2
6

D6

}

, (2.25)

qε
6 =

(

∂S6

∂P3

)

ε6,T

=
v

µ3

2RT

D6
{D6Tϕ

T
6 + [q6 − η(1)(6)M6]ϕ

η
6}

is the heat of polarization at the given ε6,

qP
6 =

(

∂S6

∂ε6

)

P3,T

=
2R

D6

{

2TϕT
6 (−2κ6ψ6 + f6)−2[q6 − η(1)(6)M6]ψ6−λ6+

M6

D6
r6

}

,

is the heat of strain at the given P3.
Here we used the following notations

N6 = (βε)22a coshβδa6ε6 + (βw)24b cosh(z6 − βδ16ε6) + (βw1)
2d+

+ ε6(2β
2εδa6Ma6 + 2β2wδ16M16)

+ ε26[(βδa6)
22a coshβδa6ε6 − (βδs6)

2 cosh(2z6 + βδs6ε6) + (βδ16)
24b cosh(z6 − βδ16ε6)],

q6 = βw2b cosh(z6 − βδ16ε6) + ε6[−βδs6 cosh(2z6 + βδs6ε6) + βδ16 cosh(z6 − βδ16ε6)],

λ6 = −βεδa6Ma6 + βwδ16M16

+ ε6[−βδ
2
s6 cosh(2z6 + βδs6ε6) + βδ2a62a coshβδa6ε6 + βδ2164b cosh(z6 − βδ16ε6)].

In (2.19) and (2.20) pσ
6 = (∂P3/∂T )σ,E3

is the pyro-

electric coefficient, and α6 = (∂ε6/∂T )σ is the thermal
expansion coefficient.

From (2.11) we get

pσ
6 = pε

6 + e36α6, (2.26)

where

pε
6 =

µ3

v

2

T

2κ6Tϕ
T
6 + [q6 − η(1)(6)M6]

D6 − 2κ6ϕ
η
6

, (2.27)

and the thermal expansion coefficient is

α6 =
−p6 + h36p

ε
6

cE66
, p6 =

(

∂σ6

∂T

)

p3,ε6

= qp
6 . (2.28)

III. COMPARISON OF THE CALCULATED

PHYSICAL CHARACTERISTICS OF THE

KH2PO4 FAMILY CRYSTALS WITH

EXPERIMENTAL DATA. DISCUSSION

Let us calculate thermal, piezoelectric, elastic,
and longitudinal dielectric characteristics of the
M(H1−xDx)2XO4 type ferroelectrics obtained within
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the developed theory numerically and compare the ob-
tained results with the corresponding experimental data.
It should be noted that the theory developed in previ-
ous sections is valid, strictly speaking, for completely
deuterated crystals only. However, we shall consider also
pure and partially deuterated crystals x(0 6 x 6 1). The
experimentally established relaxational character of the
dielectric dispersion of ε∗33(ν, T ) and ε∗11(ν, T ) [18–22]
in these crystals, according to [12, 23, 24], is most like-
ly associated with the suppression of tunneling by the
short-range interactions. Therefore, the tunneling effects
in the considered crystals will be neglected. We shall
assume that the proposed theory with the averaged ef-
fective parameters is valid for the M(H1−xDx)2XO4

crystals too.
To set the optimal values of the model parameters we

have to use the dependence of the transition tempera-
ture Tc on the deuteron concentration x. We shall briefly
analyze the experimental data for the Tc(x) dependence
in M(H1−xDx)2XO4 shown in Figs. 2,3.

In Fig. 2 a rather large dispersion of experimental
points for Tc(x) in K(H1−xDx)2PO4 obtained by differ-

ent authors is seen.

In some papers [19,44,45] the dependence of the phase
transition temperature in the K(H1−xDx)2PO4 crystals
on x is considered to be linear and described by the em-
pirical relation Tc = 123+106x±2 [19], Tc = 121.7+107x
[45]. In these papers usually too few concentrations are
taken into account, and Tc is measured with insufficient
precision. The measurements [35, 38, 46] free from these
drawbacks yield non-linear dependences Tc(x), howev-
er, with different dTc/dx and the extrapolated values
Tc(1, 0). A thorough investigation [33,34] of the deutera-
tion dependence of the phase transition temperature for
a large number of samples of K(H1−xDx)2PO4 has con-
firmed the non-linear character of Tc(x). Comparing the
data of [33,34] with other measurements of Tc(x) we can
note that the values of Tc(x) [33,34] agree with the data
of [35,45] at 0 ≤ x ≤ 0.4 and of [46] at 0 ≤ x ≤ 0.3. Some
values of Tc given in [19] at x = 0.35; 0.68 and in [45] at
x = 0.4 coincide with the values of [33,34]. Overall, how-
ever, the values of Tc(x) obtained in [19, 44–46] are by
5–10 K higher than those of [33, 34].

0 10 20 30 40 50 60 70 80 90 100
120

140

160

180

200

220

240
T

c
, K 

x,% 

Fig. 2. Dependence of the phase transition temperature in K(H1−xDx)2PO4 on deuteron concentration x [25], [26],
[27], [18], [28], [29], [19], [30], [31], [32], [40], [33, 34], [35], [36], [37], [38],
[39], [20], [41], [42], [43]. Line is the theoretical dependence Tc(x).
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Fig. 3. Dependence of the phase transition temperature on deuteron concentration x in Cs(H1−xDx)2PO4 — [48],
Rb(H1−xDx)2PO4 — [49], [50], K(H1−xDx)2PO4 — [29], [18], [33,34], K(H1−xDx)2AsO4 — [51], [52],
N(H1−xDx)4(H1−xDx)2PO4 — [43]. Line is the theoretical dependence Tc(x).
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A rather large spread of the data is caused, most likely,
by imprecise determination of the deuterium concentra-
tion in the samples of K(H1−xDx)2PO4. Hereafter, we
shall use the values of Tc(x) given in [33, 34]. Using this
dependence Tc(x) we can determine the correct values
of deuteration in the samples of K(H1−xDx)2PO4. The
solid line in Fig. 2 is the theoretical results for Tc(x)
obtained with the proposed theory.

In [47] an empirical dependence of the phase tran-
sition temperatures Tc in Rb(H1−xDx)2PO4 on deu-
terium concentration x was proposed, namely Tc(x) =
(146.6 + 108.0x)K.

For the sake of comparison, in figure 3 we
show the deuteration dependences of the transition
temperatures in Cs(H1−xDx)2PO4, M(H1−xDx)2XO4,
N(H1−xDx)4(H1−xDx)2PO4. It turns out that the coeffi-

cient dTc(x)
dx

is practically the same for all these crystals,
whereas the dependences Tc(x) for Rb(H1−xDx)2PO4

and N(H1−xDx)4(H1−xDx)2PO4 coincide.
In order to evaluate the corresponding temperature

and frequency dependences of the physical characteris-
tics of the M(H1−xDx)2XO4 crystals using the expres-
sions obtained in the previous sections, we have to set
the values of the following parameters:

- energies of proton and deuteron configurations εH ,
wH , w1H and εD, wD, w1D , respectively;

- parameters of the long-range interactions νc(x);

- effective dipole moments µ3H , µ3D ;

- deformational potentials ψ6H , ψ6,012H , δs6H ,
δs6,012H , δa6H , δa6,012H , δ16H , δ16,012H ;

- “seed” dielectric susceptibilities χε0
33H , χε0

33D;

- “seed” elastic constants cE0
66H , cE0

66,012H ;

- “seed” coefficients of piezoelectric stress e036H ,
e036,012H .

Here the subscript H denotes the parameters of
MH2XO4 crystals, and the subscript D denotes the pa-
rameters for deuterated MD2XO4 crystals. We shall
also assume that to the partially deuterated crystals
M(H1−xDx)2PO4 the following averaged parameters cor-
respond

ε(x) = εH(1 − x) + εDx, w(x) = wH(1 − x) + wDx.

In addition to the mentioned parameters, to cal-
culate the obtained physical characteristics of the
M(H1−xDx)2XO4 crystals we have to set the volume of
their primitive cells, consisting of two PO4 groups. Since
for K(H1−xDx)2PO4 v(x) = [0, 19359+0, 00184x] ·10−21

cm3 [47], we use the following values of v · 1021 (cm3):
KH2PO4: 0.1936, KD2PO4: 0.1954, RbH2PO4: 0.2090,
KH2AsO4: 0.2052, KD2AsO4: 0.2065.

The energy w1H of two proton configurations with four
or zero protons near the given oxygen tetrahedron should
be much higher than εH and wH . Therefore we take
w1H = ∞ and w1D = ∞ (d = 0).

In order to determine the optimal values of the men-
tioned above parameters for the M(H1−xDx)2XO4 crys-
tals we shall use the experimental data for their physi-
cal characteristics. For K(H1−xDx)2PO4: Tc(x) [33, 34],
Ps(T ) [35, 54], ε6 [55, 56], ∆Cp(T ) [57–59], εσ

33(0, T )
[55, 56] [35, 40, 51, 60], d36 [60–63], cE66 [60, 64–66],
ε∗ε
33(ω, T ) [18]; for Rb(H1−xDx)2PO4: Tc(x) [49], Ps(T )

[37], ∆Cp(T ) [57], εσ
33(0, T ) [63], d36 [63], cE66 [66],

ε∗ε
33(ω, T ) [22]; for K(H1−xDx)2AsO4: Tc(x) [52], Ps(T )

[52], ∆Cp(T ) [52], εσ
33(0, T ) [51, 52], d36 [67], cE66 [67],

ε∗ε
33(ω, T ) [22].

The fitting procedure will be explained on the example
of the KH2PO4 crystal. With different chosen sets of the
parameters εH and wH , determining νc(0) from the con-
dition of the free energy minimum, we find those values of
εH , wH , and νc(0) that reproduce properly the observed
temperature curves of Ps(T ) and ∆Cp. The value of the
effective dipole moment µ−

3H in the ferroelectric phase is
determined by fitting the theoretical temperature curves
of spontaneous polarization and ε′′33(ω, T ) as well as the
value of saturation polarization to experiment. The val-
ue of µ+

3H in the paraelectric phase is determined by fit-
ting to experiment the theoretical temperature curve of
longitudinal static dielectric permittivity, as well as the
temperature and frequency dependences of ε′′33(ω, T ).

In the ferroelectric phase the major task is to solve the
system of equations for the order parameter η(1)(6) and
ε6. The temperature curves of spontaneous polarization
and other characteristics are determined by those solu-
tions of the system (2.9), (2.12) that satisfy the condi-
tion of the thermodynamic potential (2.10) minimum. It
should be also beared in mind that the phase transition
in the KH2PO4 crystal is of the first order. Therefore
the parameter νc will be determined by minimization of
the thermodynamic potential under condition that the
calculated value of the first order phase transition tem-
perature Tc corresponds to the experimental value. To
determine the optimal values of εH , wH , νc, µ3H and
deformational parameters ψ6H , δs6H , δa6H , and δ16H we
explored the their influence on the temperature curves
of Ps(T ), ∆Cp, ε6, ε

ε
33(0, T ), εσ

33(0, T ) d36, e36, h36, g36,
and cE66. As a result we obtained a set of the parameters
εH , wH , νCH , µ3H , ψ6H , δs6H , δa6H , and δ16H , at which
the calculated using the potential g(6) temperature is
Tc = 122.5 K, and the calculated temperature curves of
Ps(T ), ∆Cp, ε6, ε

ε
33(0, T ), εσ

33(0, T ), d36, e36, h36, g36,
and cE66 coincide with experimental data.

The value of the effective dipole moment µ−

3H in the
ferroelectric phase is determined by fitting the theoreti-
cal temperature curve of ε′′33(ω, T ) as well as the value of
saturation polarization to experiment (see [13]). Due to
inconsistency of different experimental data for εσ

33(0, T )
in the paraelectric phase, we determine µ+

3H by fitting to
the experimental points for ε′′33(ω, T ) [18]. In the same
way we obtain the values of the model parameters for
KD2PO4 and other crystals of the KH2PO4 type. Using
(3.1) and the experimental data for Tc, Ps(T ), εσ

33(0, T ),
and ε′′33(ω, T ), by the described above method we de-
termine the values of the parameters νc, µ

−

3H , µ+
3H for

partially deuterated crystals K(H1−xDx)2PO4.
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The obtained optimal values of the theory parame-
ters are presented in Table 2 for K(H1−xDx)2PO4 crys-
tals, in Table 3 for Rb(H1−xDx)2PO4, and in Table 4 for
K(H1−xDx)2AsO4. As one can see, to describe the ob-
served temperature curves of polarization and static di-
electric permittivity in the paraelectric phase, we should
accept different values of the effective dipole moment µ3

in ferroelectric and paraelectric phases, and µ+
3 > µ−

3 .
The dipole moment µ3 is chosen in such a way in other

papers too, including [36]. In [50] the difference of the
ratio µ+

3 /µ
−

3 from unity is explained by the existence of
an underdampled soft mode in the crystal. Impossibili-
ty to describe both polarization and paraelectric static
permittivity within the order-disorder model without in-
troduction of two values of µ3 for two phases indicates
the applicability limits of the given model. Therefore, the
proton ordering model should be extended by consider-
ing phonon degrees of freedom and anharmonisms.

x Tc T0
ε

kB

w

kB

νc

kB
µ3−, 10−18 µ3+, 10−18 χ0

33

(K) (K) (K) (K) (K) (esu · cm) (esu · cm)

0.00 122.5 122.5 56.00 422.0 17.91 1.46 1.71 0.73

0.81 205.6 204.8 85.82 781.5 33.44 1.76 2.02 0.42

0.84 208.0 207.0 87.12 797.1 34.63 1.77 2.03 0.41

0.88 211.0 210.0 88.60 815.0 34.90 1.79 2.05 0.39

1.00 220.1 219.0 93.05 868.6 35.76 1.84 2.10 0.34

x
ψ6

kB

δs6
kB

δa6

kB

δ16
kB

c066 · 10−10 e036

(K) (K) (K) (K) (dyn/cm2) (esu/cm2)

0.00 −150.00 82.00 −500.00 −400.00 7.10 1000.00

0.81 −200.00 52.73 −957.39 −400.00 6.45 1914.77

0.84 −140.45 51.45 −977.27 −400.00 6.43 1954.55

0.88 −140.00 50.00 −1000.00 −400.00 6.40 2000.00

1.00 −138.64 45.64 −1068.18 −400.00 6.30 2136.36

Table 2. Optimal values of the model parameters for K(H1−xDx)2PO4 crystals.

x Tc T0
ε

kB

w

kB

νc

kB
µ3−, 10−18 µ3+, 10−18 χ0

33

(K) (K) (K) (K) (K) (esu · cm) (esu · cm)

0.00 147.6 147.6 60.00 440.0 29.13 1.50 2.00 0.40

0.48 193.0 192.5 78.00 645.8 36.52 1.68 2.03 0.39

0.80 223.0 222.1 90.00 783.0 41.47 1.80 2.05 0.39

x
ψ6

kB

δs6
kB

δa6

kB

δ16
kB

c066 · 10−10 e036

(K) (K) (K) (K) (dyn/cm2) (esu/cm2)

0.00 −130.00 50.00 −500.00 −300.00 5.90 3000.00

0.48 −124.00 44.00 −620.00 −300.00 6.32 2400.00

0.80 −120.00 40.00 −700.00 −300.00 6.60 2000.00

Table 3. Optimal values of the model parameters for Rb(H1−xDx)2PO4 crystals.
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x Tc T0
ε

kB

w

kB

νc

kB
µ3−, 10−18 µ3+, 10−18 χ0

33

(K) (K) (K) (K) (K) (esu · cm) (esu · cm)

0.00 97.0 95.8 35.50 385.0 17.43 1.61 1.65 0.70

1.00 162.0 158.7 56.00 690.0 31.72 2.20 2.20 0.50

x
ψ6

kB

δs6
kB

δa6

kB

δ16
kB

c066 · 10−10 e036

(K) (K) (K) (K) (dyn/cm2) (esu/cm2)

0.00 −170.00 130.00 −500.00 −500.00 7.50 3000.00

1.00 −160.00 120.00 −800.00 −500.00 6.95 3000.00

Table 4. Optimal values of the model parameters for K(H1−xDx)2AsO4 crystals.

The calculated with these values differences between
the Curie–Weiss temperatures of free and clamped crys-
tals T σ

0 −T ε
0 and the difference between the phase transi-

tion temperature and Curie-Weiss temperature Tc − T σ
0

for M(H1−xDx)2XO4, along with data of other works
are given in Table 5.

T σ
0 − T ε

0 T σ
0 − T ε

0 Tc − T σ
0 Tc − T σ

0

(K) (K) (K) (K)

KH2PO4 3.2 3.5 [60] 0.006 0.000 [35]

4.0 [68] 0.012 [69]

0.021 [70]

0.053 [51]

0.060 [71]

0.060 [11]

KD2PO4 3.9 6.7 [40] 1.135 0.73 [51]

1.5 [35]

1.5 [52]

2.3 [40]

RbH2PO4 2.3 0.024 0.000 [70]

0.060 [57]

0.076 [51]

KH2AsO4 5.5 1.182 0.716 [70]

1.55 [52]

1.82 [51]

KD2AsO4 5.8 3.338 3.63 [52]

Table 5. The differences T σ

0 − T ε

0 and Tc − T σ

0 for

M(H1−xDx)2XO4 crystals.

The long-range interaction parameter νc could be also
determined from the equation for the Curie-Weiss tem-
perature T ε

0 , at which the susceptibility of a clamped
crystal (3.12) has a peculiarity and T σ

0 − T ε
0 = 3.5 K.

Then ν̃c = 17.75 K. However, at this value of ν̃c we
failed to find such a set of the values of the deforma-
tional parameters that would yield Tc = 122.5 and an
agreement with experiment for the temperature depen-
dences of piezoelectric coefficients. The observed differ-
ences T σ

0 − T ε
0 and Tc − T σ

0 were better described only

with taking into account the tunneling in [11].
Let us evaluate now the physical characteristics of the

M(H1−xDx)2XO4 crystals with the determined values of
the model parameters and compare the obtained results
with experimental data.

The calculated temperature curves of spontaneous po-
larization Ps(T ) for K(H1−xDx)2PO4 at different deuter-
ations x along with experimental points are given in
Fig. 4. In KH2PO4 a first order phase transition is ob-
served, however, close to the second order. At deuteration
the “first-orderness” of the phase transition increases.

The theoretical dependences Ps(T ) well describe the
experimental temperature curve [35] for x = 1.0 and
0.80. At x = 0.33 and x = 0.0 starting from ∆T ∼ 15 K
the calculated values of Ps(T ) are by ∼10% higher than
the values of [35]. However, the proposed theory well de-
scribes the experimental [69,72] Ps(T ) of KH2PO4. The
calculated in [11] with taking into account tunneling val-
ues of Ps(T ) for KH2PO4 well agree with the results
of [35]. The theory yields PCH/PSH = 0.23, whereas
the values of this ratio obtained from experimental data
are 0.36 [51, 52] and 0.14 [71]. For a deuterated crystal
PCD/PSD = 0.75, which almost agrees with experimen-
tal 0.65 [35] and 0.724 [52].

In Fig. 5 we plot the calculated Ps(T ) along with the
experimental data for KH2PO4, KD2PO4, RbH2PO4,
KH2AsO4, and KD2AsO4.

The proposed theory provides a good quantitative de-
scription of the temperature dependence of polarization
for these crystals. For RbH2PO4 we get PCH/PSH =
0.33, whereas the experiment yields 0.35 [51] or 0.30
[52]. For KH2AsO4 we get PCH/PSH = 0, 84, whereas
the experimental values are 0.86 [51] and 0.84 [52]. For
KD2AsO4 the calculated ratio is PCH/PSH = 0, 91 and
the obtained in [52] value is 0.92. At the replacement
K → Rb the spontaneous polarization decreases at all
temperatures by about 10%, and the phase transition is
still of the first order. At the replacement P→ As the
saturation polarization increases from 5.0·10−2 C/m2 to
5.2·10−2 C/m2, with a very weak temperature depen-
dence of Ps(T ) and a clear first order phase transition
at T = Tc. At deuteration the saturation polarization
increses up to 7.1·10−2 C/m2.
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Fig. 4. Temperature dependence of spontaneous polarization of K(H1−xDx)2PO4 at different x: 1.0 — 1, [35]; 0.84 — 2,
[51]; 0.8 — 3, [35]; 0.33 — 4, [35]; 0.0 — 5, [54], [35], [72], [71], [69], [44], [51]. Symbols are

experimental points; solid lines are present theoretical results; dashed line is the theoretical results of [11] for KH2PO4.
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Fig. 5. Temperature dependence of spontaneous polarization of: KH2PO4 — 1, [54], [35]; KD2PO4 — 2, [35];
RbH2PO4 — 3, [37]; KH2AsO4 — 4, [52], [51]; KD2AsO4 — 5, [52]. Symbols are experimental points; solid lines
are present theoretical results.

−30 −25 −20 −15 −10 −5 0
0

1

2

3

4

5

6

7

8
x 10−3 ε

6

∆T, K

1 
2 
3 

4 

5 

Fig. 6. Temperature dependence of spontaneous strain ε6 for: KH2PO4 — 1, , [56], , [55], KD2PO4 — 2, RbH2PO4 —
3, KH2AsO4 — 4, KD2AsO4 — 5. Symbols are experimental points; solid lines are present theoretical results; dashed line is
the theoretical results of [11] for KH2PO4.
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In Figure 6 we show the calculated temperature de-
pendence of spontaneous strain ε6 of KH2PO4, KD2PO4,
RbH2PO4, KH2AsO4, KD2AsO4 crystals along with the
experimental data for ε6(T ) given in [55,56] for KH2PO4.
As one can see, the calculated curve ε6(T ) well agrees
with experimental points, especially obtained in [56]. The
temperature curve of ε6 is qualitatively the same as of
Ps(T ).

As seen in Figs. 7, 8, the proposed theory quantita-
tively well describes the temperature dependences of
molar specific heat at constant pressure ∆Cp of the
K(H1−xDx)2PO4, Rb(H1−xDx)2PO4, KH2AsO4, and
KD2AsO4 crystals.

The experimental values of ∆Cp are determined by
subtracting a lattice contribution to the specific heat,
approximated by linear dependence in the phase transi-
tion region, from the total measured specific heat of the

crystal. The analysis of the temperature dependences of
polarization and proton molar specific heat on the the-
ory parameters ε and w shows that the changes in ε at
constant w hardly affects the values of Ps or ∆Cp, where-
as at constant ε an increase in w moves the theoretical
curve ∆Cp closer to the experimental points and increas-
es convexity of the Ps(T ) curve. Therefore we choose such
values of the parameters ε and w that properly describe
both characteristics.

Let us consider now the longitudinal static dielectric
permittivities of mechanically free and clamped crystals
M(H1−xDx)2XO4. Above the transition temperature Tc

at ∆T = T−Tc < 50◦ the Curie–Weiss law is obeyed [68]
for the temperature curve of free dielectric permittivity:
εσ
33(0) ≈ CCW

T−T0
(CCW is the Curie–Weiss constant; T0 is

the Curie–Weiss temperature).
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Fig. 7. Temperature dependences of specific heat of K(H1−xDx)2PO4 at different x: 0.0 — 1, [46], [58], [73];
0.11 — 2, [46]; 0.34 — 3, [46]; 0.54 — 4, [46]; 0.78 — 5, [58]; 0.86 — 6, [46]; 1.0 — 7, [59]. Symbols are
experimental data; solid lines are theoretical values obtained in the present work.
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Fig. 8. Temperature dependences of specific heat of Rb(H1−xDx)2PO4 at different x: 0.0 — 1, [57], [74]; 0.5 — 2,
[57]; 0.8 — 3, [57]; KH2AsO4 — ≥ KD2AsO4 — . Symbols are experimental data; solid lines are theoretical values

obtained in the present work.
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When the dielectric permittivity is measured at fre-
quencies above the piezoelectric resonance frequency, the
permittivity of a clamped crystal εσ

33(0, T ) is obtained.
It also described by the Curie–Weiss law, with the same
(within measurement error) value of CCW as for the free
crystal. It shows that the difference between the inverse
permittivities of clamped and free crystals is tempera-
ture independent [75].

The calculated temperature dependences of inverse
static dielectric permittivities of free εσ

33(0, T ) and
clamped εε

33(0, T ) K(H1−xDx)2PO4 crystals at differ-
ent values of x, as well for RbH2PO4, KH2AsO4, and
KD2AsO4 crystals along with experimental points are
presented in Fig. 9. A perceptible dispersion of experi-
mental data is seen for KH2PO4. We can well describe
the temperature curves of ε−1

33 (0, T ), obtained in some
papers, whereas the description of other experiments is
worse, especially at ∆T > 50 K. At large x the Curie–
Weiss law for (εσ

33(0, T ))−1 and (εε
33(0, T ))−1 is obeyed

in a rather wide temperature range. With decreasing x
this range narrows, and a notable non-linearity in the
temperature dependence of (εε,σ

33 (0, T ))−1 appears. With
increasing x the magnitudes of εσ

33(0, T ) and εε
33(0, T )

increase in the paraelectric phase and decrease in the
ferroelectric phase. The value of the longitudinal static
permittivity increases at all temperatures at the isomor-

phic replacement K → Rb and decreases at P → As.
The calculated Curie-Weiss constants for (εσ

33(0, T ))−1

are shown in Table 6.
It is also shown that the inverse dielectric permittivity

(ε33(0, T ))−1 of the KH2PO4 crystal calculated without
taking into account the piezoelectric coupling coincides
with the values of (εσ

33(0, T ))−1 at ∆T < 50 K, where-
as at larger ∆T the curve (ε33(0, T ))−1 goes above the
(εσ

33(0, T ))−1 curve.
In Figure 10 we present the calculated tempera-

ture dependences of the coefficients of piezoelectric
strain d36 and piezoelectric stress e36 for KH2PO4,
K(H0,12D0,88)2PO4, RbH2PO4, and KH2AsO4 crystals
along with the experimental points.

A good quantitative description of the experimental
data for d36 and the recalculated data for e36 is obtained.
At T → Tc the coefficients d36 and e36 increase. In the
ferroelectric phase the theoretical values of d36 and e36
rapidly decrease; this decrease is much faster than in the
paraelectric phase. At deuteration the maximal values of
d36 and e36 decrease. At extrapolation to zero stresses,
the temperature dependence of d36 can be approximated
by the Curie–Weiss law

d36 = d0
36 +

B

T − T0
. (3.1)
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Fig. 9. Temperature dependences of inverse longitudinal permittivities of clamped (εε

33)
−1 (1) and free (εσ

33)
−1 (2) crystals

K(H1−xDx)2PO4: x = 0.0 — 1, 1′, , [60], [78], [35], [76], [51], [79], [47], × [56]; x = 0.88 — 2, 2′,
[63], ((εσ

33−1)/4π [80] − d2

36 [80]/sE

66)4π+1; x = 1.0 — 3, 3′, , [40], [35], [38]; RbH2PO4 — 4, 4′ [63],
((εσ

33-1)/4π [80] − d2

36 [80]/sE

66)4π +1, [82], [76]; KH2AsO4 — 5, 5′ [51]; KD2AsO4 — 6, 6′ [52], [81]. Symbols
are experimental data; solid lines are theoretical values obtained in the present work; dashed lines are theoretical results of [11]
for KH2PO4.

K(H1−xDx)2PO4 RbH2PO4 K(H1−xDx)2AsO4

x 0.00 0.33 0.55 0.80 0.88 1.00 0.00 1.00

CCW(K) 2614 3033 3342 3744 3886 4104 3042 2402 4328

Table 6. The calculated Curie–Weiss constants for M(H1−xDx)2XO4.
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Fig. 10. Temperature dependences of the coefficient of piezoelectric strain d36 of KH2PO4 — 1, [60], [61], [62];
K(H0.12D0.88)2PO4 — 2, [63]; RbH2PO4 — 3, [63]; KH2AsO4 — 4, [67]; KD2AsO4 — 5, [67] and of the
coefficient piezoelectric stress e36 of KH2PO4 — 1, [60]; K(H0.12D0.88)2PO4 — 2, −d36 [63]/sE

66 [66]; RbH2PO4 — 3,
−d36 [63]/sE

66 [66]; KH2AsO4 — 4, −d36/sE

66 [67]; KD2AsO4 — 5, −d36/sE

66 [67]. Symbols are experimental data; solid
lines are theoretical values obtained in the present work; dashed lines are theoretical results of [11] for KH2PO4.

60 80 100 120 140 160 180 200 220 240 260 280
0

0.5

1

1.5

2

2.5

3

3.5

4
x 104 h

36
, dyn/esu 

T, K 

4 
1 

3 
2 

5 

60 80 100 120 140 160 180 200 220 240 260 280
0

1

2

3

4

5

6
x 10−7 g

36
, cm2/esu 

∆T, K 

4 1 
3 

2 

5 

Fig. 11. Temperature dependences of the constant piezoelectric stress h36 of KH2PO4 — 1, [60]; K(H0.12D0.88)2PO4 — 2,
−d36/(s

E

66χ
σ

33 − d2

36) [63]; RbH2PO4 — 3, [63]; KH2AsO4 — 4; KD2AsO4 — 5 and of the constant of piezoelectric strain
g36 of KH2PO4 — 1, [60]; K(H0.12D0.88)2PO4 — 2, −d36/χσ

33 [63]; RbH2PO4 — 3, – [63]; KH2AsO4 — 4; KD2AsO4

— 5.
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Fig. 12. Temperature dependence of elastic constants cE

66 of KH2PO4 — 1, [60], [65], [64]; K(H0.12D0.88)2PO4 —
2, –1/sE

66 [66]; RbH2PO4 — 3, –1/sE

66 [66]; KH2AsO4 — 4, –1/sE

66 [67]; KD2AsO4 — 5, –1/sE

66 [67]. Solid lines are
theoretical values obtained in the present work; dashed lines are theoretical results of [11] for KH2PO4.

The values of d0
36 and B for KH2PO4 estimated in [83]

are B = 1.26 · 10−4 esu/dyn, d0
36

∼= −8 · 10−8 esu/cm2.
Of course, near the Curie point the temperature inde-
pendent term can be neglected.

The temperature dependences of the constants of
piezoelectric stress hT

36 and piezoelectric strain gT
36 of

MH2XO4 and K(H0,12D0,88)2PO4, along with the data
of [60] and recalculated values of hT

36 and gT
36 are shown

in Fig. 11.
In the paraelectric phase the values of the constants

were recalculated using the relations

hT
36 =

eT
36

χTε
33

, gT
36 =

dT
36

χTσ
33

. (3.2)

The calculated temperature dependences of hT
36 and gT

36

at T > Tc well agree with the data of [60] and with
the values recalculated using the experimental points
of [63]. Since the dielectric susceptibility is described by
the Curie–Weiss law

χTσ
33 ≈

CCW

4π(T − T0)
, (3.3)

where for KH2PO4 CCW = 3250 K [75]. Using (3.2),
taking into account (3.1) and (3.3), we obtain

gT
36 ≈

4πB

CCW
. (3.4)

With the estimated values of B [83] and CCW we find
gT
36 = 4.87 · 10−7 cm2/esu.
In the ferroelectric phase for the mechanically free

crystal (σ6 = 0) the polarization Ps and strain ε6 are
related as follows

Ps =
χTε

33

dT
36

ε6 =
ε6

gT
36

. (3.5)

Therefore, at T < Tc the temperature dependence of
the constants of piezoelectric strain and stress were cal-
culated using the relations

gT
36 =

ε6
Ps

,

and

hT
36 = gT

36c
TP
66 .

For KH2PO4 at T = 110 K, as shown in [83], ε6

Ps
=

1/1.85 · 106 од. CGSE = 5.41·10−7 cm2/esu. Theoretical
calculations yield g36 = 5.2 · 10−7 cm2/esu.

As seen in Fig. 11, the constants hT
36 are gT

36 slight-
ly decrease with increasing temperature and have jumps
T = Tc. Since they have no peculiarities at the ferroelec-
tric phase transition, they are called “true” piezoelectric
constants of the crystals.

The temperature dependences of the calculat-
ed isothermic elastic constants cTE

66 and cTP
66 for

KH2PO4, K(H0,12D0,88)2PO4, RbH2PO4, KH2AsO4,
and KD2AsO4 crystals well agree with experimental da-
ta (Fig. 12). At the transition temperature the elastic
constant cTE

66 of KH2PO4 and RbH2PO4 tends to zero,
whereas it has a minimum in other crystals. An increase
in deuteration x increases the minimal values of cTE

66 at
T = Tc. In the paraelectric phase cTE

66 increases with
increasing the distance from the transition temperature
∆T ; this increase is much slower than in the ferroelectric
phase.

The analysis of experimental points for KH2PO4 shows
that the Curie-Weiss law is obeyed also for the quantities

1

cTE
66

−
1

cTP
66

= sTE
66 − sTP

66 =
D

T − T0
,

where D = 4, 6 · 10−11 cm2·K/dyn. In RbH2PO4 D =
15.6 · 10−11 cm2·K/dyn [83].

The elastic constant cTP
66 at T < Tc does not change

with temperature, has a downward jump at T = Tc, and
slightly linearly decreases with increasing temperature in
the paraelectric phase.

1701-15



R. R. LEVITSKII, I. R. ZACHEK, A. S. VDOVYCH, A. P. MOINA

IV. CONCLUDING REMARKS

In the present paper using the modified proton order-
ing model without tunneling, within the framework of
the four-particle cluster approximation we develop a the-
ory of thermodynamic and longitudinal dielectric, piezo-
electric, and elastic properties of the KD2PO4 type fer-
roelectrics. A thorough numerical analysis of the varia-
tion of the calculated characteristics of the KD2PO4 and
KH2PO4 type ferroelectrics with the values of the the-
ory parameters and deformational potentials. Optimal
sets of these parameters as well as “seed” characteristics
for the studied crystals are determined; they provide a
satisfactory description of available experimental data.

The physical characteristics of partially deuterated
crystals of the K(H1−xDx)2PO4 type are calculated in

the mean crystal approximation; a good quantitative de-
scription of available experimental data is obtained.

It is established that taking into account the piezoelec-
tric coupling hardly affects spontaneous polarization of
molar specific heat, but leads to the appearance of dif-
ference between the dielectric permittivities of mechan-
ically clamped and free crystals. It is also shown that
within the developed theory the piezoelectric coupling
essentially affects the difference between the phase tran-
sition temperature and Curie–Weiss temperature of free
crystals. However, a good agreement with experiment in
the K(H1−xDx)2PO4 crystals can be obtained only with
taking into account tunneling. At the same time, tun-
neling practically does not affect the piezeoelctric and
elastic characteristics of the studies crystals.
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ПОЗДОВЖНI ДIЕЛЕКТРИЧНI, П’ЄЗОЕЛЕКТРИЧНI, ПРУЖНI ТА ТЕПЛОВI

ВЛАСТИВОСТI СЕГНЕТОЕЛЕКТРИКIВ ТИПУ KH2PO4

Р. Р. Левицький1, I. Р. Зачек2, А. С. Вдович1, А. П. Моїна1

1Iнститут фiзики конденсованих систем НАН України

вул. Свєнцiцького, 1, Львiв, 79011, Україна
2Нацiональний унiверситет “Львiвська полiтехнiка” вул. С. Бандери, 12, 79013, Львiв, Україна

У межах модифiкованої моделi протонного впорядкування сегнетоелектрикiв типу KH2PO4 з урахуван-

ням лiнiйного за деформацiєю ε6 внеску в енергiю протонної системи, але без урахування тунелювання в

наближеннi чотиричастинкового кластера отримано вiдповiднi термодинамiчнi потенцiали. Використовую-

чи вiдповiднi рiвняння стану, розраховано спонтанну поляризацiю, поздовжню дiелектричну проникнiсть

механiчно затиснутого й механiчно вiльного кристалiв, їхнi п’єзоелектричнi характеристики, пружнi сталi та

молярну теплоємнiсть. При належному виборi мiкропараметрiв отримано добрий кiлькiсний опис наявних

експериментальних даних для сегнетоелектрикiв типу K(H1−xDx)2PO4.
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