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We calculated dielectric, piezoelectric and elastic properties of the Rochelle salt within the Mitsui
model extended by piezoelectric interaction and transverse field. This field occurs due to dynamic
flipping of ordering structure elements between two equilibrium positions. We the studied static
characteristics within molecular field approximation. We derived unique parameter set that allows
us to achieve a better description of the physical characteristics (particularly for spontaneous po-
larization) as compared with the analogous model that does not take into account transverse field.
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I. INTRODUCTION

Ferroelectric crystals of the order–disorder type with
asymmetric double-well potential has a number of un-
usual properties. A good example of such crystal is sodi-
um potassium tartrate tetrahydrate NaKC4H4O6·4H2O
(Rochelle salt or Rs). It is generally accepted that this
crystal has two Curie points, Tc1 = 255 K and Tc2 =
297 K, being ferroelectric in a rather narrow temperature
range between Tc1 and Tc2 [1]. Both phase transitions are
of the second order.

Structural studies hold a prominent place in the study
of the Rochelle salt. The crystalline structure of Rs
proved to be complex. It is orthorhombic (space group
D3

2 − P212121) in the paraelectric phases and monoclin-
ic (space group C2

2 − P21) in the ferroelectric phase [2].
Spontaneous polarization is directed along the a crystal
axis; it is accompanied by a spontaneous shear strain ε4.
There are four formula units (112 atoms) in the unit cell
of the Rochelle salt. The unit cell is divided into four non-
equivalent structural elements each of which produces a
dipole moment both along ferroelectric x- and along y-
axes. Consequently, a crystal lattice is divided into for
sublattices. Recent studies [3] based on X-ray diffraction
data, argued that it is the order–disorder motions of O9
and O10 groups, coupled with the displacive vibrations
of O8 groups, which were responsible for the phase tran-
sitions in the Rochelle salt as well as for the spontaneous
polarization.

Inspite of the achievements in the determination of
Rochelle salt structure, hydrogen atoms arrangement in
the crystal and their role in phase transition still remains
unclear. Their important role is testified by significant
hydrogen/deuterium isotope effect. Such situation makes
ab initio calculations impossible and requires the appli-
cation of alternative approaches.

We study Rochelle salt properties within the semi-
microscopic approach, which is based on the assumption

that phase transition in Rochelle salt is of order–disorder
type. This assumption is supported by system dielectric
response of relaxation type, which was derived for mi-
crowave region [4–6]. Besides that, neutron diffraction
experimental data [7] supported the presence of two pos-
sible ionic configurations. The dielectric [8], spectroscop-
ic (Raman spectrum) [9] and structural (neutron scatter-
ing) [10] studies, carried out in submillimeter range, in-
dicate the presence of system resonance response, which
is over-damped once it approaches the point of phase
transition from the low-temperature paraelectric phase,
and it is evidence of phase transition of the displacement
type.

On the other hand, this resonance response may be
caused by a dynamic flipping of structural elements be-
tween two equilibrium positions. One may expect that
the introduction of additional term like transverse field,
responsible for dynamic flipping of structural elements,
into a model Hamiltonian will permit the description
of this resonance response. Thus, a simple model like
de Gennes one can be applicable to the description of
Rochelle salt properties.

Mitsui proposed a model of the order–disorder type ad-
equate to Rochelle salt [11]. This model is based on the
assumption that structural elements move between two
equilibrium positions. Each cell contains two dipoles; the
potential barrier between two equilibrium orientations
of a dipole is asymmetric. The dipoles form two com-
petitive sublattices with local potentials, which are the
mirror reflections of each other. Therefore, even though
dipoles in each sublattice are always ordered (sublattice
polarization is available), the total polarization at certain
temperatures can equal zero.

The study of the Mitsui model, formulated in terms
of pseudospin operators [5, 12], reveals several types of
temperature behavior of the model. Depending on the
values of model parameters, it can undergo, for instance,
a single second order phase transition from ferroelectric
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into paraelectric phase (observed in RbHSO4), two sec-
ond order phase transitions (Rs, dRs), one low temper-
ature first order and one high temperature second or-
der phase transition1 (NH4HSO4), etc. The spontaneous
polarization, dielectric permittivity and other thermo-
dynamic characteristics of the crystals mentioned above
were calculated and studied within the Mitsui model in
the molecular field approximation [12–15].

The relaxation dynamics of the Rs, dRs and RbHSO4

was explored within the Mitsui model too [12, 15–19],
where the temperature dependence of relaxation times
and dynamic permittivity of these crystals were calcu-
lated. Concerning Rochelle salt, it was obtained that re-
laxation time, exhibiting a critical slowing down at the
Curie points, actually diverges at these points. Howev-
er, experiments [5] indicate that the value of relaxation
time is large but remains finite. Also, theoretically cal-
culated and experimental static dielectric permittivities
are essentially different: the former diverges at the phase
transition points whereas the last remains finite. Natu-
rally, such inconsistency appears either due to the model
incompletion or due to approximation. Latter the Mit-
sui model was extended by means of accounting tun-
nelling effects [12,16]. However, this improvements failed
to provide for the correct temperature dependence of re-
laxation time at the phase transition points.

The problem of incorrect temperature dependence of
relaxation times and dynamic permittivity for Rs crystal
at the Curie points was successfully solved by taking into
account piezoelectric interaction of pseudospin subsys-
tem with lattice deformation [20]. Finite relaxation time
at the phase transition points was obtained within the
extended Mitsui model. This approach allows to explain
the experimentally detected difference of static permit-
tivities of clamped and free crystals. Generally, a good
agreement of theory and experiment for dielectric per-
mittivities of clamped and free crystals was derived [20].
The unique theory parameter set, providing acceptable
agreement of theory and experiment for numerous phys-
ical characteristics of the Rochelle salt: elastic, longitu-
dinal dielectric (static and dynamic) and piezoelectric,
was derived for the first time in this work.

Recent works deal with new theoretical considera-
tion of the influence produced by external factors like
field [21], hydrostatic [22] and uniaxial σ4 [23] pressures
on the physical properties of Rs. The influence of a par-
tial deuteration on Rochelle salt was studied within ex-
tended Mitsui model [24] as well as piezoelectric reso-
nance in Rs [25]. Also, experiments [26] for the effect of
humidity, annealing, stresses, electric field on dielectric
permittivity of Rochelle salt were carried out. Modern
experimental techniques, applied therein, updated exper-
imental data, formerly derived for Rs crystal.

Notwithstanding the significant advances in studying
Rs crystal, some problems concerning the theoretical ex-
planation of Rochelle salt physical properties still re-

main unresolved. Thus, the theoretically calculated value
of spontaneous polarization appeared to be significantly
lower than the experimental one along the whole tem-
perature range.

We can identify several ways of dealing with the ex-
isting problems. For instance, the model can be supple-
mented with accounting for electrostriction forces, trans-
verse field (arising due to the flipping of ordering units
between two equilibrium position); it can be extended
from order–disorder type to mixed type — displacive
and order–disorder (distinctly accounting for a couple of
pseudospin modes with lattice modes of displacement).
Therewith, taking into consideration the real structure
of Rochelle salt crystal it is worth analyzing the four-
sublattice Mitsui model [27] (having previously supple-
mented it with accounting for the piezoelectric interac-
tion) instead of the two-sublattice Mitsui model. To deal
with the problems existing in theory of physical proper-
ties of Rochelle salt, it is also appropriate to use higher
approximations (e.g., a two-particle cluster approxima-
tion) while analyzing Mitsui type Hamiltonians extend-
ed by piezoelectric interaction. In this paper we supple-
mented the extended Mitsui model [20] by accounting for
transverse field.

In order to select the theory parameters the general
problem of possible phase transitions in the Mitsui mod-
el should be solved. Vaks [13] made the first attempt
to study possible phase transitions in the Mitsui model.
However, the obtained diagram is quite approximate and
leaves transverse field out of consideration. Recently the
correct phase diagram of the Mitsui model in a molecular
field approximation was constructed [28,29]. It enabled a
comprehensive analysis of Rochelle salt within the Mitsui
model. More specifically, it became possible to select the
optimum set of theory parameters for describing several
physical properties of Rochelle salt simultaneously.

In the present work using the phase diagram of the
Mitsui model we obtained a set of theory model pa-
rameters and on the base thereof we calculated dielec-
tric (static and dynamic), piezoelectric, elastic and heat
properties of Rochelle salt. Within the framework of this
research we attempted to find out whether consideration
of transverse field can explain the experimental temper-
ature dependence of the spontaneous polarization.

The Mitsui model, extended with transverse field, has
been already used for analysis of physical properties of
Rochelle salt [13–16] (earlier works erroneously attribut-
ed transverse field to tunnelling of the protons, consid-
ered them to be ordering units), however, those works
did not take into consideration piezoelectric interaction,
which is significant for the theoretical description of
Rochelle salt, and furthermore, they were restricted to
the description of only one or two physical properties.

1Here the additional assumption that the model parameters slightly depend on temperature is needed.
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II. THERMODYNAMIC CHARACTERISTICS OF
THE EXTENDED MITSUI MODEL

We give consideration to a two-sublattice piezoelectric
order–disorder type system with an asymmetric double-
well potential. The Hamiltonian of such a system is re-
ferred to as the Mitsui Hamiltonian. We assume this sys-
tem has essential piezoelectric interaction which should
be accounted for. Besides, the model requires that the
transverse field is accounted. We suppose the polariza-
tion is directed along x-axes and arises due to the struc-
tural units ordering in the one of two possible equilibrium
positions. We consider the situation when ε4 component
of strain tensor effects the energy of these equilibrium po-
sitions. Precisely this case occurs in Rs. We complement
the modified Mitsui Hamiltonian [20], with transverse
field to take into account the possibility of dynamic or-
dering units flipping between two equilibrium positions.
The resulting Hamiltonian is of the following form:

H =
∑

q

[

1

2
vcE0

44 ε
2
4 − ve014E1qε4 −

1

2
vχε0

11E
2
1q

]

−
∑

q,q′

[

Jqq′

2
(Sz

q1S
z
q′1 + Sz

q2S
z
q′2) +Kqq′Sz

q1S
z
q′2

]

−
∑

qf

[

ΩSx
qf + (∆f − 2ψ4ε4 + µE1q)S

z
qf

]

. (1)

Three terms in the first sum of Eq. (1) represent the
elastic, piezoelectric, and electric energies attributed to
a host lattice, in which potential the pseudospin moves
(with the “seed” elastic constant cE0

44 , the coefficient of
piezoelectric stress e014, and dielectric susceptibility χε0

11);
v is a volume of cell containing a pair of pseudospins
(ordering units or dipoles) of one lattice site q and dif-
ferent sublattices f = 1, 2 (further we will call it a unit
cell2). The second sum describes direct interaction of the
ordering units: Jqq′ = Jq′q and Kqq′ = Kq′q are inter-
action potentials between pseudospins belonging to the
same and to different sublattices, respectively. The first
term in the third sum is the transverse field; the sec-
ond term describes: (a) energy, associated with asymme-
try of the potential, where ∆f is asymmetry parameter:
∆1 = −∆2 = ∆; (b) interaction energy of pseudospin
with the field arising due to the piezoelectric deforma-
tion and ψ4 is a parameter of piezoelectric interaction;
(c) interaction energy of pseudospin with external elec-
tric field E1q , where µ is an effective dipole moment of
the model unit cell.

We carry out the study within the mean field approx-
imation (MFA). Performing identical transformation

Sz
qf =

〈

Sz
qf

〉

+ ∆Sz
qf (2)

and neglecting the quadratic fluctuations we rewrite the
initial Hamiltonian (1) as

HMFA =
∑

q

[

1

2
vcE0

44 ε
2
4 − ve014E1qε4 −

1

2
vχε0

11E
2
1q

]

+
∑

qq′

[

1

2
Jqq′

(〈

Sz
q1

〉 〈

Sz
q′1

〉

+
〈

Sz
q2

〉 〈

Sz
q′2

〉)

+ Kqq′

〈

Sz
q1

〉 〈

Sz
q′2

〉

]

−
∑

qf

Hqf Sqf , (3)

where Hqf are the mean local fields having effect on the
pseudospins Sqf :

Hx
qf = Ω, Hy

qf = 0, Hz
qf = εqf ,

εq1 =
∑

q′

[

Jqq′

〈

Sz
q′1

〉

+Kqq′

〈

Sz
q′2

〉]

+ ∆ − 2ψ4ε4 + µE1q , (4a)

εq2 =
∑

q′

[

Jqq′

〈

Sz
q′2

〉

+Kqq′

〈

Sz
q′1

〉]

− ∆ − 2ψ4ε4 + µE1q . (4b)

Within MFA we can calculate mean equilibrium values
of the pseudospin operators:

〈Sqf 〉 = Sp(SqfρMFA), (5)

where

ρMFA =
exp

(

−HMFA

kBT

)

Sp exp
(

−HMFA

kBT

) . (6)

After calculations we derive

〈Sqf 〉 =
1

2

Hqf

Hqf

tanh
Hqf

2kBT
, (7)

where Hqf ≡ |Hqf | = λqf .
The crystals’ free energy within MFA

F (4) = −kBT ln Sp exp

(

−
HMFA

kBT

)

is a follows:

F (4) =
∑

q

[

1

2
vcE0

44 ε
2
4 − ve014E1qε4 −

1

2
vχε0

11E
2
1q

]

+
∑

qq′

[

1

2
Jqq′

(〈

Sz
q1

〉 〈

Sz
q′1

〉

+
〈

Sz
q2

〉 〈

Sz
q′2

〉)

+ Kqq′

〈

Sz
q1

〉 〈

Sz
q′2

〉

]

− kBT
∑

qf

ln

(

2 cosh
λqf

2kBT

)

. (8)

2The actual unit cell of the Rochelle salt crystal contains two pairs of pseudospins of two lattice sites and different sublattices;
therefore, we should set the value of the model unit cell volume to be half of the crystal unit cell volume.
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In the homogeneous external field the set of 6N equa-
tions (7) (where N is the number of lattice sites) has
a lot of solutions with a homogeneous one among oth-
ers: 〈Sqf 〉 ≡ 〈Sqf 〉0 6= f(q). In Rochelle salt crystal case
we have Jqq′ ,Kqq′ > 0 and it is a homogeneous solution
which provides the free energy minimum. In this case, a
set of equations reduces into the system

〈Sqf 〉0 =
1

2

H
(0)
f

H
(0)
f

tanh
H

(0)
f

2kBT
, (9)

where the local field H
(0)
f is the following:

H
(0)x
f = Ω, H

(0)y
f = 0, H

(0)z
f = εf , (10)

ε1 = J0

〈

Sz
q1

〉

0
+K0

〈

Sz
q2

〉

0
+ ∆ − 2ψ4ε4 + µE1, (11a)

ε2 = J0

〈

Sz
q2

〉

0
+K0

〈

Sz
q1

〉

0
− ∆ − 2ψ4ε4 + µE1, (11b)

where

J0 =
∑

q′

Jqq′ , K0 =
∑

q′

Kqq′ ;

H
(0)
f ≡

∣

∣

∣
H

(0)
f

∣

∣

∣
= λf , λf =

√

Ω2 + ε2f .

The z-component of this equation system forms the two-

equation system (f = 1, 2) to determine
〈

Sz
qf

〉

0
:

〈

Sz
qf

〉

0
=

εf

2λf

tanh
λf

2kBT
. (12)

Having introduced new variables

ξ = 〈Sq1〉0 + 〈Sq2〉0 , σ = 〈Sq1〉0 − 〈Sq2〉0 (13)

(ξz and σz are ferroelectric and antiferroelectric ordering
parameters), we obtain a system of equations (12) in the
form:















ξz =
1

2

[ ε̃1

λ̃1

tanh
λ̃1

2T
+
ε̃2

λ̃2

tanh
λ̃2

2T

]

,

σz =
1

2

[ ε̃1

λ̃1

tanh
λ̃1

2T
−
ε̃2

λ̃2

tanh
λ̃2

2T

]

,

(14)

where the unknown ξz and σz are defined at a given T ,
E1, ε4. In system (14) the following notations are used:

ε̃f = εf/kB, λ̃f =
√

Ω̃2 + ε̃2f ,

ε̃1 = R̃+
0 ξ

z + R̃−

0 σ
z + ∆̃ − 2ψ̃4ε4 + µ̃E1, (15)

ε̃2 = R̃+
0 ξ

z − R̃−

0 σ
z − ∆̃ − 2ψ̃4ε4 + µ̃E1.

Here

Ω̃ = Ω/kB, ∆̃ = ∆/kB, ψ̃4 = ψ4/kB, µ̃ = µ/kB,

R̃±

0 =
J̃0 ± K̃0

2
, J̃0 =

J0

kB
, K̃0 =

K0

kB
. (16)

System (14) is a system of two equations with the vari-
ables ξz and σz .

When the values ξz and σz are defined we can calculate
the values ξx and σx using (9) and (13):

ξx =
1

2

[ Ω̃

λ̃1

tanh
λ̃1

2T
+

Ω̃

λ̃2

tanh
λ̃2

2T

]

,

σx =
1

2

[ Ω̃

λ̃1

tanh
λ̃1

2T
−

Ω̃

λ̃2

tanh
λ̃2

2T

]

;

values ξy, σy equal zero.
A free energy per model unit cell f(4) = F (4)/(kBN)

in the variables ξz and σz is the following:

f(4) =
1

2
ṽcE0

44 ε
2
4 − ṽe014ε4E1 −

1

2
ṽχε0

11E1
2

+
1

2

[

R̃+
0 (ξz)2 + R̃−

0 (σz)2
]

− T
∑

f

ln

(

2 cosh
λ̃f

2T

)

, (17)

where ṽ =
v

kB
. By differentiating free energy we can

find dielectric, elastic, and piezoelectric properties of the
Rochelle salt.

The conditions

1

ṽ

(

∂f(4)

∂ε4

)

E1,T

= σ4,
1

ṽ

(

∂f(4)

∂E1

)

ε4,T

= −P1

yield the following expression for the stress σ4 and po-
larization P1:

σ4 = cE0
44 ε4 − e014E1 +

2ψ̃4

ṽ
ξz, (18a)

P1 = e014ε4 + χε0
11E1 +

µ̃

ṽ
ξz. (18b)

An independent variable is stress rather than deforma-
tion, so we need to express local fields in terms of σ4

when solving system (14). Having used (18a) we derive

ε4 =
σ4

cE0
44

+
e014
cE0
44

E1 −
2ψ̃4

ṽcE0
44

ξz . (19)

On the basis of Eq. (19) we can rewrite local fields in the
following way:

ε̃1 = R̃′+
0 ξz + R̃−

0 σ
z + ∆̃ −

2ψ̃4

cE0
44

σ4 + µ̃′E1, (20a)

ε̃2 = R̃′+
0 ξz − R̃−

0 σ
z − ∆̃ −

2ψ̃4

cE0
44

σ4 + µ̃′E1, (20b)

where R̃′+ and µ̃′ are the following:

R̃′+
0 = R̃+

0 +
4ψ̃4

2

ṽcE0
44

, µ̃′ = µ̃−
2ψ̃4e

0
14

cE0
44

. (21)
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System (14) with local fields (20), considered at σ4 =
0, E1 = 0, has solutions of two types: ξz = 0 and ξz 6= 0.
The minimum free energy (17) condition defines which
of the solutions is actually realized at each particular
T . The solution of the first type describes a paraelectric
phase and the solution of the second type describes a
ferroelectric phase. In a paraelectric phase we have al-
so σx = 0.

We calculate longitudinal dielectric susceptibility of
the clamped crystal by differentiating Eq. (18b):

χε
11 =

(

∂P1

∂E1

)

ε4

= χε0
11 +

µ̃

ṽ

(

∂ξz

∂E1

)

ε4

. (22)

Hereinafter the derivatives are taken at constant T .

We derive the value
(

∂ξz

∂E1

)

ε4

by differentiating

Eq. (14). After making the necessary transformations:

χε
11 = χε0

11 +
µ̃2

ṽ
f1(ξ

z , σz), (23)

where

f1(ξ
z , σz) =

e1 − R̃−

0 (e1
2 − e2

2)

1−e1(R̃
+
0 + R̃−

0 )+R̃+
0 R̃

−

0 (e12 − e22)
(24)

and the following notations are used:

e1 =
a1 + a2

4T
+

Ω̃2(b1 + b2)

2
,

e2 =
a1 − a2

4T
+

Ω̃2(b1 − b2)

2
,

ai =
ε̃2i
λ̃2

i

− ηi
2, bi =

ηi

ε̃iλ̃2
i

, i = 1, 2;

η1 = ξz + σz , η2 = ξz − σz . (25)

The static dielectric susceptibility of free crystal

χσ
11 =

(

∂P1

∂E1

)

σ4

= χσ0
11 +

µ̃′

ṽ

(

∂ξz

∂E1

)

σ4

is as follows

χσ
11 = χσ0

11 +
µ̃′2

ṽ
f2(ξ

z , σz), (26)

where

χσ0
11 = χε0

11 +
(e014)

2

cE0
44

, (27)

where a function f2(ξ
z , σz) is used

f2(ξ
z, σz) =

e1 − R̃−

0 (e1
2 − e2

2)

1 − e1(R̃
′+
0 + R̃−

0 ) + R̃′+
0 R̃−

0 (e12 − e22)
,

(28)

and µ̃′, R̃′+
0 are presented in (21).

The coefficient of the piezoelectric stress is the follow-
ing:

e14 =

(

∂P1

∂ε4

)

E1

= e014 −
2µ̃ψ̃4

ṽ
f1(ξ

z , σz). (29)

The elastic constant at a constant field:

cE44 =

(

∂σ4

∂ε4

)

E1

= cE0
44 −

4ψ̃2
4

ṽ
f1(ξ

z, σz). (30)

The coefficient of the piezoelectric strain:

d14 =

(

∂P1

∂σ4

)

E1

= d0
14 −

2µ̃′ψ̃4

ṽcE0
44

f2(ξ
z , σz), (31)

where

d0
14 =

e014
cE0
44

. (32)

The values χσ
11, d14 could be alternatively derived

through e14, c
E
44 and χε

11:

χσ
11 = χε

11 +
(e14)

2

cE44
, d14 =

e14
cE44

.

We derive molar entropy of the pseudospin subsystem
of the considered model in the form:

S = −
R

2

(

∂f(4)

∂T

)

E1,ε4

=
R

2

{

∑

f

[

ln

(

2 cosh
λ̃f

2T

)

−
λ̃f

2T
tanh

λ̃f

2T

]}

, (33)

where R is gas constant.
We calculate the molar specific heat of the pseudospin

subsystem at constant stress and the electric field by a
numerical differentiation of the entropy:

∆CσE = T

(

∂S

∂T

)

σ4,E1

. (34)

In the present work the calculation of thermodynamic
characteristics is carried out at σ4 = 0, E1 = 0.

We may notice that at Ω̃ = 0 all the results of the
present work coincide with those of the previous calcu-
lations [20] where transverse field was not taken into ac-
count. If we neglect piezoelectric interaction, our results
will coincide with the other results [13] where the Mitsui
model with a transverse field and without piezoelectric
interaction was considered.

III. DISCUSSION

A. Theory model parameters selection procedure

The proposed model was used for the analysis of phys-
ical properties of the Rochelle salt crystal that is not ex-
ternally affected (E1 = 0, σ4 = 0). To obtain specific
numerical results it is necessary first of all to identify
theory model parameters for calculations. The following
parameters should be identified:

Ω̃, J̃0, K̃0, ∆̃, ψ̃4, µ̃, cE0
44 , e014, χε0

11,
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in which case the parameter µ̃ will be considered as
linearly dependent on temperature. These parameters
should provide the best agreement between the theory
and experiment jointly for thermodynamic and dynamic
characteristics. We will describe the procedure for pa-
rameters selection only in general terms.

First of all, theory model parameters must provide two
second order phase transitions as is exhibited by experi-
ment. The problem of the Mitsui model phase behavior
dependence on theory parameters in molecular field ap-
proximation was solved [29], and the complete phase dia-
gram of the Mitsui model in the presence of a transverse
field was constructed. However, piezoelectric interaction
was not considered. We shall use these results for select-
ing theory parameters.

It is convenient to present phase diagram of the Mitsui
model in terms of relative parameters ω, γ, a, t. In our
case for the model with piezoelectric interaction relative
parameters are expressed through theory model param-
eters in the following way:3

ω =
Ω̃

2R̃′+
0

, γ =
∆

2R̃′+
0

, a = −
R̃−

0

R̃′+
0

, t =
T

2R̃′+
0

.

So, phase behavior of the model is completely deter-
mined by relative parameters ω, γ, a. Herewith, for any
set of these parameters, which provide two second order
phase transitions, it is always possible to find such pa-
rameter R̃′+

0 and respectively Ω̃, R̃−

0 , ∆̃, which will make
it possible to derive a correct (experimental) temperature
of lower phase transition. Basing on this condition with
certain ω, γ, a we derived parameters R̃′+

0 , Ω̃, R̃−

0 , ∆̃.

Figure 1 illustrates phase diagram of the Mitsui model
without transverse field, and Fig. 2 illustrates phase dia-
gram of the Mitsui model with transverse field ω = 0.10.
In both cases, the figures illustrate a complete phase di-
agram and a certain region thereof in an expanded view.
Each of the microparameters regions on the phase dia-
grams corresponds to a certain sequence of phase transi-
tions, which occur as the temperature rises.
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IIIII
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a

Fig. 1. Phase diagram of the Mitsui model without transverse field. Complete phase diagram is presented (a) where the
rectangle denotes the region shown in expanded view (b). A point corresponds to the parameters for Rochelle salt derived
earlier [20].

0.0 0.1 0.2 0.3 0.4 0.5 0.6
-1.0
-0.8
-0.6
-0.4
-0.2
0.0

0.2
0.4
0.6
0.8
1.0

(a)

 

VI VII

V
I

γ

a

0.290 0.295 0.300 0.305 0.310
0.20

0.22

0.24

0.26

0.28 (b)

 

IV

VI

VIII

VII

VIII

γ

a

Fig. 2. Phase diagram of the Mitsui model with a transverse field ω = 0.10. Complete phase diagram is presented (a) where
the rectangle denotes the region shown in the expanded view (b).

3Accounting for piezoelectric interaction in phase diagram results in the change of parameter R̃+

0 into R̃′+

0 . This can be seen
when we analyze Eq. (14) and expressions for local fields in the form of (20) both for the model with piezoelectric interaction
and the one without it.
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Herein below we specify what particular phase transi-
tions occur in each of these regions.

I — ground state is ordered; 2nd order p.t. (phase tran-
sitions) from ordered into disordered state;

II — ground state is ordered; two low temperature 1st
order p.t. and one 2nd order p.t.;

III — ground state is ordered; 1st order p.t.(from or-
dered into disordered state), 2nd order p.t. (from disor-
dered into ordered state), 1st order p.t. within ferroelec-
tric phase and 2nd order p.t. into disordered state;

IV — ground state is ordered; one low temperature 1st
order p.t. and two 2nd order p.t.;

V — ground state is disordered; two 2nd order p.t. (Rs
crystal case)

VI — ground state is disordered; one 1st order p.t.;

VII — no phase transitions, disordered state is steady;

VIII — ground state is disordered; one low tempera-
ture 1st order p.t. and one 2nd order p.t.

Apart from the regions specified above, there are other
regions which due to their small sizes are virtually un-
noticeable on the phase diagram. Herein below we also

specify the sequences of phase transitions in these re-
gions.

IX — ground state is disordered; low temperature 2nd
order p.t., 1st order p.t. within ferroelectric phase and
one 2nd order p.t.;

X — ground state is ordered; one 1st order p.t. within
ferroelectric phase and one 2nd order p.t.

XI — ground state is ordered; two low temperature 1st
order p.t., and 2nd order p.t.;

XII — ground state is disordered; two low tempera-
ture 1st order p.t., 2nd order p.t., 1st order p.t. within
ferroelectric phase and one 2nd order p.t.;

XIII — ground state is disordered; two low tempera-
ture 1st order p.t., one 2nd order p.t.;

XIV — ground state is disordered; two 1st order p.t.
Regions I–VII are shown on the phase diagrams of mo-

dels with a transverse field and on the diagrams of mod-
els without a transverse field; regions VIII — XIV are
observed only on the phase diagram of the model with
a transverse field. As is seen from the phase diagrams,
the parameters for the Rochelle salt crystal should be
selected from region V.

0.0 0.1 0.2 0.3 0.4 0.5 0.6
-1.0
-0.8
-0.6
-0.4
-0.2
0.0
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0.4
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0.8
1.0
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c2c1

(b)

γ

a

T
     

/T
     

=0.8586

V

Rs

Fig. 3. Phase diagram of the Mitsui model with transverse field ω = 0.05. Complete phase diagram is presented (a) where
rectangle denotes the region shown in expanded view (b). Dashed line corresponds to the low and upper phase transitions
temperature value ratio observed for Rs. A point corresponds to the parameters, which describe physical properties of Rs
crystal in the best way.

Figure 3 presents the phase diagram of the Mitsui
model with a transverse field ω = 0.05, and particu-
larly a region with two second order phase transitions.
Also this figure shows a line, which corresponds to the
experimental phase transitions temperatures value the
ratio for Rs crystal: Tc1/Tc2 = 0.8586 (Tc1 = 255 K,
Tc2 = 297 K). A point on the phase diagram, which cor-
responds to the parameters γ and a, describes physical
properties of Rochelle salt, it must be located on the
specified line. Thus, there is only one degree of freedom
for the selection of the pair γ, a. As was mentioned above,
for each point of this line one can define such a value of
parameter R̃′+

0 , which will ensure the proper tempera-
ture value of a low phase transition; together with the
temperature of a low phase transition the temperature
of the upper phase transition will correspond to the ex-
perimental value.

At set ω, γ, ψ̃4 (parameter a at the known γ was de-
termined granting that Tc1/Tc2 = 0.8586) and calculated

R̃′+
0 we derived the parameters cE0

44 , e014, χ
ε0
11, µ(T ) basing

on the following conditions:

1) theoretically calculated elastic constant agrees with
the experimental one at the temperature point located
approximately in the middle of the ferroelectric phase:
T = 274.12 K, cE44 = 7.7873 × 10−11 N/m2 [30], basing
on this condition parameter cE0

44 was determined;

2) theoretically calculated dielectric susceptibility of
a clamped crystal agrees with the experimental one at
the points of phase transitions: χε

11(Tc1) = 1/0.045,
χε

11(Tc2) = 1/0.054 [5], basing on this condition (with
the already known cE0

44 ) the effective dipole moment µ(T )
was determined;

3) theoretically calculated dielectric susceptibility of
a clamped crystal agrees with the experimental one in
a high temperature paraelectric phase: Tm = 313 K,
χε

11(Tm) = 1/0.151 [5];

4) theoretically calculated dielectric susceptibility of
a free crystal agrees with the experimental one in a
high temperature paraelectric phase: Tl = 312.71 K,
χσ

11(Tl) = 1/0.0912 [31]. Basing on this and previous
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condition (with the known cE0
44 and µ(T )) parameters

e014 and χε0
11 were jointly determined.

We shall consider the volume of a model unit cell to
equal [32]:

v = 5.219× 10−22 cm3.

Thus, at each fixed transverse field two values remain
unknown: the point of parameters (γ, a) on a phase dia-

gram line (Fig. 3 b) and parameter ψ̃4. Having different
transverse fields we searched for these two unknown val-
ues on the basis of the best agreement between theory
and experiment for thermodynamic characteristics: P1,
ε4, 1/χε

11, 1/χσ
11, e14, d14, c

E
44. As a result we derived

that the best agreement is achieved when the point of
parameters (γ, a) is located on the border of region V,
for instance, as is illustrated in Fig. 3. At all the val-
ues of a transverse field for border point of parameters
(γ, a) there is an optimal value of parameter ψ̃4, which
provides the best description of physical properties.

Such parameters selection procedure was applied to
the model with several different values of transverse fields
and it was derived that at each transverse field the spec-
ified procedure leads to equally good agreement between
theory and experiment for all thermodynamic character-
istics except for polarization. At zero-value transverse
field theoretically calculated saturation polarization is
considerably lower than its experimental value. With
the rise of a transverse field, saturation polarization ris-
es too. With the transverse field ω = 0.05 (for a bor-
der point on a phase diagram γ = 0.3172, a = 0.2794;
R̃′+

0 = 1134.67 K) theoretically calculated saturation po-
larization comes up to its experimental value. Derived by
this means a transverse field is considered to be optimal
for the description of physical properties of the Rochelle
salt crystal and thus, we believe that the issue of theory
parameters selection is solved.

ω = 0.0 ω = 0.05

Ω̃ (K) 0.0 113.467

J̃0 (K) 797.36 813.216

K̃0 (K) 1468.83 1447.17

∆̃ (K) 737.33 719.937

ψ̃4 (K) −760.0 −720.0
cE0
44 (1010 N/m2) 1.28 1.224
e014 (10−2 C/m2) 3.336 31.64
χε0

11 0.318 0.0

µ(T ) = a+ k(T − 297)
a (10−30 Cm) 8.41 8.157
k (10−30 Cm/K) −0.022 −0.0185

Table 1. Optimal values of theory parameters for Rochelle

salt. Two parameters sets for the models with and without

transverse field are presented.

Table 1 presents theory parameters, which we derived
within the model with a transverse field, along with the
parameters, derived within the analogous model without
transverse field. Generally, in comparison with the mod-
el without transverse field, the parameters varied only

slightly. The only exception is the parameter e014, which
increased almost tenfold. This is connected, most like-
ly, with a somewhat different procedure for the theory
parameters selection which was applied for the model
without a transverse field.

B. Dielectric, elastic and piezoelectric properties

The results of calculations made for static dielectric
characteristics on the basis of a model with and without
transverse field (with the corresponding theory parame-
ters, presented in Table 1) are shown in Fig. 4 together
with experimental data.

The derived dependency of polarization on tempera-
ture in case with the model with a transverse field agrees
with experimental data significantly better than in the
case with the model without transverse field. Specifically,
we managed to achieve experimental value of saturation
polarization within the model with transverse field. It
must be noted that we managed to achieve the rise of
saturation polarization not due to the rise of effective
dipole moment as far as accounting for transverse field
resulted in the reduction of effective dipole moment. So,
the rise of saturation polarization can be considered to be
caused by the accounting for transverse field. However,
contrary to experiment, theoretically calculated polariza-
tion is substantially asymmetrical (temperature of satu-
ration polarization is significantly shifted towards low
phase transition), and accounting for a transverse field
failed to correct this discrepancy.

Accounting for a transverse field improved the agree-
ment between theory and experiment as regards sponta-
neous deformation to a certain extent.

Dielectric permittivity of a clamped crystal, calculat-
ed within the model with transverse field, has a better
agreement with experiment than the one calculated with-
out a transverse field. Also we managed to improve the
agreement between theory and experiment in ferroelec-
tric phase and in low temperature phase for this charac-
teristics. What concerns a free crystal permittivity and
elastic constant cE44, accounting for transverse field did
not result in any noticeable changes. In the same man-
ner as for the model without a transverse field, there was
no agreement between theory and experiment reached
for both of these characteristics in the low temperature
phase. What concerns the coefficients of piezoelectric
stress and deformation e14, d14, accounting for a trans-
verse field provided better agreement between theory and
experiment in the ferroelectric phase, and in a high tem-
perature paraelectric phase agreement between theory
and experiment remained almost unchanged.

Accounting for transverse field to some extent in-
creased molecular specific heat value. However, in general
its temperature behavior remained unchanged. Conside-
ring that presently there are no reliable experimental da-
ta for specific heat we left the issue of agreement between
theory and experiment for this characteristics unconsid-
ered. The issue of inconsistency between the measure-
ments for specific heat presented by different experimen-
tal works was discussed [20].
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Fig. 4. Theoretical and experimental physical characteristics of the Rochelle salt. Solid line corresponds to calculations,
carried out at ω = 0.05, dashed line corresponds to calculations, carried out at ω = 0.00. Points are the experimental data.
P1(T ): � (Ref. [33]), ε4(T ): � (Ref. [34]), • (P1d14/χσ

11: Ref. [33]), 1/χε

11(T ): � (Ref. [5]), 1/χσ

11(T ): N (Ref. [31]), e14(T ): H

(Ref. [35]), d14(T ): � (Ref. [35]), N (Ref. [36]), cE

44: � (Ref. [30]).

With regard to the results obtained for spontaneous
polarization and dielectric permittivity of a free crys-
tal, one remark should be made. The level of agreement
between theory and experiment for spontaneous polar-
ization and dielectric permittivity of a free crystal can
be regulated by dipole moment altering. Thus, if we as-
sume that a true dependence of a dipole moment on tem-
perature is weaker, specifically if we assume that at the
lower phase transition point a dipole moment is a little
smaller and at the upper phase transition point a dipole

moment is a little higher, we can expect that it will be
possible to eliminate asymmetry of polarization and at
the same time to agree theoretically calculated dielec-
tric permittivity of a free crystal with experiment in a
low temperature paraelectric phase. It should be noticed
that alteration of effective dipole moment will have no
effect on calculated elastic constant and respectively is
not able to improve agreement between theory and ex-
periment in low temperature paraelectric phase for this
characteristics.
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IV. CONCLUSIONS

In this work we supplemented the Mitsui model ex-
tended by piezoelectric interaction with a transverse
field. By accounting for a transverse field, we successfully
attempted to resolve the current problem of erroneously
low theoretically calculated polarization as compared to
the experimental data.

Within the framework of the conducted research we
managed to select the set of parameters, which en-
sured the close agreement between theory and experi-
ment for dielectric, elastic and piezoelectric properties of
the Rochelle salt. Comparing the earlier derived results
for the model without transverse field with the results
derived in this work, one may state that it is the consid-
eration of transverse field that is the necessary condition
for achieving agreement between theory and experiment
for polarization. Thereby the effective dipole moment de-
rived within the model with a transverse field is even
lower than within the model without a transverse field.
The outstanding issues still include poor agreement be-
tween theory and experiment for the elastic constant cE

44

and static dielectric permittivity of free crystal χσ
11 in

a low-temperature paraelectric phase. Besides, theoreti-
cally calculated temperature dependence of polarization
is of asymmetrical shape with the temperature of po-
larization saturation shifted towards lower phase transi-
tion, while the experiment demonstrated the symmetri-

cal shape of temperature dependence of polarization.
We noticed that the insufficient agreement between

theory and experiment for spontaneous polarization (its
asymmetry), static dielectric permittivity of free crys-
tal and high-frequency permittivity in a low-temperature
paraelectric phase can be remedied by a slight adjust-
ment of the dipole moment dependence on temperature.
Specifically, if we assume that the dipole moment depen-
dence on temperature is weaker than that obtained by
us, it is possible to achieve a significantly better agree-
ment between theory and experiment for the properties
stated above.

Using additional term (transverse field) in Hamiltoni-
an allows us to expect a more correct dynamic behavior
of the system. So, we expect to derive two types of dy-
namics for the Rochelle salt within the extended model:
relaxation dynamics (microwave region) and resonance
dynamics as observable in the experiment. We will study
this issue further.
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ВИВЧЕННЯ ТЕРМОДИНАМIЧНИХ ВЛАСТИВОСТЕЙ КРИСТАЛУ СЕГНЕТОВОЇ
СОЛI NaKC4H4O6·4H2O В МЕЖАХ МОДЕЛI МIЦУЇ З УРАХУВАННЯМ

П’ЄЗОЕЛЕКТРИЧНОЇ ВЗАЄМОДIЇ ТА ПОПЕРЕЧНОГО ПОЛЯ

Р. Р. Левицький1, I. Р. Зачек2, А. Я. Андрусик1

1Iнститут фiзики конденсованих систем НАН України,

вул. Свенцiцького, 1, Львiв, 79011, Україна
2Нацiональний Унiверситет “Львiвська полiтехнiка”, кафедра загальної фiзики,

вул. С. Бандери, 12, Львiв, 79013, Україна

У межах моделi Мiцуї, що враховує п’єзоелектричну взаємодiю та поперечне поле, розраховано дiелек-
тричнi, п’єзоелектричнi та пружнi характеристики сеґнетової солi. Наявнiсть поперечного поля пов’язано з
можливiстю динамiчних перескокiв структурних елементiв мiж двома положеннями рiвноваги. Розрахунки
проводили в наближеннi молекулярного поля. Показано, що за вiдсутностi поперечного поля чи п’єзоелек-
тричної взаємодiї отриманi результати збiгаються з одержаними ранiше.

Для отримання конкретних числових результатiв запропоновано процедуру вибору модельних пара-
метрiв теорiї, яка використовує фазову дiаграму моделi Мiцуї. Показано, що врахування п’єзоелектричної
взаємодiї не змiнює самої фазової дiаграми, а лише перенормовує параметри теорiї, у яких вона будується. У
статтi наведено повну фазову дiаграму моделi Мiцуї (як iз поперечним полем, так i без нього) а також ука-
зано, яку послiдовнiсть фазових переходiв зазнає система, параметри якої вiдповiдають кожнiй з областей
дiаграми.

Запропонована процедура дала змогу одержати оптимальний набiр параметрiв теорiї, який сукупно

для термодинамiчних характеристик забезпечив найкраще узгодження теорiї з експериментом. У цiй статтi

показано, що врахування поперечного поля дає змогу досягнути кращого узгодження теорiї з експериментом

для термодинамiчних характеристик порiвняно з аналогiчними результатами, отриманими в межах моделi

без поперечного поля. Зокрема саме врахуванням поперечного поля було досягнуто прийнятного узгодження

теорiї з експериментом для спонтанної поляризацiї.
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