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We propose a model of the nerve impulse spreading through a synaptic cleft (chemical synapse).
The model takes into account the diffusion of the mediator in the synaptic cleft and the interaction
of the mediator with the receptors on the postsynaptic membrane. We consider a system of two
equations. One of them describes the diffusion of the mediator in the synaptic cleft, and the other
describes the interaction of the mediator with the receptors on the postsynaptic membrane. This
is the key process of the nerve impulse transmission since activating the receptors leads to gener-
ating a new nerve impulse, which spreads through the contacting neuron. We find an analytical
solution for the system of equations, and on the basis of this solution, we calculate some important
characteristics which determine the regime of the nerve impulse transmission. In particular, we find
how the number of activated receptors changes with time, and how these activated receptors are
distributed within the postsynaptic membrane. We also calculate the size of the activation zone of
the postsynaptic membrane and show that it is proportional to the size of the activation zone of the
presynaptic membrane. Moreover, we investigate how the thickness of the synaptic cleft affects the
activation characteristics of the synapse. We find that increasing the thickness of the cleft decreases
the size of the activation zone of the postsynaptic membrane.
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INTRODUCTION

The problem of synaptic transmission has a long sto-
ry, and many interesting results were received in this
area [1–4]. Nevertheless, it is still of great importance to-
day. General physiological aspects of the chemical trans-
mission are known, but when we try to model the to-
tal process, we face some mathematical difficulties. The
main problem here is that the synaptic transmission is
too complex to describe within a single model. As usu-
al, we have to use several models that are applicable at
different stages of the process. Next we propose a model
that describes the mediator transportation in the synap-
tic cleft and the interaction of the mediator with recep-
tors on the postsynaptic membrane. The presented paper
belongs to the series of works [5–14] which are devoted
to the problem of synaptic transmission.

So, as is well known, a synapse is a contact or junc-
tion between two neurons. It consists of the presynaptic
membrane (a membrane of a neuron that spreads a sig-
nal), the postsynaptic membrane (a membrane of the
neuron that gets a signal), and the synaptic cleft be-
tween them (the general structure of a chemical synapse
is presented in Fig. 1). The presynaptic membrane con-
tains a chemical substance — the mediator (for example,
it can be acetylcholine). The mediator is stored in special
containers, which are called vesicles. When the nerve im-
pulse arrives, it leads to releasing the mediator into the
synaptic cleft [15]. Releasing the mediator into the cleft
is called exocytosis. Then, due to diffusion, the mediator
moves to the postsynaptic cleft [16–18]. The postsynap-

tic membrane contains receptors. The mediator interacts
with the receptors, and they evolve to activated states
that can be the cause of generating a new impulse. In
general, this is the main sequence of events which oc-
cur while a nerve signal passes through the synapse. As
was mentioned above, in this paper we propose a model,
which is applicable for describing the synaptic transmis-
sion right from the mediator exocytosis and until the
receptors’ activation.

Fig. 1. The general structure of a chemical synapse: the
presynaptic membrane, the postsynaptic membranes, and the
synaptic cleft between them
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Fig. 2. The geometry of the system: a restricted cylinder
of radius R and of height L. The bases of the cylinder corre-
spond to the presynaptic and postsynaptic membranes. The
area between the bases stands for the synaptic cleft

MATHEMATICAL MODEL

Thus, we consider a synaptic cleft between two mem-
branes: the presynaptic membrane and the postsynaptic
membrane. We assume that the geometry of the system
is a restricted cylinder: it is of radius R and its height is L
(the geometry of the system is illustrated in Fig. 2). If so,
then 0 ≤ ρ ≤ R determines the distance from the cylin-
der axis to the point within the cleft, and 0 ≤ z ≤ L de-
termines the distance (along the cylinder axis) from the
presynaptic membrane to the point within the system. It
is clear that the presynaptic membrane is placed at the
position z = 0, and the postsynaptic membrane is placed
at the coordinate z = L. Let us also define U(t, ρ, z) to
be the mediator concentration inside the synaptic cleft.
It depends on time t and spatial coordinates ρ and z (we
assume that the mediator concentration doesn’t depend
on the azimuthal angel, which means that we consider
the system with cylindrical symmetry). The base equa-
tion of our model describes the diffusion of the mediator
inside the synaptic cleft and is of well-known form:

∂U(t, ρ, z)

∂t
= D∆U(t, ρ, z). (1)

Here D stands for the diffusion coefficient, and ∆ is the
Laplace operator.

This equation should be complemented by boundary
conditions. As was mentioned above, the mediator is in-
jected into the synaptic cleft from the presynaptic mem-
brane. We consider the situation right after the mediator
is released into the cleft. If so, the flux of the mediator
through the presynaptic membrane should be zero, and
we have the following boundary condition:

∂U(t, ρ, z)

∂z

∣

∣

∣

z=0
= 0. (2)

We also assume that the mediator cannot spread through
the side wall of the cylinder. This gives us another bound-

ary condition:

∂U(t, ρ, z)

∂ρ

∣

∣

∣

ρ=R
= 0. (3)

Actually, this condition presents the situation in a sim-
plified form. The fact is that in the general case the me-
diator can spread out of the synaptic cleft [19]. So condi-
tion (3) should be more sophisticated. Nevertheless, and
it will be shown later, we are going to consider the case
when the mediator is located in the central area of the
cleft. This annihilates the influence of the boundary con-
dition at the side wall of the cylinder. Taking this con-
dition in the form of relation (3), we simplify the total
solution and, simultaneously, we do not affect it qualita-
tively.

When the mediator reaches the postsynaptic mem-
brane, it interacts with the receptors on the membrane.
Actually, we can consider the situation as if the media-
tor were captured by the receptors. If so, then we can
consider the zeroth boundary condition for U(t, ρ, z) at
the postsynaptic membrane:

U(t, ρ, L) = 0. (4)

The initial condition determines how the mediator is
distributed in the synaptic cleft at the beginning:

U(0, ρ, z) = φ(ρ, z), (5)

where φ(ρ, z) is the spatial distribution of the mediator
right after it has been released into the cleft.

Actually, if we know the initial distribution of the me-
diator φ(ρ, z), we can easily solve the task (equation (1)
with boundary conditions (2)–(4) and initial condition
(5)). But we are mostly interested in finding the dis-
tribution of the activated receptors on the postsynaptic
membrane. Here we will use a simplified scheme of the
receptors’ activation which, on the one hand, allows us
to qualitatively estimate the dynamics of the activated
receptors and, on the other hand, it does not complicate
the model too much.

Let V (t, ρ) be the number of activated receptors on the
postsynaptic membrane (more precisely, it is the density
of activated receptors in the region with coordinate ρ).
To determine how the number of the activated receptors
changes in time, we use the following kinetic equation:

∂V (t, ρ)

∂t
= −k1(V0 −V (t, ρ))

∂U(t, ρ, z)

∂z

∣

∣

∣

z=L
− k2V (t, ρ).

(6)
In this equation, V0 is the total number of receptors on
the postsynaptic membrane. We assume that a change
in the number of activated receptors can be caused by
two reasons:

• Those receptors that are not activated yet can
evolve to the activated state. We consider the rate
of this process to be proportional to the number
of non-activated receptors (the value V0 −V (t, ρ)),
and also it is proportional to the mediator flux at
the postsynaptic membrane (this flux is propor-

tional to the derivative ∂U(t,ρ,z)
∂z

∣

∣

∣

z=L
with the “mi-

nus” sign).
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• Activated receptors can become non-activated. The
rate of this transformation is proportional to the
number of activated receptors V (t, ρ).

If the initial number of activated receptors is zero, then
equation (6) should be complemented by the initial con-
dition

V (0, ρ) = 0. (7)

Thus, to calculate the number of activated receptors on
the postsynaptic membrane, we have to solve the prob-
lem (1)–(5), find the function U(t, ρ, z), and then use it
to find the solution V (t, ρ) of the problem defined by
equations (6) and (7).

GENERAL SOLUTION

To simplify the initial system of equations, it is rea-
sonable to make a set of substitutions. Namely, we use
such new variables and functions: x = z/L, r = ρ/R, τ =
tD/L2, u(τ, r, z) = Lk1U(r, z, t)/D, v(τ, r) = V (t, r)/V0.
In this case we get the following equations:

∂u(τ, r, x)

∂τ
=
∂2u(τ, r, x)

∂x2
+

1

K2
∆ru(τ, r, x), (8)

∂v(τ, r)

∂τ
= −(1− v(τ, r))

∂u(τ, r, x)

∂x

∣

∣

∣

x=1
− λv(τ, r), (9)

where we have used the definitions K = R/L and
λ = k2L

2/D. Boundary conditions become as follows:

∂u(τ, r, x)

∂x

∣

∣

∣

x=0
= 0, (10)

∂u(τ, r, x)

∂r

∣

∣

∣

r=1
= 0, (11)

u(τ, r, 1) = 0. (12)

Initial conditions are transformed to the following:

u(0, r, x) = φ(r, x), (13)

v(0, r) = 0. (14)

The solution u(τ, r, x) of the problem (8)–(14) can be
presented in this form:

u(τ, r, x) =
∞
∑

m=0

∞
∑

n=0

φnm exp(−ηnmτ)

× cos
((2m+ 1)πx

2

)

J0(µnr). (15)

Here J0(·) is the Bessel function of order zero, µn (n =
0, 1, 2, . . .) are zeros of the Bessel function J1(·) of or-
der one (roots of J1(µn) = 0), and coefficients φnm are
determined in this way:

φnm =
4

J0(µn)2

∫ 1

0

∫ 1

0

φ(r, x)rJ0(µnr)

× cos
( (2m+ 1)πx

2

)

dr dx. (16)

In equation (15), we have also used the parameter

ηnm =
(µn

K

)2

+
((2m+ 1)π

2

)2

. (17)

After finding function u(τ, r, x), we can calculate the
expression

∂u

∂x

∣

∣

∣

x=1
=
π

2

∞
∑

m=0

∞
∑

n=0

(2m+ 1)(−1)m+1

× φnm exp(−ηnmτ)J0(µnr), (18)

and then find function v(τ, r) according to the equation

v(τ, r) = 1 − exp(ψ(τ, r) − λτ) (19)

×
(

1 + λ

∫ τ

0

exp(λt− ψ(t, r)) dt
)

,

where function ψ(τ, r) is determined as follows:

ψ(τ, r) =

∫ τ

0

∂u(t, r, x)

∂x

∣

∣

∣

x=1
dt =

π

2

∞
∑

m=0

∞
∑

n=0

(−1)m+1φnm
2m+ 1

ηnm
(1 − exp(−ηnmτ))J0(µnr). (20)

In fact, equations (15)–(20) allow us to find the distri-
bution of the mediator in the synaptic cleft, as well as
the number of activated receptors. All we have to know
for that is the initial distribution of the mediator in the
synaptic cleft, which is determined by function φ(r, x).

ACTIVATION ZONE

It is known that the mediator injection takes place on-
ly in special areas of the presynaptic membrane [20, 21].
We will term the area where the mediator is located an

“activation zone”. During exocytosis, the mediator is be-
ing injected through the presynaptic membrane into the
synaptic cleft. In our model, parameters of the activation
zone are determined by the initial condition for the me-
diator distribution. Moreover, it is clear that the initial
condition affects the solution not only quantitatively but
also qualitatively. So it is important to consider those
conditions that could be realized and observed in real
systems. Our suggestions are as follows. We assume that
when exocytosis happens, then the intensity of the medi-
ator flux decreases proportionally to the distance along
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the direction of the mediator injection. If I(r, z) is the in-
tensity of the mediator flux, then everything mentioned
above means that

1

I

∂I

∂x
= −2αx, (21)

where α is some parameter, and this gives us the follow-
ing:

I(r, x) = I0(r) exp(−αx2). (22)

Function I0(r) actually determines the activation zone
on the presynaptic membrane. We will assume that vesi-
cles, which store the mediator, are distributed normally
around the center of the presynaptic membrane. Also, it
is natural to suppose that the initial distribution of the
mediator in the cleft is proportional to the mediator in-
jection intensity. If so, then we can consider such initial
distribution of the mediator in the cleft:

φ(r, x) = 2A

√
αβ

π3/2
exp(−αx2 − βr2), (23)

where β is a phenomenological parameter, and parame-
ter A determines the total amount of the mediator within
the cleft.

Knowing the initial distribution of the mediator φ(r, x)
allows us to calculate how the number of activated recep-
tors on the postsynaptic membrane v(τ, r) depends on
time τ and coordinate r. It is clear that this dependence
should be calculated numerically. For the calculations,
we have taken the values K = 10 and λ = 0.5. We al-
so use the values α = 1000, β = 20 and A = 1. If we
apply the “three-sigma rule”, then we can interpret the
parameter s = 3√

2α
≈ 0.067 as the depth of the media-

tor injection into the synaptic cleft, and d = 3√
2β

≈ 0.47

as the radius of the activation zone of the presynaptic
membrane. The results of the calculations are presented
in Fig. 3.

Fig. 3. Dependence v(τ, r) for fixed value of r (the solid
line is for the value r = 0, the dashed line is for the value
r = 0.25, and the dotted line is for the value r = 0.5). Cal-
culations were performed by taking the values K = 10 and
λ = 0.5

The figure contains plots for dependence v(τ, r) for
several fixed values of r. In particular, we consider the
values r = 0, r = 0.25 and r = 0.5. In every case, the
number of activated receptors increases to the maximum
value, and then comes back to zero. It is also expectable
that the value of the maximum is greater for small dis-
tances r.

The distribution of activated receptors on the post-
synaptic membrane (actually, dependence of v(τ, r) on
r for fixed τ) is presented in Fig. 4. We have consid-
ered the spatial distribution of activated receptors at the
time moments τ = 1, τ = 2 and τ = 3. We see from
the figure that for times τ ≥ 1 the number of activat-
ed receptors decreases, and the activation zone of the
postsynaptic membrane (the area on the postsynaptic
membrane where the activated receptors are located) is
still more or less the same.

Fig. 4. Dependence v(τ, r) for fixed values of τ (the solid
line is for the value τ = 1, the dashed line is for the value
τ = 2 and the dotted line is for the value τ = 3). Calculations
were performed by taking the values K = 10 and λ = 0.5

Fig. 5. Dependence of the size of the activation zone of the
postsynaptic membrane a on the size of the activation zone
of the presynaptic membrane d. The solid line is for the time
τ = 5, the dotted line is for the time τ = 1 and the dashed
line is for the time τ = 0.75. Calculations were performed by
taking the values K = 10 and λ = 0.5
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Fig. 6. Dependence of the size of the activation zone of the
postsynaptic membrane a on the geometric factor K. Cal-
culations were performed by taking the values τ = 5 and
λ = 0.5

To estimate the size of the activation zone of the post-
synaptic membrane we can use the following parameter

a(τ) = 3

√

√

√

√

1

2
·
∫ 1

0
v(τ, r)r3dr

∫ 1

0 v(τ, r)rdr
. (24)

If the activated receptors were normally distributed, then
parameter a(τ) would give the “three-sigma” length. For
times 2 < τ < 7, numerical calculations give the value of
the radius of the activation zone a(τ) ≈ 0.68, and it al-
most does not change with time. But in the general case,
it depends on time and other parameters, including the
size of the activation zone of the presynaptic membrane
d. Fig. 5 contains plots that illustrate how the size of the
activation zone of the postsynaptic membrane (calculat-
ed according to equation (24)) changes with changing the
size of the activation zone of the presynaptic membrane
(which is calculated as d = 3√

2β
).

We see that this dependence is actually linear (for dif-
ferent moments of time). This is an important result,
since it means that if we somehow change the activation
zone of the presynaptic membrane then the activation
zone of the postsynaptic membrane changes as well (and
this change is proportional to the change of the activa-
tion zone of the presynaptic membrane).

Within our model, the mediator is spread to the post-
synaptic membrane by means of diffusion. So it is clear
that the size of the area, which will be filled with the
mediator, should depend on the geometrical parameters
of the synaptic cleft. Fig. 6 demonstrates how the size
of the activation zone of the postsynaptic membrane de-
pends on the geometric factor K = R

L . It appears that

the size of the zone increases with decreasing the ge-
ometric factor K. If we increase the geometric factor,
then the size of the activation zone decreases and reach-
es some saturation level. To understand this, we should
take into account that increasing the geometric factor is
equivalent to decreasing the width of the synaptic cleft
L. From a physical point of view, this behavior is totally
expectable. Indeed, if we consider a very thin synaptic
cleft (whose thickness is close to zero), then the size of the
activation zone of the postsynaptic membrane should be
very close to the size of the activation zone of the presy-
naptic membrane. On the other hand, if the thickness of
the synaptic cleft is big enough, then due to diffusion,
the size of the activation zone of the postsynaptic mem-
brane will grow to the size of the membrane. And our
numerical calculations confirm this result.

CONCLUSIONS

The model proposed above describes the activation of
the postsynaptic membrane. This includes different pro-
cesses, starting from the mediator exocytosis into the
synaptic cleft, then its diffusion, and, lastly, the interac-
tion of the mediator with the receptors on the postsynap-
tic membrane. These processes are crucially important in
spreading nerve impulses across the neuron systems. The
received results allow us to understand the key features of
the processes and to estimate their main characteristics.
In particular, we have found that the size of the activa-
tion zone of the postsynaptic membrane is proportional
to the size of the activation zone of the presynaptic mem-
brane, and it is increases with increasing the thickness of
the synaptic cleft.

Another important result is of a quantitative nature
and is based on the possibility to calculate the number
of activated receptors. Namely, using the model, we can
calculate how the number of activated receptors changes
with time, and how the activated receptors are distribut-
ed within the postsynaptic membrane. We hope that our
methodology could be useful for handling possible phys-
iological experiments. The general strategy for applying
our results for experimental data could be based on the
dimensional scaling of the parameters that are involved
in the solution. The scaling parameters are to be found
as a relation of measured experimental values to dimen-
sionless parameters, calculated on the basis of the model.
What is possible to state at the moment is that quali-
tatively our results are in agreement with experimental
data (see, for example, [22]). To get more specific results,
one has to adapt the model to the conditions of a par-
ticular experiment.
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МОДЕЛЮВАННЯ ПЕРЕДАЧI НЕРВОВОГО IМПУЛЬСУ В СИНАПТИЧНIЙ ЩIЛИНI

О. В. Кулiш, О. М. Васильєв
Київський нацiональний унiверситет iменi Тараса Шевченка, кафедра теоретичної фiзики

вул. Володимирська, 64, Київ, 01601, Україна

Запропоновано модель передачi нервового iмпульсу через синаптичну щiлину (хiмiчний синапс). Модель
враховує дифузiю медiатору в синаптичнiй щiлинi та його взаємодiю з рецепторами на постсинаптичнiй
мембранi. Розглянуто систему з двох рiвнянь. Одне з них описує дифузiю медiатору в синаптичнiй щiлинi, а
iнше — взаємодiю медiатору з рецепторами на постсинаптичнiй мембранi. Цей процес ключовий у передачi
нервового iмпульсу, оскiльки активацiя рецепторiв приводить до ґенерування нового нервового iмпульсу,
який поширюється через контактний нейрон.

Знайдено аналiтичний розв’язок для системи рiвнянь i, базуючись на цьому розв’язку, розраховано де-

якi важливi характеристики, якi визначають режим передачi нервового iмпульсу. Зокрема встановлено, як

кiлькiсть активованих рецепторiв змiнюється з часом i як цi активованi рецептори розподiленi на постси-

наптичнiй мембранi. Також обчислено розмiр зони активацiї постсинаптичної мембрани й показано, що вiн

пропорцiйний до розмiру зони активацiї пресинаптичної мембрани. З’ясовано, як товщина синаптичної щi-

лини впливає на активацiйнi характеристики синапсу. Показано, що зменшення товщини щiлини зменшує

розмiр зони активацiї постсинаптичної мембрани
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