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The study proposes a new method for the calculation of the equilibrium con�guration of polytropes
with rigid-body axial rotation. Self-consistency is based on the simultaneous use of di�erential and
integral forms of the mechanical equilibrium equation and a new variant of the perturbation theory,
which is relative to the rotation in�uence. The solutions are shown in the form of expansions for the
Legendre polynomials and the functions of radial coordinate. The integral form of the equilibrium
equation allows us to correctly de�ne the set of the integration constants (the expansion coe�cients,
which depend on the angular velocity). The geometrical parameters of the stellar surface as well as
the mass, volume and the moment of inertia were calculated as the functions of the angular velocity
at �xed values of the polytropic index n = 0; 1.0; 1.5; 2.0; 2.5; 3.0. A comparison with the results of
other authors was performed.
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I. INTRODUCTION

The fundamentals of the polytropic theory of Solar-
like stars were laid down by the works of H. Lane [1],
K. Emden [2], R. Fowler [3], A. Eddington [4] and other
researchers in the �rst half of the last century. This
theory is based on the equilibrium equation of star with
the polytropic equation of state:

P (r) = Kρν(r) ≡ Kρ1+1/n(r), (1)

where P (r) is the pressure in point with radius-vector
r, ρ(r) is the local density of matter, K and ν are the
constants. It yields the determination of the main relati-
ons between the polytrope characteristics and describes
their stability. The idea of the polytropic dependence
between the pressure and density was successfully used
for the construction of the cold degenerate dwarfs theory
[5].
Axial rotation is the factor, which is inherent in the

various celestial objects � the stars of main sequence,
pulsars, white dwarfs and black holes. The equilibrium
equation of polytrope without rotation with spherical
symmetry of matter distribution is an ordinary di�erenti-
al equation of second order, which is known as the Lane-
Emden-Fowler equation. The equilibrium equation for
the polytropic model with axial rotation in the general
case (at any value of the index n) is a non-linear di-
�erential equation of second order in partial derivati-
ves. Only in the particular case n = 0 the exact soluti-
on of the equation is known, from which the Maclaurin
formula (see [6]) is obtained, that determines the relati-
ons between the angular velocity and the eccentricity of
the rotational homogeneous ellipsoid.
To evaluate the in�uence of rotation on the solar

characteristics, E. Milne [7] found the approximate
solution of the equilibrium equation at n = 3 for the
case of small angular velocity, by linearizing the equati-

on. Such approximation corresponds to the �rst order
of perturbation theory. Using the method of E. Mi-
lne [7], S. Chandrasekhar [8] obtained the solutions for
the polytropes with indexes n = 1.0, 1.5, 2.0, 2.5, 3.0 wi-
th the help of the numerical integration. Z. Kopal [9]
remarked that in the partial case n = 1 with axial
symmetry in the distribution of matter, the equilibri-
um equation allows the separation of variables. He found
the set of fundamental solutions in the form of products
of Legendre polynomials and the spherical Bessel functi-
on of the �rst kind. However, Z. Kopal did not consider
the question of �nding of general solution, by the given
boundary conditions.
R. James [10] went beyond the small rotational veloci-

ty approximation. He found an approximate solution for
the polytropes with indexes n = 1.0, 1.5, 2.0, 2.5, 3.0 and
calculated the dependence of the polytrope characteri-
stics on the angular velocity in the interval 0 ≤ ω ≤
ωmax(n). Unfortunately, the solutions were not present
in the publication, which makes it impossible to analyze
their dependence on the angular velocity or the solutions
for the calculation of other characteristics.
The work [11] generalizes the E. Milne�

S. Chandrasekhar approach by a more accurate
description of the outer polytrope region. Aiming to
�nd the integration constants in the works [7, 8] and
also to determine the �tting parameters in the work
[11], authors applied the approximation traditional
in the stellar surface theory, which is based on the
usage of the general multipole form of potential,
created by the unknown distribution of matter in the
inner part of the star. The common approximation
of these works is the �rst approximation relative to
rotation in�uence. Therefore the integration constants
and �tting parameters do not depend on the angular
velocity, but only on the polytropic index [7, 8, 11].
The partial solution of the equilibrium equation which
is considered in the work [12] at n = 1 improves the
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S. Chandrasekhar's solution [8] by the determination of
the integration constants numerically.

In spite of the long research history, the problem of
the calculation of characteristics of the polytropic model
remains relevant and has both methodological and appli-
ed importance. Recent works [13, 14] should be menti-
oned, which use computer methods to calculate the
characteristics of speci�c stars based on the polytropic
model at n = 1. The polytrope model is a good zero
approximation for the calculation of the characteristics
of massive dwarfs [10, 15]. It can be used to describe
neutron stars, circumstellar disks, gas giant planets, in
the theory of stability and pulsation of stars.

The work [16] showed that to �nd more accurate soluti-
ons of the equilibrium equation for the polytropes wi-
th rotation it is necessary to use the multi-component
expansion for the Legendre polynomials. In this case, the
correct de�nition of the integration constants is provided
by the integral form of the equilibrium equation, which
is equivalent to the explicit calculation of the gravitati-
onal potential at this point of polytrope by the known
solution of the equilibrium equation.

Of course, the solutions of the equilibrium equation
in the presence of rotation are found by the perturbati-
on theory, and in the role of zero approximation the
K. Emden's function yn(ξ) is used. It takes the negative
values beyond the K. Emden radius and therefore cannot
be the optimal approximation. This problem can be omi-
tted by searching the approximate solution of the equili-
brium equation in the outer region (periphery), as it was
done in [11]. In this work we proposed another way. We
use a single solution form for the whole polytrope. But
in the role of zero approximation we choose the model of
monotonically decreasing function of the radial coordi-
nate, which is positive inside the polytrope. It allows the
correct linearization of the equation at n 6= 1. It also
improves the convergence of the series for the Legendre
polynomials at arbitrary values n, as evidenced by the
calculations of integration constants, which depend on
the angular velocity.

The purpose of our work is to obtain solutions of
mechanical equilibrium for the polytropes with axi-
al rotation, which will allow us in the future to bui-
ld correct polytropic models for real stars of di�erent
types (stars of the main sequence, white dwarfs, neutron
stars) based on observed data. We have calculated the
dependence of the polar and equatorial radii, eccentricity,
mass and moment of inertia of polytropes with indexes
n = 1.0, 1.5, 2.0, 2.5, 3.0 on the rotational velocity. The
comparison was performed with the results of the criti-
cal parameters calculations in the works [8, 10, 11].

II. GENERAL RELATIONS

In the general case (in the presence of rotation),
the equilibrium equation is rewritten in a non-inertial
(rotating) coordinate system in the form [8]

∇P (r) = −ρ(r)

{
∇Φgrav(r) +∇Φc(r)

}
, (2)

where

Φgrav(r) = −G
∫
dr

′
ρ(r

′
)

|r− r′ |
(3)

is the gravitational potential inside the star and Φc(r)
is the centrifugal potential. If the axis Oz of the spheri-
cal coordinate system coincides with the axis of rotation
then

Φc(r) = −1

2
ω2r2 sin2 θ. (4)

Here θ is the polar angle, ω is the angular velocity of the
reference frame, which is considered to be constant.
Substituting expressions (1), (3) and (4) in equation

(2) and using the identity(
1 +

1

n

)
ρ1/n−1(r)∇ρ(r) = (1 + n)∇ρ1/n(r), (5)

the equilibrium equation is obtained in the form of a
di�erential equation that determines the density distri-
bution,

K(1+n)∆ρ1/n(r) = −4πGρ(r)+
1

2
ω2∆(r2 sin2 θ). (6)

In the presence of axial symmetry (ρ(r) = ρ(r, θ)) the
Laplace operator is written in the form

∆ = ∆r +
1

r2
∆θ, ∆r =

1

r2
∂

∂r

(
r2
∂

∂r

)
,

(7)

∆θ =
∂

∂t
(1− t2)

∂

∂t

at t = cos θ, therefore ∆ (r2 sin2 θ) = 4. Introducing the
dimensionless radial coordinate ξ = r/λn, as well as usi-
ng the substitution

ρ(r, θ) = ρc Y
n(ξ, θ), (8)

where ρc is the density of matter in the stellar center, we
transform equation (6) to a dimensionless form

∆(ξ, θ) Y (ξ, θ) = Ω2 − Y n(ξ, θ). (9)

Here the scale λn, dimensionless angular velocity Ω and
Laplacian are determined by the relations

K(1 + n) = 4πGλ2nρ
1−1/n
c , Ω2 = ω2(2πGρc)

−1,

∆(ξ, θ) = ∆ξ +
1

ξ2
∆θ, ∆ξ =

1

ξ2
∂

∂ξ

(
ξ2
∂

∂ξ

)
.

(10)

According to the de�nition (8), Y (0, θ) = 1 and the
condition ∂Y (ξ, θ)/∂ξ = 0 at ξ = 0 corresponds to the
solutions regular in the vicinity ξ = 0. At large values of
Ω the non-monotonic dependence Y (ξ, θ) on the variable
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ξ in the equator region as well as leakage of matter are
possible. The stability conditions of stars in the equator
region

Y
(
ξ,
π

2

)
= 0,

∂

∂ξ
Y
(
ξ,
π

2

)
= 0 (11)

determine the maximal permissible value of the

parameter Ω
(n)
max and the corresponding value of the

equatorial radius ξmax
e (n). According to the de�nition

(8), only positive solutions of equation (9) have physical
meaning, which is a two-dimensional di�erential equati-
on of the second order in partial derivatives with two
dimensionless parameters n,Ω ≥ 0.
Equation (9) is similar to the Poisson equation,

therefore it can formally be considered as an equati-
on for the dimensionless gravitational potential, whi-
ch is created by the dimensionless density distribution
(4π)−1 · {Ω2 − Y n(ξ, θ)}.
In this regard, this equation can be rewritten in the

integral form

Y (ξ, θ) = 1 +
∞∑
l=1

C2l ξ
2lP2l(t) (12)

− 1

4π

∫ {
Ω2 − Y n(ξ

′
, θ

′
)
}
Q(ξ, ξ

′
) dξ

′
,

where C2l are the integration constants, P2l(t) is the
Legendre's polynomials of the 2l-th order, the kernel of
the equation is

Q(ξ, ξ
′
) = {|ξ − ξ

′
|−1 − (ξ

′
)−1}, (13)

and the integration is performed over the stellar volume.
Taking into account the identity

∆(ξ, θ) {ξl Pl(t)} = 0, (14)

it is easy to verify that equations (9) and (12) are equi-
valent.
The root of equation Y (ξ0(θ), θ) = 0 determines the

equation of the second-order curve (which is close to the
ellipse), whose rotation relative to the axis Oz forms the
stellar surface. The expressions for the mass, volume and
moment of inertia of a star are as follows:

M(n,Ω) = 2πλ3nρc

π∫
0

sin θ dθ

ξ0(θ)∫
0

ξ2Y n(ξ, θ) dξ,

V (n,Ω) =
2π

3
λ3n

π∫
0

sin θ ξ30(θ) dθ,

I(n,Ω) = 4πλ5nρc

π∫
0

sin3 θdθ

ξ0(θ)∫
0

ξ4Y n(ξ, θ)dξ.

(15)

At the arbitrary value of the polytropic index n the
gravitational potential inside a star (3) is related to the
dimensionless potential

Φn(ξ) = − 1

4π

∫
Y n(ξ

′
)

|ξ − ξ′ |
dξ

′
(16)

with such expression

Φgrav(r) = 4π G λ2nρc Φn(ξ). (17)

Rewriting equation (2) in dimensionless variables, we
obtain the relation

∂

∂ξ

{
Φn(ξ, θ) + Y (ξ, θ)

}
=

Ω2

3
ξ

{
1− P2(t)

}
. (18)

Equation (12) can be represented in the terms Y (ξ, θ),
Φn(ξ, θ), namely

Y (ξ, θ) + {Φn(ξ, θ)− Φn(0, 0)} (19)

= 1+
∑
l=1

C2lξ
2lP2l(t)+Ω2

{
Φ0(ξ, θ)−Φ0(0, 0)

}
,

where Φ0(ξ, θ) is the dimensionless model potential with
the constant density ρ0 = 1. This allows us to convert
equation (18) to the following form

∂

∂ξ

{∑
l=1

C2l ξ
2l P2l(t) + Ω2 [Φ0(ξ, θ)− Φ0(0, 0)]

}

= ξ
Ω2

3

(
1 − P2(t)

)
. (20)

The di�erence of potentials Φ0(ξ, θ)−Φ0(0, 0) is easy to

calculate using expansion in the series of kernel Q(ξ, ξ
′
)

for the Legendre polynomials and performing integration
over the variable ξ

′
within the rotational ellipsoid with

eccentricity e and equatorial radius ξe, which we will de�-
ne in a self-consistent manner later. In this way we �nd
that

Φ0(ξ, θ)− Φ0(0, 0) = − 1

4π

∫
dξ

′
Q(ξ, ξ

′
)

=
ξ2

6
− ξ2

2
P2(t)

+1∫
−1

dt
′
P2(t

′
)

ξ0(t
′
)∫

ξ

dξ
′

ξ′ , (21)

where

ξ0(t
′
) = ξe

{
1 + (t

′
)2

e2

1− e2

}−1/2
. (22)

By integrating over the variables ξ
′
and t

′
we obtain the

�nal expression (see [18]):

Φ0(ξ, θ)− Φ0(0, 0) =
ξ2

6
+
ξ2

2
P2(t) I(e),

I(e) =
2

3
+

1− e2

e2
− (1− e2)1/2

e3
arcsin e.

(23)

Varying the eccentricity in the limits 0 ≤ e ≤ 1 the
function I(e) changes in the region 2e2/15 ≤ I(e) ≤ 2/3.
Substituting expression (23) in equation (20) we get the
equality∑
l=1

C2l 2l ξ2l−2P2l(t) = −Ω2

3
P2(t)

(
1 + 3 I(e)

)
. (24)
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According to the orthogonality of the Legendre
polynomials, it follows that

C2 = −Ω2

6

(
1 + 3 I(e)

)
, (25)

and all other constants C2l = 0.
Therefore, equation (12) for arbitrary values of the

polytropic index n can be written in the form

Y (ξ, θ) = 1 +
Ω2ξ2

6

(
1− P2(t)

)
+

1

4π

∫
Y n(ξ

′
, θ

′
)Q(ξ, ξ

′
) dξ

′
. (26)

Equations (9) and (26) are a closed system, which
does not require any additional information to determi-
ne the general solution Y (ξ, θ) that correspond to the
given boundary conditions. We solve this system self-
consistently, thus we achieve a correct description of the
polytrope surface, in contrast to the works [7, 8, 11],
which used an approximate description of the periphery
region.

III. THE EMDEN EQUATION

The partial case Ω = 0 corresponds to the polytropic
star with spherical symmetry and the equation (9)
becomes the one-dimensional one-parametric equation
[17]

∆ξ y(ξ) = −yn(ξ) (27)

with the boundary conditions y(0) = 1, dy/dξ = 0 at
ξ = 0, as well as the physical condition y(ξ) ≥ 0. These
solutions at �xed n are used in the role of the zero
approximation in equation (9). The dimensionless stellar
radius ξ1 is a smaller root of the equation y(ξ) = 0. All
stellar characteristics are determined by the polytropic
index n ≥ 0. The value n = 5 is critical: at n < 5
solutions of equation (27) are alternating-sign functions
of ξ, and at n ≥ 5 they are positive in the whole range
0 ≤ ξ ≤ ∞ and the boundary condition on the stellar
surface is not ful�lled (ξ1(5) =∞, that corresponds to a
star without an external border). Henceforward we only
consider the models with n ≤ 5(ν ≥ 6/5). After integrati-

on over kernel angular variables Q(ξ, ξ
′
), equation (12)

takes the form

y(ξ) = 1 +

ξ∫
0

{
(ξ

′
)2

ξ
− ξ

′

}
yn(ξ

′
) dξ

′
. (28)

The characteristic features of solutions of equations (27),
(28) are well known [17]. They are illustrated by the
accurate analytical solutions at n = 0, 1, 5, namely

y0(ξ) = 1− ξ2/6; ξ1(0) =
√

6;

y1(ξ) =
1

ξ
sin ξ; ξ1(1) = π; (29)

y5(ξ) = {1 + ξ2/3}−1/2; ξ1(5) =∞.

For other values of index n, we can get the solution
through the numerical integration of equation (27) or
(28). In the range of small values ξ, the Emden functions
have the following series expansion [17]:

yn(ξ) = 1− 1

3!
ξ2 +

n

5!
ξ4 − n(8n− 5)

3 · 7!
ξ6 + . . . . (30)

In the case of n > 1, equation (27) can be �linearized�,
neglecting the term ynn(ξ) in the surface stellar region.
The solution of equation ∆ξyn(ξ) = 0 is the function

yn(ξ) = β2(n)

(
1

ξ
− 1

ξ1(n)

)
' β2(n)

ξ21(n)
(ξ1(n)− ξ), (31)

which determines the asymptotic of the solution in the
vicinity ξ1(n). Hence,

β2(n) =

ξ1(n)∫
0

ξ2ynn(ξ)dξ = ξ21(n)

∣∣∣∣dyndξ
∣∣∣∣
ξ1(n)

(32)

is a characteristic parameter of the polytropic model,
that determines its mass and energy. The nature of the
solutions of equations (27), (28) are illustrated in Fig. 1.

-0.4
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 0.6

 0.8

 1

 0  1  2  3  4  5  6  7  8  9  10

ξ

n=0 1.0 2.0 3.0

y
n
(ξ)

Fig. 1. The Emden solutions of equation for the polytropic
index 0 ≤ n ≤ 3.0

The dependencies of the values ξ1(n), β2(n) and

β4(n) =

ξ1(n)∫
0

ξ4ynn(ξ)dξ (33)

on the polytropic index are shown in Table 1.
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n 0 0.5 1.0 1.5 2.0 2.5 3.0

ξ1(n) 2.4495 2.7527 3.1416 3.6538 4.3529 5.3553 6.8969

β2(n) 4.8990 3.7887 3.1416 2.7141 2.4111 2.1872 2.0182

β4(n) 17.6371 14.0352 12.1567 11.1197 10.6110 10.5197 10.8516

Table 1. The Emden's parameters of the polytropic models

As can be seen from formulae (29), the function y1(ξ)
coincides with the spherical Bessel function of the �rst
kind j0(ξ) [19]. The functions yn(ξ) at n > 1 in the
asymptotic ξ � 1 also coincide with the function j0(ξ).
The solutions of equation (27) were shown in Fig. 1, these
solutions are changeable functions ξ: if n is even, then the
equation yn(ξ) = 0 has a single root ξ1(n) = ξE(n), in
the case of an odd n, this equation has many roots ξm(n)
and the functions yn(ξ) are oscillating.
According to formulae (15), the mass, volume and the

moment of inertia of the polytropic star without rotation
are determined by the expressions:

M(n, 0) = 4π λ3n ρc β2(n); V (n, 0) =
4π

3

(
λn ξ1(n)

)3

;

I(n, 0) =
8

3
πλ5nρcβ4(n). (34)

IV. THE MODELS WITH AXIAL ROTATION.
LINEAR EQUATIONS

To reveal the basic di�erences between the solutions of
equations (9), (26) and the Emden functions, we consider
partial cases n = 0 and n = 1, when these equations
are linear and allow the solutions in the analytical form.
Furthermore, these partial cases illustrate the features of
our technique.

A. Polytrope n = 0

This case is almost trivial. The simple model wi-
th constant density (ρ(r) = ρc) corresponds to an
incompressible �uid and the solution of the equilibri-
um equation only determines the shape and size of the
object. We consider dimensionless angular velocity (but
not eccentricity) to be an independent parameter and we
determine the mass and shape of the model surface in the
region of valid values of angular velocity.
According to formulae (23), (26) at n = 0, the solution

of the equilibrium equation takes the form

Y0(ξ, θ) = y0(ξ)+
ξ2

6
Ω2

(
1−P2(t)

)
− ξ

2

2
P2(t)I(e), (35)

where y0(ξ) = 1 − ξ2/6 is the Emden function with the
polytropic index n = 0. From the condition Y0(ξ, θ) = 0
we �nd the equation for the surface

ξ0(θ) =
√

6 {1−Ω2(1− P2(t)) + 3P2(t) I(e)}−1/2. (36)

Having determined the polar and equatorial radii from
that formula and using the expression 1 − e2 = ξ2p/ξ

2
e

we obtain the equation

e2 +

(
3e2 − 9

2

)
I(e) =

3

2
Ω2, (37)

which is known as the Maclaurin formula [6], that
determines the dependence of eccentricity on angular
velocity. In the approximation e2 � 1 we �nd that

e2 =
15

4
Ω2− 225

112
Ω4 +. . . , I(e(Ω)) =

1

2
Ω2− 2

15
Ω4 +. . . ,

(38)
in connection with

ξp '
√

6

{
1− 3

4
Ω2 +

167

160
Ω4 + . . .

}
,

(39)

ξe '
√

6

{
1 +

9

8
Ω2 +

1151

640
Ω4 + . . .

}
.

It follows also the mass and volume of the polytropic star
with index n = 0 are determined by the expression

M(0,Ω) = M(0, 0) f(Ω), V (0,Ω) = V (0, 0) f(Ω),

f(Ω) ∼= 1 +
3

2
Ω2 +

11

2
Ω4 + . . . ,

(40)

where M(0, 0) and V (0, 0) are the mass and volume wi-
thout rotation. The character of the solution of equation
(37) is shown in Fig. 2 relative to the eccentricity.

 0

 0.2

 0.4

 0.6

 0.8

 1

 0  0.1  0.2  0.3  0.4  0.5  0.6

Ω
max

= 0.47399, e(Ω
max

) = 0.92995

e(Ω)

Ω

Fig. 2. Dependence of the eccentricity e(Ω) on the angular
velocity Ω

As was shown in Figure, the eccentricity is an ambi-
guous function of the parameter Ω, and real solutions
only exist in the region 0 ≤ Ω ≤ Ωmax = 0.47399 . . . . The
value Ωmax corresponds to the e(Ωmax) = 0.92995 . . . .
The critical values Ωmax and e(Ωmax) determine the
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instability point with the polytropic index n = 0 relati-
ve to the rotation velocity [6, 20]. The con�gurations
which belong to the region 0 < e ≤ e(Ωmax) are typi-
cal ellipsoidal structures, and those which belong to the
range e(Ωmax) < e ≤ 1.0 are similar to disk structures.
The dependence I(Ω) ≡ I(e(Ω)) on rotational velocity is
shown in Fig. 3. Here, I(e(Ωmax)) = 0.27698. The solid

 0
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 0.4

 0.5
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 0  0.1  0.2  0.3  0.4  0.5  0.6

I(Ω)

Ω

Fig. 3. Dependence of the function I(Ω) on angular velocity Ω.
Dashed-dot curve corresponds to small velocity (small value
of the eccentricity), dashed � small velocity at large values of

the eccentricity

curve in Fig. 3 corresponds to the dependence, which was
depicted in Fig. 2.
The dimensionless equatorial and polar radii are

determined from expression (36)

ξe(Ω) =
√

6

{
1− 3

2
[Ω2 + I(Ω)]

}−1/2
,

(41)

ξp(Ω) =
√

6

{
1 + 3I(Ω)

}−1/2
are shown in Fig. 4. The solid curves correspond to the
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Fig. 4. Dependencies of equatorial ξe(Ω) and polar ξp(Ω) radii
on angular velocity Ω (the dashed-dot curve corresponds to

small velocity)

numerical calculations in the region 0 ≤ e ≤ e(Ωmax)
and the dashed-dot curves � the approximation of small

velocities. As was shown in the �gure, the approximation
of small velocities is applicable in the range Ω ≤ 0.5Ωmax.
Dependence of the stellar mass on rotational velocity

M(0,Ω) = M(0, 0)ξ2e(Ω)ξp(Ω)ξ−31 (0) (42)

is shown in Fig. 5. Here the dashed-dot curve corresponds
to small velocity according to the formula (40).
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M(0,Ω)/M(0,0)
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Fig. 5. Dependence of the stellar polytropic mass on the
rotational velocity Ω (the dashed-dot curve corresponds to

formula (40))

In the range e(Ωmax) ≤ e ≤ 1

I(Ω) ≈ 2

3
− Ω2 − Ω4 + . . . , (43)

which is shown with the dashed curve in Fig. 3.
Therefore, according to formulae (41) in the region of
large values of the eccentricity and small values of rotati-
onal velocity

ξe(Ω)⇒ 2

Ω2
+ . . . , ξp(Ω)⇒

√
2, (44)

which corresponds to the disk of constant thickness and
a large radius.
In the work [12] the solution of the equation (9) at

n = 0 is written in the form

Y (ξ, θ) = 1− ξ2

6
(1− Ω2) +B2ξ

2 P2(t), (45)

and the integration constant B2 is determined from
expression (19), that connects the solution of the equi-
librium equation with the gravitational potential, whi-
ch at n = 0 is calculated accurately. The dependence
of the polytropic characteristics on the parameter 0 ≤
Ω ≤ Ωmax and the parameter ε = (1 − e2)1/2 = ξp/ξe is
tabulated in the region 1 ≥ ε ≥ 0.

B. Polytrope n = 1.

The polytrope with index n = 1 plays the role of a
certain standard: although the exact analytical solution
of equation (9) is unknown, the latter is linear and this
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allows us to �nd the approximate solutions with high
precision. In this case, it is convenient to rewrite equation
(9) in the form of the following inhomogeneous equation

∆(ξ, θ) ϕ(ξ, θ) + ϕ(ξ, θ) = −Ω2

4
ξ2 sin2 θ,

ϕ(ξ, θ) = Y1(ξ, θ) − Ω2

4
ξ2 sin2 θ.

(46)

In the corresponding homogeneous equation, the vari-
ables are separated and its general solution

ϕ(ξ, θ) =

∞∑
l=0

B2l j2l(ξ) P2l(t), (47)

where j2l(ξ) is the spherical Bessel function of the �rst
kind [19], B2l are the integration constants. The substi-
tution ϕ(ξ, θ) = Ω2ϕ̃(ξ, θ) allows us to get rid of the
parameter Ω2 in equation (46):

∆(ξ, θ) ϕ̃(ξ, θ) + ϕ̃(ξ, θ) = −ξ
2

4
sin2 θ. (48)

We �nd a partial solution of this equation in the form

ϕ̃(ξ, θ) =

∞∑
l=2

b2l
[
ξ sin θ

]2l
. (49)

Using the equality

∆(ξ, θ) {ξ sin θ}2l = (2l)2{ξ sin θ}2l−2, (50)

we �nd that

b2l = (−1)l−1 2−2l(l!)−2, (51)

therefore

1

4
ξ2 sin2 θ + ϕ̃(ξ, θ) = 1− J0(ξ sin θ), (52)

where J0(z) is the Bessel function of the zero kind [19].
From the di�erential equation for the function Y1(ξ, θ)
the asymptotic behavior follows

Y1(ξ, θ) ⇒ 1− ξ2

6
+

Ω2ξ2

4
sin2 θ + . . . (53)

at ξ → 0; as a result the general solution of equation (9),
which corresponds to the boundary conditions at ξ = 0,
can be represented in the form

Y1(ξ, θ) = j0(ξ) + Ω2

{
1− J0(ξ[1− t2]1/2) +

∞∑
l=1

α2l j2l(ξ) P2l(t)

}
, (54)

where α2l are the integration constants. In expression (54) together with the fundamental type solutions j2l(ξ) ·P2l(t),
that arise from the separation of the variables (and which were mentioned by Z. Kopal [9]), the term Ω2(1−J0(ξ[1−
t2]1/2) appears. The function J0(ξ[1 − t2]1/2) has the following expansion for the Legendre polynomials (t = cos θ)
and the spherical Bessel functions [19]:

J0
(
ξ[1− t2]1/2

)
=

∞∑
l=0

Dl j2l(ξ) P2l(t), Dl = (4l + 1)(2l)! 2−2l (l!)−2. (55)

Thereby the solution can be represented in the form of a series for the orthogonal functions

Y1(ξ, θ) = j0(ξ) + Ω2(1− j0(ξ)) + Ω2
∞∑
l=1

a2l j2l(ξ) P2l(t). (56)

Such representation was proposed in the work [16]. In the practical calculations, we restricted ourselves to the terms
1 ≤ l ≤ 3, and the integration constants a2l were determined from equation (26).

Formally, taking into account the in�nite number of the series terms for the Legendre polynomials, representations
(54) and (56) are completely equivalent. However, in practical calculations only a small number of terms should be
taken into account. In this case, representations (54) and (56) are not already equivalent. This is due to the features
of angular dependence of the function J0

(
ξ[1− t2]1/2

)
:

lim
t→±1

J0
(
ξ[1− t2]1/2

)
= 1;

lim
t→0

J0
(
ξ[1− t2]1/2

)
= J0(ξ);

1

2

+1∫
−1

J0
(
ξ[1− t2]1/2

)
dt = j0(ξ).

(57)
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Thereby the angular dependence of the function

Y1(ξ, θ) = j0(ξ) + Ω2

{
1− J0(ξ[1− t2]1/2) +

l0∑
l=1

α2l j2l(ξ) P2l(t)

}
, (58)

and the function

Ỹ1(ξ, θ) = j0(ξ) + Ω2

{
1− j0(ξ) +

l0∑
l=1

a2l j2l(ξ) P2l(t)

}
(59)

are di�erent. The term 1−J0(ξ[1− t2]1/2) is the result of
the selective summation of the in�nite series in formula
(56). This term re�ects the natural asymmetry of the
solution in the polar and the equatorial directions. First
of all, we consider the case of the calculation based on
function (58), which is di�erent from all the representati-
ons of the solution of the equilibrium equation for the
polytrope with index n = 1, which are used by other
authors.
The integration constants α2l will be found from

expression (26) for the case n = 1,

Y1(ξ, θ) = 1 +
Ω2ξ2

6

(
1− P2(t)

)
+

1

4π

∫
Y1(ξ

′
, θ

′
)Q(ξ, ξ

′
) dξ

′
. (60)

Substituting expression (58) into it and taking into

account (28), as well as the fact, that J0(ξ[1 − t2]1/2)
is the partial solution of equation (46), we obtain the
relation

l0∑
l=1

α2l j2l(ξ) P2l(t) = −P2(t)
ξ2

6

{
1 + 3I(e)

}

+
1

4π

l0∑
l=1

α2l

∫
j2l(ξ

′
) P2l(t

′
)Q(ξ, ξ

′
) dξ

′
.

(61)

We will perform integration over variables ξ
′
, t

′
, ϕ

′
in the

form of the rotational ellipsoid model with the eccentrici-
ty e and the equatorial radius ξe, as in the case of n = 0,
expanding the kernel Q(ξ, ξ

′
) in a series of the Legendre

polynomials:

1

4π

l0∑
l=1

α2l

∫
j2l(ξ

′
) P2l(t

′
)Q(ξ, ξ

′
) dξ

′
=

l0∑
l=1

α2l

4l + 1

P2l(t)

ξ1+2l

ξ∫
0

(ξ
′
)2+2lj2l(ξ

′
)dξ

′

+
1

2

l0∑
l=1

α2lP2l(t)ξ
2l

+1∫
−1

P 2
2l(t

′
)dt

′

ξ0(t
′
)∫

ξ

j2l(ξ
′
)(ξ

′
)1−2ldξ

′

+
1

2

l0∑
l,m=1

α2lP2m(t)ξ2m(1− δm,l)
+1∫
−1

P2l(t
′
)P2m(t

′
)dt

′

ξ0(t
′
)∫

ξ

j2l(ξ
′
)(ξ

′
)1−2mdξ

′
,

(62)

where δn,l is the Kronecker symbol and ξ0(t
′
) is determi-

ned by formula (22).

Integration over the variable ξ
′
is performed in the

analytical form using the equation for the function j2l(ξ),
as well as the following recurrent formulae [19]

j2l = −ξ2l−1 d
dξ

{
ξ1−2lj2l−1(ξ)

}
;

(4l + 1) j2l(ξ) = ξ{j2l+1(ξ) + j2l−1(ξ)};
d

dξ
jl(ξ) = jl−1(ξ)− l + 1

ξ
jl(ξ); l ≥ 1.

(63)

Comparing the coe�cients at the same factors ξ2lP2l(t)
in the left and right sides of expression (61), we obtain
the following system of linear equations for the constants
α2l:

α2S2,2 + α4S2,4 + ...+ α2l0S2,2l0 = −1

6

(
1 + 3I(e)

)
;

α2S4,2 + α4S4,4 + ...+ α2l0S4,2l0 = 0;

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

α2S2l0,2 + α4S2l0,4 + ...+ α2l0S2l0,2l0 = 0.

(64)

3902-8



NEW APPROACH IN THE THEORY OF STELLAR EQUILIBRIUM WITH AXIAL ROTATION

Ω e(Ω) ξp(Ω) ξe(Ω) α2(Ω) α4(Ω) η(n,Ω) ζ(n,Ω)

0.01000 0.03181 3.14081 3.14240 −8.22777 0.00823046 1.00023 1.00069

0.02000 0.06357 3.13845 3.14481 −8.23709 0.0329826 1.00092 1.00276

0.03000 0.09529 3.13453 3.14886 −8.25271 0.0744407 1.00207 1.00624

0.04000 0.12692 3.12906 3.15457 −8.27476 0.132918 1.0037 1.01115

0.05000 0.15846 3.12203 3.16198 −8.30344 0.208868 1.00582 1.01755

0.06000 0.18989 3.11347 3.17117 −8.33901 0.302896 1.00845 1.02550

0.07000 0.22120 3.10338 3.18221 −8.38178 0.415783 1.0116 1.03509

0.08000 0.25234 3.09179 3.19519 −8.43219 0.548513 1.01531 1.04642

0.09000 0.28334 3.07869 3.21025 −8.49072 0.702305 1.01962 1.05962

0.10000 0.31417 3.06410 3.22752 −8.55802 0.87867 1.02456 1.07486

0.11000 0.34483 3.04803 3.24720 −8.63483 1.07946 1.03018 1.09232

0.12000 0.37532 3.03048 3.26950 −8.72212 1.30699 1.03654 1.11224

0.13000 0.40567 3.01144 3.29472 −8.82104 1.56409 1.04373 1.13493

0.14000 0.43586 2.99091 3.32318 −8.93307 1.85437 1.05181 1.16074

0.15000 0.46596 2.96885 3.35536 −9.06006 2.18236 1.06092 1.19013

0.16000 0.49598 2.94521 3.39180 −9.20441 2.55395 1.07117 1.22371

0.17000 0.52601 2.91993 3.43328 −9.36930 2.97691 1.08275 1.26221

0.18000 0.55613 2.89289 3.48081 −9.55908 3.46178 1.09588 1.30666

0.19000 0.58648 2.86392 3.53586 −9.77991 4.02346 1.11085 1.35845

0.20000 0.61728 2.83276 3.60061 −10.04100 4.68409 1.12807 1.41956

0.21000 0.64889 2.79896 3.67856 −10.35720 5.47905 1.14816 1.49304

0.22000 0.68197 2.76174 3.77604 −10.75550 6.47174 1.17208 1.58394

0.23000 0.71801 2.71936 3.90695 −11.29530 7.80005 1.20165 1.70216

0.24000 0.76241 2.66599 4.11998 −12.18550 9.9398 1.24181 1.87604

0.24100 0.76815 2.65918 4.15324 −12.32580 10.2704 1.24703 1.90011

0.24200 0.77450 2.65173 4.19196 −12.48960 10.654 1.25269 1.92679

0.24300 0.78185 2.64324 4.23955 −12.69170 11.1232 1.25902 1.95741

0.24400 0.79133 2.63259 4.30595 −12.97500 11.7734 1.26661 1.99561

0.24410 0.79253 2.63127 4.31477 −13.01280 11.8594 1.26751 2.00026

0.24420 0.79382 2.62987 4.32435 −13.05380 11.9526 1.26845 2.00517

0.24430 0.79522 2.62836 4.33488 −13.09900 12.055 1.26945 2.01043

0.24440 0.79676 2.62671 4.34673 −13.14990 12.170 1.27052 2.01616

0.24450 0.79853 2.62484 4.36049 −13.20900 12.3033 1.2717 2.02254

0.24460 0.80067 2.62259 4.37754 −13.28240 12.4681 1.27307 2.03005

0.24470 0.80375 2.61944 4.40267 −13.39080 12.7103 1.27488 2.04028

Table 2. Dependence of the model characteristics with index n = 1 on angular velocity in the approximation (58)

The coe�cients S2l,2l, S2m,2l, . . . are functions of the parameters e, ξe and are determined by such expressions:

S2l,2l =

1∫
0

P 2
2l(t) ξ

1−2l
0 j2l−1(ξ0) dt;

S2m,2l=−
1∫

0

P2m(t)P2l(t)
{ ξ0∫
ξ1(n)

(ξ′)1−2mj2l(ξ
′)dξ′

}
dt.

(65)

The expressions S2m,2l are reduced to single integrals:

S2,4 =

1∫
0

P2(t)P4(t) ξ−10 {j3(ξ0) + 2ξ−10 j2(ξ0)} dt;

S2,6 =

1∫
0

P2(t)P6(t) ξ−10 {j5(ξ0) + 4ξ−10 j4(ξ0) + 8ξ−20 j3(ξ0)} dt; (66)

S4,6 =

1∫
0

P4(t)P6(t) ξ−30 {j5(ξ0) + 2ξ−10 j4(ξ0)} dt,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ..
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Here ξ0 ≡ ξ0(t) is determined by formula (22). As was
shown by expressions (65), at small values of angular
velocity

S2l,2l ≈ S̃2l,2l = (4l + 1)−1ξ1−2l1 j2l−1(ξ1),

α2 ≈ −
5

6
ξ21 , α2l = 0 at l ≥ 2,

(67)

where ξ1 = π is the dimensionless radius in the Emden
approximation. The constant α2 does not depend on the
rotation velocity and corresponds to the approximation
of the works [8, 11]. This is a raw approximation, which
is suitable for the small angular velocities.
The coe�cients α2l are the functions of angular veloci-

ty, as well as the eccentricity e and the equatorial radi-
us ξe, which are the same functions of angular velocity.
Therefore, there arises a problem of the self-consistent
determining of geometrical parameters of the rotational
ellipsoid. We performed the practical calculations in the
approximation α2l = 0 at l ≥ 3. The condition

j0(ξ0) + Ω2

{
1− J0(ξ0[1− t2]1/2)

+

2∑
l=1

α2l j2l(ξ0) P2l(t)

}
= 0 (68)

determines the equation of the stellar surface ξ0(t) ≡
ξ0(t|Ω). The root of equation at t = 1 determines the
polar radius ξp(Ω) ≡ ξ0(1|Ω) and the root at t = 0 yields
the equatorial radius ξe(Ω) ≡ ξ0(0|Ω) at 0 ≤ Ω ≤ Ωmax.
The equation

e2(Ω) = 1−
[
ξ0 (1|Ω)

ξ0 (0|Ω)

]2
(69)

determines the dependence of eccentricity e(Ω) on
angular velocity. The system of equations (64) � (69),
in which Ω is an independent parameter, determines the
dependencies e(Ω), ξe(Ω), ξp(Ω) and α2l(Ω)(1 ≤ l ≤ 2)
on angular velocity. The system can be solved numeri-
cally by the method of successive approximations. The
algorithm of successive iterations are as follows. At the
initial value Ω1 � 1 in zero approximation, values of
ξe(Ω) = ξp(Ω) are determined from equation (68) at
α2 = α̃2, α4 = 0. Next we �nd the values S2l,2l, S2m,2l

and solve the system of equations (64). In the next
iteration we �nd ξp(Ω) and ξe(Ω) from equation (68)
with help of coe�cients α2l found in previous step
and calculate the eccentricity e(Ω). We calculate again
S2l,2l, S2m,2l and etc. The �nal values α2l(Ω1) are used
as the zero successive approximation for the calculation
of the characteristics at Ω2 = Ω1+∆Ω and etc. Obtained
in this way, the integration constants and the ellipsoid's
characteristics are shown in Table 2.
The maximal value of the angular velocity is determi-

ned from condition (11). This is an instability point, at
which a leakage of the matter from the equatorial region
occurs.
The dependence of the values e(Ω), ξe(Ω), ξp(Ω),

α2(Ω), α4(Ω), and also the terms

η(1,Ω) = M(1,Ω)/M(1, 0),

(70)

ζ(1,Ω) = I(1,Ω)/I(1, 0)

on the the angular velocity are given in Table 2. Here
M(1,Ω) and I(1,Ω) denote the mass and the moment of
inertia of the rotational ellipsoid in the accepted approxi-
mation,M(1, 0) and I(1, 0) are the mass and the moment
of inertia of the polytropic star without rotation.
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Fig. 6. Dependence of the equatorial radius ξe(Ω) on the
rotation velocity Ω for the polytrope with n = 1 in di-
�erent approximations. Curve 1 is based on the results of
the work [8], curve 2 corresponds to approximation (58) at
l0 = 2. Curve 3 is based on the results of the work [10], curve

4 � of the work [12], curve 5 � of the work [11]
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Fig. 7. Dependence of the polar radius ξp(Ω) on the rotation
velocity Ω for the polytrope with n = 1 in di�erent approxi-
mations. Curve 1 is based on the results of the work [8], curve
2 corresponds to the approximation (58) at l0 = 2. Curve 3
is based on the results of the work [10], curve 4 � of the

work [12], curve 5 � of the work [11]

The dependence of the equatorial radius on the axi-
al velocity in di�erent approximations is illustrated in
Fig. 6. Similarly, the dependence of the polar radius on
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the axial velocity in the same approximations is given in
Fig. 7.
As can be seen from the Figures, the E. Milne �

S. Chandrasekhar approximation is usable in the vici-
nity 0 ≤ Ω . 0.5 Ωmax(1).
As was shown in Table 2, the polytrope with index

n = 1 is stable in the region 0 ≤ Ω ≤ Ωmax(1) ≈
0.2447 . . . . The constants α2 and α4 have opposite si-
gns and signi�cantly depend on angular velocity. In the
region 0 ≤ Ω ≤ 0.5 Ωmax(1) the constant α4 is small,
and in the region Ω > 0.5Ωmax(1) it is close to the |α2|.
Since in the region 0 ≤ ξ ≤ ξe (Ωmax) the functions j2(ξ)
and j4(ξ) are positive, the approximation α4 = 0 is only
applicable in the region of small velocities Ω.
Approximation (59) at l0 = 1 corresponds to works

[8] and [12]. In the work [8] the constant α2 is determi-
ned by expression (67) at ξ1 = π, and in the work
[12] it is calculated numerically based on the calculati-

on of the change of the gravitational potential, which
is caused by the rotation. The critical parameters of
angular velocity, which are given by the authors are:
Ωmax(1) ≈ 0.3315 [8] and Ωmax(1) ≈ 0.3264 . . . [12].
The author [12] mistakenly considered approximation
(59) at l = 1 as the accurate solution of the problem.
In fact, the results obtained by him improve the results
of the work [8]. The approximation of S. Chandrasekhar
[8] is used also in the work [11] for the description of
the inner polytrope region, whose radius is close to the
Emden radius. It was found that the maximal value of
the velocity Ωmax(1) ≈ 0.2755. In the work [10], the
polytrope characteristics are calculated numerically. The
index n = 1 corresponds to the Ωmax(1) ∼= 0.2891 . . . .
From these comparisons, it is possible to conclude: the
more precise the calculation, the smaller the value of the
critical velocity Ωmax.

Ω e(Ω) ξp(Ω) ξe(Ω) a2(Ω) a4(Ω) a6(Ω) η(n,Ω) ζ(n,Ω)

0.01000 0.02739 3.14112 3.14230 −8.22784 0.00610775 −8.02713 · 10−6 1.00023 1.00062

0.02000 0.05478 3.13971 3.14443 −8.23739 0.02449 −0.000128907 1.00092 1.00249

0.03000 0.08219 3.13734 3.14799 −8.25338 0.055325 −0.000656943 1.00207 1.00563

0.04000 0.10961 3.13402 3.15302 −8.27594 0.0989151 −0.00209575 1.00369 1.01006

0.05000 0.13706 3.12973 3.15955 −8.30523 0.155695 −0.0051788 1.00580 1.01583

0.06000 0.16455 3.12447 3.16765 −8.34151 0.226242 −0.0108998 1.00839 1.02298

0.07000 0.19208 3.11820 3.17737 −8.38505 0.311294 −0.020555 1.01150 1.03158

0.08000 0.21967 3.11092 3.18880 −8.43625 0.411773 −0.0358001 1.01513 1.04172

0.09000 0.24733 3.10259 3.20205 −8.49557 0.52881 −0.0587258 1.01933 1.05351

0.10000 0.27507 3.09318 3.21725 −8.56357 0.663789 −0.0919578 1.02410 1.06707

0.11000 0.30291 3.08266 3.23456 −8.64098 0.818398 −0.13879 1.02951 1.08256

0.12000 0.33087 3.07097 3.25416 −8.72865 0.9947 −0.203359 1.03557 1.10016

0.13000 0.35900 3.05807 3.27632 −8.82768 1.19523 −0.290887 1.04237 1.12011

0.14000 0.38731 3.04388 3.30131 −8.93941 1.42314 −0.408009 1.04994 1.14270

0.15000 0.41586 3.02832 3.32953 −9.06557 1.68239 −0.563239 1.05839 1.16830

0.16000 0.44471 3.01127 3.36147 −9.20840 1.97802 −0.767633 1.06782 1.19736

0.17000 0.47394 2.99259 3.39779 −9.37084 2.31667 −1.03579 1.07834 1.23047

0.18000 0.50367 2.97208 3.43938 −9.55694 2.70721 −1.3874 1.09014 1.26843

0.19000 0.53407 2.94946 3.48752 −9.77240 3.16206 −1.84985 1.10343 1.31232

0.20000 0.56538 2.92430 3.54414 −10.02570 3.69946 −2.46274 1.11855 1.36371

0.21000 0.59802 2.89594 3.61237 −10.33050 4.3481 −3.28708 1.13597 1.42496

0.22000 0.63273 2.86321 3.69793 −10.71110 5.15825 −4.42644 1.15648 1.50007

0.23000 0.67114 2.82368 3.81334 −11.21930 6.23501 −6.09077 1.18158 1.59696

0.24000 0.71852 2.77019 4.00008 −12.01930 7.90279 −8.92229 1.21544 1.73805

0.24100 0.72446 2.76320 4.02826 −12.13670 8.14357 −9.35381 1.21980 1.75727

0.24200 0.73086 2.75562 4.06018 −12.26860 8.41224 −9.84267 1.22449 1.77830

0.24300 0.73793 2.74724 4.09737 −12.42040 8.71955 −10.4124 1.22964 1.80179

0.24400 0.74604 2.73767 4.14281 −12.60320 9.0861 −11.1087 1.23546 1.82894

0.24500 0.75612 2.72593 4.20403 −12.84440 9.5632 −12.0491 1.24249 1.86270

0.24600 0.77450 2.70593 4.33124 −13.32470 10.4868 −14.0363 1.25413 1.92196

0.24601 0.77507 2.70536 4.33555 −13.34070 10.5167 −14.1062 1.25445 1.92369

0.24602 0.77563 2.70481 4.33977 −13.35610 10.5455 −14.1737 1.25477 1.92537

0.24603 0.77626 2.70418 4.34461 −13.37360 10.5784 −14.2512 1.25512 1.92728

0.24604 0.77702 2.70344 4.35043 −13.39470 10.6177 −14.3446 1.25554 1.92955

0.24605 0.77800 2.70249 4.35808 −13.42230 10.669 −14.4675 1.25608 1.93248

0.24606 0.77959 2.70100 4.37053 −13.46670 10.7512 −14.6673 1.25693 1.93714

0.24607 0.78685 2.69478 4.42985 −13.66320 11.1084 −15.5733 1.26065 1.95773

Table 3. Dependence of the model characteristics with index n = 1 on angular velocity in the approximation (59)
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We also calculated the characteristics of the polytrope
with index n = 1 based on approximation (59) at
l0 = 3. The integration constants α2l in this vari-
ant are determined in the same way as in the case
of function (58). The results of the calculation of the
polytrope characteristics are shown in Table 3. The
critical parameters of the polytrope were as follows:
Ωmax(1) ∼= 0.24607, ξp(Ωmax) ∼= 2.69478 . . . , ξe(Ωmax) ≈
4.42985 . . . .
Here α4 > 0, α6 < 0, in the region of small velocities

they are small, and near the critical point, the absolute
values of all constants are similar.
The characteristics of the polytrope, which are

calculated based on functions (58) and (59) are very
close. However, approximation (58) is more e�cient, it
greatly simpli�es the procedure for the self-consistent
calculations and gives slightly lower values for the cri-
tical angular velocity and the polar radius.

V. NON-LINEAR EQUILIBRIUM EQUATION

To �nd approximate solutions of the equilibrium
equation at n > 1 in the work [7], the linearization
procedure was proposed, which was used later in all the
works using analytical approach. As was shown in the
previous sections, in the transition from the polytrope
with index n = 0 to the polytrope with n = 1 the maxi-
mal value of angular velocity decreases approximately in
1.9 times. From the results of the works [8] � [12], the
approximate relation Ωmax(n) ≈ 21−nΩmax(1) follows,
where Ωmax(n) is the maximal value of angular veloci-
ty for the polytrope with index n. This is the basis for
linearizing equation (9)

Yn(ξ, θ) = ỹn(ξ) + Ω2Ψn(ξ, θ). (71)

Selecting the function of zero order approximation ỹn(ξ)
in the form of the Emden function yn(ξ) (as in the
works [7, 8]), which is the solution of equation (27),
is not optimal for the following reasons. The functions
yn(ξ) are alternating, and the solution of equation (9)
Y (ξ, θ) ≥ 0 by de�nition. Since at this selection, the
function Ψn(ξ, θ) satis�es the equation

∆(ξ, θ) Ψn(ξ, θ) = 1− n · yn−1n (ξ)Ψn(ξ, θ), (72)

then for non-integer values the polytropic index n has
complex solutions. It should be noted that with integer
values of the polytropic index n in the role of zero
approximation, we can use the function yn(ξ). This leads
to small errors, since the density of matter in the surface
layers is small.
In order to obtain a self-consistent solution of the

problem, we select the function ỹn(ξ), which satis�es the
equation

∆(ξ) ỹn(ξ) = G2
n − ỹn(ξ). (73)

Here Gn is an auxiliary parameter; this is such a value
of angular velocity, at which the solution of equation (73)
does not accept negative values, and in the vicinity of

some point ξ̃1(n) the function ỹn(ξ) reaches the mini-

mum, moreover ỹn(ξ̃1(n)) = 0. The solutions of equation
(73) for several values of the polytropic index n are shown
in Fig. 8.
The corresponding values of parameter Gn are given in

Table 4. It is easy to see that these values are close to the
maximum value of angular velocity at �xed polytropic
indexes. For further calculations, the functions ỹn(ξ) are

used in the range 0 ≤ ξ ≤ ξ̃1(n).

n 1.5 2.0 2.5 3.0

Gn 0.287319 0.194602 0.128602 0.0808936

Table 4. Dependence of the parameter Gn on the polytropic
index n
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Fig. 8. The solutions of equation (73) for several values of
the polytropic index 1.5 ≤ n ≤ 3.0, ∆n = 0.5. Curve 1
corresponds to the polytropic index n = 1.5, curve 4 �

n = 3.0

The equation for the function Ψn(ξ, θ) now takes the
form

Ω2∆(ξ, θ)Ψn(ξ, θ) = (Ω2 −G2
n)− Ω2nỹn−1n (ξ)Ψn(ξ, θ).

(74)
By analogy to equation (59), we use the substitution

Ψn(ξ, θ) = ψn,0(ξ|Ω) +
∑
l=1

α2lP2l(t)ψn,2l(ξ), (75)

where α2l are the integration constants, ψn,0(ξ|Ω) and
ψn,2l(ξ) are the functions of variable ξ. They are the
solutions of the following linear equations

Ω2∆ξψn,0(ξ|Ω) = (Ω2 −G2
n)− Ω2nỹn−1n (ξ)ψn,0(ξ|Ω),

∆ξψn,2l(ξ) = {2l(2l + 1) ξ−2 − nỹn−1n (ξ)}ψn,2l(ξ).
(76)

which correspond to the zero boundary conditions:

ψn,0(0|Ω) = ψn,2l(0) = 0, (77)

∂ψn,0(ξ|Ω)/∂ξ = ∂ψn,2l(ξ)/∂ξ = 0 at ξ → 0.

The solutions of equations ψn,0(ξ|Ω) and ψn,2l(ξ) at 1 ≤
l ≤ 3 were found numerically. The functions ψn,2l(ξ) are
the analogous of Bessel's functions j2l(ξ).
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Let us consider the de�nition of integration constants
α2l, using the integral form of the equilibrium equation.

Analogue (61) takes the following form:

ỹn(ξ) + Ω2 ψn,0(ξ|Ω) + Ω2
∞∑
l=1

α2l ψn,2l(ξ) P2l(t)

= 1 +
Ω2ξ2

6
(1− P2(t)) +

1

4π

∫
dξ

′
Q(ξ, ξ

′
)

×
{
ỹnn(ξ

′
) + n ỹn−1n (ξ

′
) Ω2

[
ψn,0(ξ

′
|Ω) +

∞∑
l=1

α2l ψn,2l(ξ
′
) P2l(t

′
)

]}
.

(78)

This equation can be simpli�ed, taking into account the equation for ỹn(ξ) and ψn,0(ξ|Ω) in the integral form:

ỹn(ξ) = 1 +

ξ∫
0

dξ′
[

(ξ′)2

ξ
− ξ′

]{
ỹnn(ξ′)−G2

n

}
,

Ω2ψn,0(ξ|Ω) =

ξ∫
0

dξ′
[

(ξ′)2

ξ
− ξ′

]{
Ω2ψn,0(ξ′|Ω)nỹn−1n (ξ′) +G2

n − Ω2

}
.

(79)

As a result, ỹn(ξ), ψn,0(ξ|Ω) is excluded from equation (78) and we obtain an analog of equation (61), namely

∞∑
l=1

α2l P2l(t) ψn,2l(ξ) = −ξ
2

6
P2(t){1 + 3I(e)}

+
1

4π

∫
Q(ξ, ξ

′
)

∞∑
l=1

α2lP2l(t
′
)nỹn−1n (ξ

′
) ψn,2l(ξ

′
) dξ

′
.

(80)

Expanding the kernel Q(ξ, ξ
′
) in a series of the Legendre polynomials, integrating over the variable ξ

′
in the

vicinity of the rotational ellipsoid with eccentricity e and equatorial radius ξe, equating the coe�cients at the same
factors ξ2l P2l(t) in left and right sides of equation (78), we obtain a system of linear equations for the integration
constants:

α2S2,2 + α4S2,4 + α6S2,6 + . . . = −1

6
[1 + 3I(e)];

α2S4,2 + α4S4,4 + α6S4,6 + . . . = 0;

α2S6,2 + α4S6,4 + α6S6,6 + . . . = 0.

(81)

The coe�cients of this system are determined by the following expressions:

S2l,2l =

1∫
0

P 2
2l(t) dt ξ

−2l
0 (t)

{
(2l + 1) ψn,2l(ξ0(t)) + ξ0(t)

d

dξ0
ψn,2l(ξ0(t))

}
;

S2,2l = −
1∫

0

P2(t) P2l(t) dt

ξ0(t)∫
ξ1(n)

n ỹn−1n (ξ
′
) ψn,2l(ξ

′
)(ξ

′
)−1dξ

′
; l = 2; 3 ;

S4,2l = −
1∫

0

P4(t) P2l(t) dt

ξ0(t)∫
ξ1(n)

n ỹn−1n (ξ
′
) ψn,2l(ξ

′
)(ξ

′
)−3dξ

′
; l = 1; 3 ;

S6,2l = −
1∫

0

P6(t) P2l(t) dt

ξ0(t)∫
ξ1(n)

n ỹn−1n (ξ
′
) ψn,2l(ξ

′
)(ξ

′
)−5dξ

′
; l = 1; 2 ,

(82)

and calculated numerically.
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The approximation of E. Milne�S. Chandrasekhar [7,
8] corresponds to

α̃2 ' −
5

6
ξ21

{
3ψn,2(ξ1) + ξ1

d

dξ1
ψn,2(ξ1)

}−1
, (83)

where ξ1 ≡ ξ1(n) is the dimensionless radius of
Emden's sphere for the polytropic index n. The self-
consistent calculation of rotational ellipsoid parameters
is performed in the same way as at n = 1, using the
iteration method. In zero approximation α2 = α̃2, α4 =
α6 = 0.
Tables 5�8 showed the results of self-consistent

calculations of the dependence of geometrical parameters
of the polytropic stars, their masses and moments of
inertia on the axis of rotation, as well as the dependence
of integration constants α2l on the rotation velocity for
the polytropic index 1.5 ≤ n ≤ 3.0 at ∆n = 0.5. This
range of the polytropic index is the most important from
the application point of view, because it corresponds to

degenerate dwarfs.
The dependence of angular velocity on equatorial and

polar radii in di�erent approximations for the polytropic
indexes n = 1.5; 3.0 was illustrated in Figs. 9�12.
Curves 1 correspond to the approximation of E. Milne�
S. Chandrasekhar, curves 2 are built on the results of
our calculations according to Tabs. 5, 8, curves 3 �
according to the work [10], curves 4 � according to
the work [11]. In Fig. 12, curve 1 (the approximation
of E. Milne�S. Chandrasekhar) almost coincides with
R. James's results (curve 3), so we do not show it.
As can be seen from the Tables, the maximal value

of angular rotational velocity decreases with an increase
in n proportional to Ωmax(n) ≈ 21−nΩmax(1). Therefore,
in the case of n > 1 the approximate consideration of
equilibrium becomes possible by linearizing of equation
(9). In this case, the convergence of the series for the
functions ψn,2l(ξ)P2l(t) improves with an increase in the
polytropic index, as evidenced by the results, which were
shown in Tables 5�8.

Ω e(Ω) ξp(Ω) ξe(Ω) α2(Ω) α4(Ω) α6(Ω) η(n,Ω) ζ(n,Ω)

0.01000 0.03727 3.65366 3.65620 −11.38260 0.00609602 2.19394 · 10−5 1.00266 1.00659

0.02000 0.07465 3.65043 3.66064 −11.40420 0.0245327 6.75745 · 10−5 1.00351 1.00925

0.03000 0.11199 3.64504 3.66812 −11.44030 0.0555408 0.000352768 1.00493 1.01371

0.04000 0.14939 3.63745 3.67874 −11.49140 0.0996388 0.00125495 1.00694 1.02005

0.05000 0.18688 3.62763 3.69268 −11.55790 0.157522 0.00309018 1.00956 1.02836

0.06000 0.22445 3.61552 3.71017 −11.64060 0.230143 0.0066128 1.01283 1.03878

0.07000 0.26216 3.60106 3.73153 −11.74030 0.318724 0.0124912 1.01677 1.05147

0.08000 0.30000 3.58416 3.75717 −11.85810 0.424816 0.0219074 1.02145 1.06668

0.09000 0.33805 3.56475 3.78762 −11.99570 0.550374 0.0361455 1.02692 1.08468

0.10000 0.37633 3.54271 3.82360 −12.15480 0.697832 0.0570846 1.03327 1.10585

0.11000 0.41493 3.51791 3.86607 −12.33810 0.870274 0.0871608 1.04060 1.13069

0.12000 0.45394 3.49016 3.91638 −12.54870 1.07161 0.129713 1.04906 1.15985

0.13000 0.49353 3.45924 3.97646 −12.79150 1.30696 0.189748 1.05882 1.19422

0.14000 0.53395 3.42479 4.04927 −13.07320 1.58324 0.274923 1.07014 1.23502

0.15000 0.57561 3.38626 4.13968 −13.40430 1.91028 0.398865 1.08337 1.28410

0.16000 0.61931 3.34263 4.25671 −13.80320 2.30349 0.588075 1.09905 1.34434

0.17000 0.66686 3.29167 4.42075 −14.30850 2.79123 0.905728 1.11812 1.42093

0.18000 0.72442 3.22687 4.70238 −15.04000 3.44931 1.55731 1.14267 1.52634

0.18100 0.73159 3.21888 4.74698 −15.14150 3.53342 1.66473 1.14564 1.53974

0.18200 0.73933 3.21040 4.79833 −15.25400 3.62382 1.78653 1.14876 1.55405

0.18300 0.74791 3.20128 4.85947 −15.38200 3.72279 1.92639 1.15208 1.56952

0.18400 0.75788 3.19128 4.93676 −15.53560 3.83491 2.08953 1.15568 1.58670

0.18410 0.75900 3.19022 4.94587 −15.55310 3.8472 2.10738 1.15606 1.58855

0.18420 0.76015 3.18914 4.95531 −15.57120 3.85975 2.12554 1.15644 1.59043

0.18430 0.76133 3.18805 4.96514 −15.58990 3.87258 2.14401 1.15684 1.59234

0.18440 0.76255 3.18693 4.97537 −15.60910 3.88571 2.16279 1.15724 1.59429

0.18450 0.76380 3.18581 4.98606 −15.62910 3.89917 2.18191 1.15764 1.59628

0.18460 0.76511 3.18466 4.99726 −15.65000 3.91302 2.20139 1.15805 1.59832

0.18470 0.76647 3.18350 5.00908 −15.67180 3.92732 2.22114 1.15847 1.60041

0.18480 0.76788 3.18231 5.02154 −15.69450 3.94204 2.24121 1.15890 1.60254

0.18490 0.76938 3.18110 5.03489 −15.71880 3.95747 2.26163 1.15934 1.60476

0.18491 0.76953 3.18097 5.03626 −15.72130 3.95903 2.26368 1.15939 1.60498

0.18492 0.76968 3.18085 5.03764 −15.72370 3.96058 2.26574 1.15943 1.60521

0.18493 0.76983 3.18073 5.03902 −15.72620 3.96215 2.26782 1.15948 1.60543

0.18494 0.76999 3.18060 5.04046 −15.72880 3.96378 2.2699 1.15952 1.60566

Table 5. Dependence of the model characteristics with index n = 1.5 on angular velocity
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Ω e(Ω) ξp(Ω) ξe(Ω) α2(Ω) α4(Ω) α6(Ω) η(n,Ω) ζ(n,Ω)

0.01000 0.04721 4.34935 4.35421 −11.76340 0.00246147 1.48767 · 10−5 1.00171 1.00488

0.02000 0.09451 4.34402 4.36354 −11.79790 0.00989875 0.00012479 1.00277 1.00839

0.03000 0.14201 4.33505 4.37943 −11.85630 0.0224803 0.00063061 1.00456 1.01432

0.04000 0.18980 4.32233 4.40235 −11.93980 0.04049 0.00203777 1.00710 1.02282

0.05000 0.23799 4.30569 4.43305 −12.05020 0.0643543 0.00511351 1.01043 1.03407

0.06000 0.28674 4.28492 4.47267 −12.19020 0.0946777 0.0110026 1.01460 1.04837

0.07000 0.33622 4.25972 4.52288 −12.36350 0.132292 0.0213357 1.01970 1.06613

0.08000 0.38668 4.22972 4.58614 −12.57560 0.17834 0.0385013 1.02583 1.08790

0.09000 0.43851 4.19441 4.66638 −12.83470 0.234427 0.0660378 1.03312 1.11449

0.10000 0.49235 4.15304 4.77023 −13.15390 0.302915 0.109525 1.04180 1.14709

0.11000 0.54939 4.10427 4.91037 −13.55680 0.387596 0.17879 1.05218 1.18763

0.12000 0.61252 4.04496 5.11712 −14.09670 0.49591 0.295119 1.06482 1.23955

0.13000 0.69297 3.96298 5.51494 −14.97470 0.652591 0.533935 1.08102 1.31176

0.13100 0.70393 3.95164 5.58787 −15.11580 0.674935 0.575974 1.08299 1.32119

0.13200 0.71647 3.93889 5.67916 −15.28500 0.700528 0.626144 1.08508 1.33147

0.13300 0.73205 3.92384 5.80605 −15.50820 0.732067 0.689267 1.08738 1.34318

0.13400 0.76146 3.90235 6.09263 −15.97620 0.787996 0.783569 1.09038 1.36011

0.13401 0.76245 3.90193 6.10328 −15.99310 0.789697 0.785217 1.09045 1.36051

0.13402 0.76370 3.90144 6.11673 −16.01470 0.791813 0.78704 1.09052 1.36101

0.13403 0.76558 3.90081 6.13717 −16.04740 0.79495 0.789276 1.09062 1.36172

Table 6. Dependence of the model characteristics with index n = 2.0 on angular velocity

Ω e(Ω) ξp(Ω) ξe(Ω) α2(Ω) α4(Ω) α6(Ω) η(n,Ω) ζ(n,Ω)

0.01000 0.06322 5.35048 5.36121 −11.58170 0.000809512 4.90288 · 10−6 1.00099 1.00332

0.02000 0.12681 5.34119 5.38467 −11.64060 0.00325686 6.97289 · 10−5 1.00236 1.00819

0.03000 0.19122 5.32534 5.42545 −11.74210 0.00740741 0.000363718 1.00468 1.01652

0.04000 0.25696 5.30234 5.48653 −11.89210 0.0133808 0.00119972 1.00800 1.02861

0.05000 0.32473 5.27131 5.57316 −12.10030 0.0213781 0.00310439 1.01239 1.04498

0.06000 0.39557 5.23087 5.69487 −12.38390 0.0317358 0.0069595 1.01797 1.06648

0.07000 0.47143 5.17877 5.87092 −12.77590 0.0450651 0.014342 1.02495 1.09449

0.08000 0.55692 5.10985 6.15057 −13.35480 0.0627473 0.0286666 1.03366 1.13161

0.09000 0.67342 4.99964 6.78465 −14.47900 0.0910807 0.0638903 1.04496 1.18523

0.09100 0.69208 4.98073 6.93480 −14.70970 0.0960785 0.071603 1.04635 1.19268

0.09200 0.71796 4.95578 7.17953 −15.06120 0.103147 0.0825558 1.04789 1.20150

0.09210 0.72160 4.95260 7.21777 −15.11380 0.104136 0.08401 1.04806 1.20256

0.09220 0.72570 4.94919 7.26216 −15.17420 0.105245 0.0855875 1.04824 1.20369

0.09230 0.73055 4.94543 7.31635 −15.24710 0.106543 0.0873363 1.04843 1.20493

0.09240 0.73690 4.94109 7.39002 −15.34500 0.108207 0.0893592 1.04865 1.20641

0.09241 0.73769 4.94060 7.39946 −15.35750 0.108411 0.0895861 1.04867 1.20658

0.09242 0.73855 4.94010 7.40962 −15.37090 0.10863 0.0898219 1.04869 1.20676

0.09243 0.73947 4.93957 7.42058 −15.38540 0.108862 0.0900652 1.04872 1.20694

0.09244 0.74045 4.93902 7.43246 −15.40100 0.109112 0.0903167 1.04875 1.20714

0.09245 0.74156 4.93844 7.44583 −15.41870 0.109389 0.0905842 1.04877 1.20736

0.09246 0.74281 4.93782 7.46104 −15.43880 0.109699 0.0908674 1.04880 1.20760

0.09247 0.74431 4.93713 7.47942 −15.46300 0.110068 0.0911784 1.04884 1.20787

Table 7. Dependence of the model characteristics with index n = 2.5 on angular velocity
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Ω e(Ω) ξp(Ω) ξe(Ω) α2(Ω) α4(Ω) α6(Ω) η(n,Ω) ζ(n,Ω)

0.01000 0.09282 6.89320 6.92308 −11.58950 0.000242961 2.11767 · 10−6 1.00077 1.00309

0.02000 0.18743 6.87397 6.99798 −11.71670 0.00097408 3.52237 · 10−5 1.00262 1.01058

0.03000 0.28608 6.83926 7.13747 −11.95040 0.0022038 0.00018928 1.00577 1.02366

0.04000 0.39242 6.78413 7.37500 −12.33800 0.00397054 0.000658839 1.01035 1.04346

0.05000 0.51510 6.69711 7.81106 −13.01180 0.00643835 0.00189636 1.01660 1.07241

0.05100 0.52911 6.68556 7.87645 −13.10850 0.00674501 0.00210223 1.01734 1.07600

0.05200 0.54366 6.67319 7.94870 −13.21390 0.00706879 0.0023324 1.01809 1.07974

0.05300 0.55885 6.65988 8.02932 −13.32970 0.00741316 0.00259151 1.01888 1.08367

0.05400 0.57483 6.64541 8.12050 −13.45850 0.00778304 0.00288602 1.01968 1.08779

0.05500 0.59181 6.62945 8.22539 −13.60360 0.00818584 0.00322535 1.02052 1.09214

0.05600 0.61014 6.61155 8.34909 −13.77060 0.00863335 0.00362405 1.02138 1.09674

0.05700 0.63040 6.59087 8.50054 −13.96880 0.00914621 0.00410702 1.02228 1.10167

0.05800 0.65375 6.56588 8.69815 −14.21690 0.00976614 0.00472256 1.02322 1.10701

0.05900 0.68340 6.53284 8.99392 −14.56660 0.0106051 0.00559054 1.02422 1.11303

0.05910 0.68705 6.52876 9.03453 −14.61270 0.0107125 0.00570237 1.02432 1.11369

0.05920 0.69092 6.52445 9.07869 −14.66230 0.0108272 0.0058213 1.02443 1.11437

0.05930 0.69506 6.51989 9.12724 −14.71620 0.0109508 0.00594865 1.02453 1.11508

0.05940 0.69954 6.51501 9.18140 −14.77560 0.0110854 0.00608601 1.02464 1.11581

0.05950 0.70448 6.50976 9.24315 −14.84250 0.0112348 0.0062359 1.02475 1.11657

0.05960 0.71008 6.50402 9.31583 −14.92010 0.0114048 0.00640189 1.02487 1.11738

0.05970 0.71678 6.49758 9.40638 −15.01540 0.0116074 0.00659069 1.02499 1.11827

0.05980 0.72582 6.48994 9.53517 −15.14850 0.0118771 0.00681817 1.02512 1.11932

0.05981 0.72700 6.48906 9.55256 −15.16630 0.0119118 0.00684466 1.02513 1.11944

0.05982 0.72828 6.48814 9.57151 −15.18570 0.0119491 0.00687227 1.02515 1.11957

0.05983 0.72969 6.48719 9.59249 −15.20720 0.0119898 0.00690127 1.02516 1.11971

0.05984 0.73127 6.48616 9.61632 −15.23150 0.0120353 0.0069321 1.02518 1.11986

0.05985 0.73313 6.48504 9.64454 −15.26040 0.0120881 0.00696567 1.02519 1.12003

0.05986 0.73550 6.48377 9.68074 −15.29740 0.0121541 0.00700368 1.02521 1.12023

0.05987 0.73961 6.48201 9.74434 −15.36260 0.0122653 0.00705586 1.02524 1.12055

Table 8. Dependence of the model characteristics with index n = 3.0 on angular velocity
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VI. CONCLUSIONS

Simultaneous employment of the di�erential and
integral form of the mechanical equilibrium equation yi-
elds a closed system of expressions to determine the
geometrical and physical characteristics of the polytropic
star with axial rotation.
We have proposed two variants of the solution in

the form of expansions for the Bessel functions and
the Legendre polynomials for the polytrope with index
n = 1. The variant (58) is proven to be more e�ective: it
has better convergence, which simpli�es the procedure of
�nding the integration constants and gives a lower value
of the angular velocity.
In the case of n > 1, we used the standard lineari-

zation method of the equilibrium equation, which is
known from the works [7, 8]. The generalization of this
method proposed by us consists in the usage the multi-
component trial functions and zero approximation, whi-
ch is di�erent from the Emden functions, and which
improves the convergence of the series for the Legendre
polynomials.
As was shown in Figs. 6, 7, the curves of the

dependence of polar and equatorial radii, which are gi-
ven by other authors, coincide at small values of Ω and
are quite di�erent near Ωmax(n). The general pattern
is as follows: as the calculations become more preci-
se, the equatorial radius increases and the polar radi-
us decreases. The critical polytropic characteristics �
Ωmax(n), ξe(Ωmax(n)), ξp(Ωmax(n)) are the indicator of
the precision of the calculations. Table 9 showed these
parameters, which are obtained in the works [8, 10�12]
as well as from our Tables 2 and 5�8.

n 1.0 1.5 2.0 2.5 3.0

ΩCh
max [8] 0.3315 − 0.1805 − 0.0793

Ω∗
max 0.2447 0.18494 0.13403 0.09247 0.05987

ΩJ
max [10] 0.2891 0.2088 0.1466 0.0992 0.0623

ΩM
max [11] 0.2755 0.2025 0.1411 0.0965 0.0628

ΩC
max [12] 0.3264 − − − −

ξCh
e 3.91838 − 5.30746 − 8.36648

ξCh
p 2.62374 − 3.91491 − 6.55314

ξ∗e 4.40267 5.04046 6.13717 7.47942 9.74434

ξ∗p 2.61944 3.18060 3.90081 4.93713 6.48201

ξJe 4.7349 5.3007 6.12214 7.40012 9.02964

ξJp 2.6942 3.2964 4.05671 5.10233 6.68477

ξMe 4.54 5.24 6.33 7.72 10.12

ξMp 2.92 3.49 4.15 5.18 6.72

ξCe 4.9973 − − − −
ξCp 2.6534 − − − −

ξE(n) 3.1416 3.6538 4.3529 5.3553 6.8969

Table 9. Critical values of angular velocity, polar and
equatorial radii (∗ denotes our results)

As was shown in Table, Ωmax(n) calculated by us are
the lowest, as well as ξp(Ωmax). The data scattering of
ξe(Ωmax) in di�erent authors is much larger than the data

scattering of ξp(Ωmax), which is caused by the approxi-
mations and errors of calculations. One of the objecti-
ve indicators of the reliability of the calculations is the
dependence of the values ∆ξe ≡ ξe(Ωmax(n)) − ξE(n)
and ∆ξp(n) ≡ ξE(n) − ξp(Ωmax(n)) on the polytropic
index, where ξE(n) is the Emden radius. As was shown in
Fig. 13, the value ∆ξp(n) is the monotonically decreasing
function of the polytropic index n both in the our work
and in the works [8] and [10]. The value ∆ξp(n), which
is calculated according to the work [11], does not have
the monotonical dependence on the n, which is caused
by negligence in the calculations of the �tting constants.
Therefore, the results of the work [11] are less reliable
than the results of other works. The value ∆ξe(n) is
the monotonically increasing function of the polytropic
index n in all the works cited above (without taking into
account the data of the work [10] for the n = 3, which
indicates the error).
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Fig. 13. Dependence of the values ∆ξe ≡ ξe(Ωmax(n))−ξE(n)
and ∆ξp(n) ≡ ξE(n) − ξp(Ωmax(n)) on the polytropic index
in di�erent approximations. Curves 1 are built on the results
of the work [8], curves 2 are built according to the our results,
curves 3 correspond to the results [10], curves 4 correspond

to the results [11]

The works [8, 10, 12] use too simple approximations
for the calculations of the equilibrium equation, which
can be represented by the formula from the work [11]:

Yn(ξ, θ) = σ(0)
n (ξ) + Ω2σ(1)

n (ξ) + Ω2σ(2)
n (ξ) P2(t).

The approach proposed by us is based on the expansions
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for the orthogonal functions, which give more opportuni-
ties to �nd the solutions with su�cient precision.
The e�ectiveness of our approach can be judged from

the inverse problem of the theory � determination of the
polytrope parameters for the speci�c observable star. As
an example, we consider the star α Eridani, which is
described in the works [13, 14]. The work [13] gives the
observed data for this star: its massM = 9.7466·1030 kg,
its equatorial radius Re = 8.3520 · 109m, the ratio
ξp/ξe = 2/3, which corresponds to the eccentricity of
the auxiliary ellipsoid e = 0.7454. The polytropic model
of the star has four parameters: K, ρc, n, ω, which need
to be determined. As in the works [13, 14], we use a
polytrope with index n = 1. The system of expressions

Re(1,Ω) = λ1ξe(Ω), M(1,Ω) = 4π2ρcλ
3
1η(Ω),

K = 2πGλ21, Ω = ω(2πGρc)
−1/2

allows us to determine the parameters of the polytropic
model, if Re(1,Ω) is replaced with the observed equatori-
al radius Re, and M(1,Ω) � with the observed mass
M . According to Table 2, the eccentricity e(Ω) =
0.7454 corresponds to the dimensionless angular veloci-

ty Ω = 0.23655 and the dimensionless equatorial radius
ξe(Ω) = 4.02993. Therefore, the polytropic parameters

are obtained as follows: K = 1.80112 · 109 Pam6 (kg)
−2
,

ρc = 22.5881 kgm−3, ω = 2.30214 · 10−5 s−1. Accor-
ding to Table 3, this eccentricity corresponds to the
dimensionless angular velocity Ω = 0.24396 and
the dimensionless equatorial radius ξe(Ω) = 4.12304,
the polytropic parameters are obtained as follows:
K = 1.72069 · 109 Pam6 (kg)

−2
, ρc = 24.0449 kgm−3,

ω = 2.44963 · 10−5 s−1. In the work [13], where only
the exact integral representation of the equilibrium
equation solution is obtained in the analytical form, and
then numerical calculations are used, the value K =
1.75 · 109 Pam6 (kg)

−2
is obtained. Thus, we obtained

that the value of the parameter K is close to the result
of the work [13], the approximation (58) yields the value
of this parameter with an excess, and the expression (59)
� with a shortage. The approximate solution of the equili-
brium equation in the form 0.5(Y1(ξ, θ)+Ỹ1(ξ, θ)) (where

Y1(ξ, θ) is determined by the expression (58), and Ỹ1(ξ, θ)
is determined by the expression (59)) corresponds to the
value of the parameter K, which practically coincides
with the result of the work [13].
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ÍÎÂÈÉ ÏIÄÕIÄ Ó ÒÅÎÐI� ÐIÂÍÎÂÀÃÈ ÇIÐ Ç ÎÑÜÎÂÈÌ ÎÁÅÐÒÀÍÍßÌ

Ì. Â. Âàâðóõ, Í. Ë. Òèøêî, Ä. Â. Äçiêîâñüêèé
Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà,

êàôåäðà àñòðîôiçèêè, âóë. Êèðèëà i Ìåôîäiÿ, 8, 79005 Ëüâiâ, Óêðà¨íà

Çàïðîïîíîâàíî íîâèé âàðiàíò îïèñó ðiâíîâàæíèõ êîíôi óðàöié çið ó ìåæàõ ìîäåëi ç òâåðäîòiëü-
íèì îñüîâèì îáåðòàííÿì i ïîëiòðîïíèì ðiâíÿííÿì ñòàíó P (r) = K(ρ(r))1+1/n. Êðiì ïàðàìåòðà K,
ìîäåëü ìà¹ ùå òðè ïàðàìåòðè: ρc � ãóñòèíà â öåíòði çîði, ω � êóòîâà øâèäêiñòü, n � iíäåêñ ïîëi-
òðîïè. Ìåòîþ ðîáîòè ¹ çíàéòè ðîçïîäië ðå÷îâèíè çà îá'¹ìîì çîði íà îñíîâi ðiâíÿííÿ ðiâíîâàãè ïðè
çàäàíèõ ïàðàìåòðàõ ìîäåëi. Ìè îäíî÷àñíî âèêîðèñòîâó¹ìî ðiâíÿííÿ ðiâíîâàãè ÿê ó äèôåðåíöiéíié,
òàê i â iíòå ðàëüíié ôîðìàõ. Öå çàìêíóòà ñèñòåìà ðiâíÿíü, ùî íå ïîòðåáó¹ äîäàòêîâî¨ iíôîðìàöi¨.

Çà äîïîìîãîþ ïiäñòàíîâêè r = ξλn, ρ(r) = ρcY
n(ξ, θ) (λ2n = K(1 + n)[4πGρ

1−1/n
c ]−1) ñèñòåìà ðiâíÿíü

íàáóâà¹ áåçðîçìiðíîãî âèãëÿäó é çàëåæèòü âiä äâîõ áåçðîçìiðíèõ ïàðàìåòðiâ � iíäåêñó ïîëiòðîïè
(0 < n ≤ 5) òà áåçðîçìiðíî¨ øâèäêîñòi Ω = ω(2πGρc)

−1/2, ÿêà äëÿ áiëüøîñòi çið ¹ ìàëîþ âåëè÷èíîþ.
Ìîäåëü ç n = 0 âiäïîâiäà¹ íåñòèñëèâié ðiäèíi, äëÿ íå¨ âiäîìèé ðîçâ'ÿçîê i çàëåæíiñòü õàðàêòåðèñòèê
âiä Ω â çîíi ñòiéêîñòi (0 ≤ Ω ≤ Ωmax(0)). Âèïàäîê n = 1 âiäiãðà¹ ðîëü åòàëîíà. Ìè çíàéøëè äâà
åêâiâàëåíòíi çîáðàæåííÿ òî÷íîãî ðîçâ'ÿçêó ó âèãëÿäi áåçìåæíèõ ðÿäiâ çà ïîëiíîìàìè Ëåæàíäðà i
ñôåðè÷íèìè ôóíêöiÿìè Áåññåëÿ çà n = 1. Íà öié îñíîâi çàïðîïîíîâàíî äâà íàáëèæåíi âèðàçè çi
ñêií÷åííîþ êiëüêiñòþ äîäàíêiâ. Çà äîïîìîãîþ iíòå ðàëüíîãî ðiâíÿííÿ ðiâíîâàãè îäåðæàíî ñèñòåìó
ëiíiéíèõ àë åáðà¨÷íèõ ðiâíÿíü äëÿ çíàõîäæåííÿ êîåôiöi¹íòiâ ðîçêëàäiâ, ÿêà ðîçâ'ÿçó¹òüñÿ ÷èñåëü-
íî, ìåòîäîì iòåðàöié. Íàâåäåíî òàáëèöi çàëåæíîñòi åêâàòîðiàëüíîãî òà ïîëÿðíîãî ðàäióñiâ ïîâåðõíi
ïîëiòðîïè, ìàñè òà ìîìåíòó iíåðöi¨ âiä Ω, à òàêîæ ìåæó ñòiéêîñòi âiäíîñíî îáåðòàííÿ Ωmax(1). Äëÿ
n > 1 âèêîðèñòîâó¹ìî òåîðiþ çáóðåíü ñòîñîâíî âïëèâó îáåðòàííÿ. Çàïðîïîíîâàíî íîâó ìåòîäèêó
ëiíåàðèçàöi¨ ðiâíÿííÿ ðiâíîâàãè. Ðîçâ'ÿçêè ëiíåàðèçîâàíèõ ðiâíÿíü çîáðàæåíi ó âèãëÿäi ñêií÷åííèõ
ðîçêëàäiâ çà ïîëiíîìàìè Ëåæàíäðà é äåÿêèìè ôóíêöiÿìè ðàäiàëüíî¨ çìiííî¨ ψn,2l(ξ), ðîçðàõîâàíè-
ìè ÷èñåëüíèì ìåòîäîì. Êîåôiöi¹íòè ðîçêëàäiâ âèçíà÷åíî çà ìåòîäèêîþ, ðîçðîáëåíîþ äëÿ n = 1.
Çíàéäåíî ìåæi iñíóâàííÿ äiëÿíîê ñòàáiëüíîñòi (Ωmax(n) ≈ 21−nΩmax(1)), ðîçðàõîâàíî ãåîìåòðè÷íi
ïàðàìåòðè ïîëiòðîï òà ¨õíi ôiçè÷íi õàðàêòåðèñòèêè, à òàêîæ êîåôiöi¹íòè ðîçêëàäiâ ÿê ôóíêöi¨ Ω
äëÿ iíäåêñiâ n = 1.5, 2.0, 2.5, 3.0. Âèêîíàíî ïîðiâíÿííÿ ðîçðàõîâàíèõ ãåîìåòðè÷íèõ ïàðàìåòðiâ ïî-
âåðõîíü ïîëiòðîïè ç ðåçóëüòàòàìè iíøèõ àâòîðiâ. Îäåðæàíi ðåçóëüòàòè ìîæíà âèêîðèñòàòè äëÿ ïî-
áóäîâè ìîäåëåé êîíêðåòíèõ çið (âèçíà÷åííÿ ïàðàìåòðiâ K, ρc, ω, n) çà âiäîìèìè ñïîñòåðåæóâàíèìè
äàíèìè. ßê ïðèêëàä ìè ðîçðàõóâàëè ïàðàìåòðèK, ρc i ω äëÿ çîði α Eridani, âèêîðèñòîâóþ÷è âiäîìó
ìàñó é åêâàòîðiàëüíèé ðàäióñ. Ó äâîõ âàðiàíòàõ íàáëèæåíîãî ðîçâ'ÿçêó çà n = 1 îòðèìàíî çíà÷åííÿ
ïàðàìåòðà K, áëèçüêå äî âèçíà÷åíîãî â ðîáîòi [13], ÿêà  ðóíòó¹òüñÿ íà ÷èñåëüíèõ ðîçðàõóíêàõ.

Êëþ÷îâi ñëîâà: çîði-ïîëiòðîïè, íåîäíîðiäíi åëiïñî¨äè, îñüîâå îáåðòàííÿ, ðiâíÿííÿ ìåõàíi÷íî¨
ðiâíîâàãè, ñòàáiëüíiñòü çið.
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