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In our research, we studied 9 eclipsing binary stars: AR Lac, U CrB, S Equ, SU Boo, VV UMa, WW
Gem, YY Eri, V0404 Lyr, HP Aur. We collected large sets of moments of minima from BRNO and
observational data from AAVSO databases. Then, we obtained the moments of minima for AAVSO
observations (totally 397 minima) using the method of approximation with symmetric polynomial,
realized in software MAVKA. This software was provided by Kateryna D. Andrych and Ivan L.
Andronov. Then, we combined the obtained moments of minima with the data taken from BRNO
and plotted O�C diagrams. For all the stars, these diagrams represented sinus-like oscillations with
the superposition of a linear trend (for SU Boo, VV UMa, WW Gem, V0404 Lyr and HP Aur) or a
parabolic trend (for AR Lac, U CrB, S Equ and YY Eri). The oscillations could be described as the
presence of the third component, which does not take part in eclipses, but causes the well-known
light-time e�ect (LTE). That e�ect could be easily detected using long data series of observations.
However, the oscillations show clear asymmetry, which we interpreted by an elliptical shape of the
third components' orbit. The parabolic trend is explained by a mass transfer between components of
a binary system. For all the stars, we computed the minimal possible mass of the third component. In
addition, we developed our own code in the computed language Python and, using it, we computed
orbital elements of the third component. For the stars with a parabolic trend, we calculated the
mass transfer rate. For all computed values, the errors (accuracy) were estimated.
Key words: stellar astrophysics, eclipsing binary, mass transfer, third component, orbital

elements, O�C diagram.
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I. INTRODUCTION

A. General information

For this research, we have chosen 9 eclipsing binaries:
AR Lac, U CrB, S Equ, SU Boo, VV UMa, WW Gem,
YY Eri, V0404 Lyr, HP Aur. All of them are well-known
stellar systems and were observed during a long period of
time (80�150 years). To carry out our research, we took
some general parameters (period, initial epoch, variabili-
ty type etc.) of the systems from the �General Catalogue

of Variable Stars� (GCVS [1]). The masses of the binary
systems were taken from previously published articles.
All these parameters are collected in Table 1.

Unfortunately, only for three stellar systems (AR Lac,
WW Gem and HP Aur), the errors of the component
masses were provided. For all other stars, we supposed
that the errors of masses for the primary and secondary
components are equal to 7% of their masses. This value
is equal to the average relative error of the stellar masses
determination. In addition, there is a lot of information
published before in other articles by di�erent authors.

Stellar system Initial epoch (JD-2400000) Period (days) M1,M� M2,M� Ref

AR Lac 41593.7123 1.98319204 1.26±0.02 1.12±0.02 [2]

U CrB 16747.9718 3.45220133 4.8 1.4 [3]

S Equ 42596.74348 3.4360969 3.24 0.42 [4]

SU Boo 52500.895 1.561258 2.5 0.3 [5]

VV UMa 45815.3365 0.68738 1.93 0.44 [6]

WW Gem 25984.257 1.237811 4.39±0.33 2.11±0.16 [6]

YY Eri 41581.624 0.32149415 1.54 0.62 [7]

V0404 Lyr 35836.462 0.73094585 1.35 0.51 [8]

HP Aur 46353.236 1.4228191 0.9543±0.0041 0.8094±0.0036 [9]

Table 1. General information about investigated stars
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B. AR Lac

Fig. 1. O�C curve of AR Lac. For each star we plotted O�
C curve and made approximation. Small squares are the
observations from database BRNO, large rhombs are the ones
that we determined from AAVSO observations. The lines
show the approximation and the ±1σ and ±2σ �error corri-
dors�, where σ is a biased estimate of the r.m.s. deviation of

a single point from the approximation.

There are more than 200 articles published before, thus
we analyze only the most important of them. The thi-
rd component was supposed in [10�12]. In all the three
articles, the mass of the third component was estimated.
However, the orbital parameters were not computed. The
mass transfer was assumed in [11], [13�15] and [10]. In
the last four of these articles, the rate of the mass transfer
was computed.

C. U CrB

Fig. 2. O�C curve of U CrB

The mass transfer was supposed in [16�25]. The rate
of the mass transfer was computed in [16], [18], [21], [26]
and [24]. The third component as the reason for cyclic
period changes was supposed in [16], [26�30]. The third
component's mass was computed in [16], [29�31]. Orbital
elements were estimated in [27] and [29]. Moreover, in
[26] the fourth component was supposed and its mass
was computed.

D. S Equ

Fig. 3. O�C curve of S Equ

The mass transfer was supposed and its rate was
determined in [31�36]. The third component was
assumed and its mass was computed in [34�35].
Moreover, in [34] parameters of the third component's
orbit were calculated.

E. SU Boo

Fig. 4. O�C curve of SU Boo

In [37], a complex analysis of the third component
and the mass transfer hypothesis were made. The rate
of the mass transfer was computed, as well as the third
component's mass and the parameters of its orbit.

F. VV UMa

Fig. 5. O�C curve of VV UMa
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In [37], the hypothesis of the presence of the third
component was proposed; the parameters of the orbit
and the mass were calculated.

G. WW Gem

Fig. 6. O�C curve of WW Gem

The analysis of the third component and the mass
transfer was made in [38]. The mass, orbital elements
and the mass transfer rate were determined.

H. YY Eri

Fig. 7. O�C curve of YY Eri

In [39], the third component was supposed and its mass
was computed.

I. V0404 Lyr

Fig. 8. O�C curve of V0404 Lyr

In [40], both the third and the fourth components were
supposed and their masses obtained. The mass transfer
rate was computed as well.

J. HP Aur

Fig. 9. O�C curve of HP Aur

No analysis of either the mass transfer, or of the
presence of the third component was made in any article.

II. METHODS AND ALGORITHMS

One of the methods of detection of the third
components in eclipsing binary systems, is the O�C
analysis. The O�C curve is the dependence on time of the
deviations of the observed moment of minimum from the
calculated one. This method is one of the simplest, when
the third component is neither visible, nor taking part
in the eclipses. It is appropriate for any possible mass
of the third component, if this mass is enough to make
O�C oscillations larger then the noise. In this case, we
can suggest the presence of the third component without
spectroscopic observations, and even can estimate some
of its orbital parameters. On the other hand, the third
components usually have a long orbital period. That is
why several decades of regular observations are needed.
This is called LTE (the Light-Time E�ect).
If the O�C curve has sinus-like oscillations, we can

sugest the presence of the third component, which makes
the binary system to rotate around common barycenter
in a circular orbit. This motion causes a delay (either
positive or negative) of the minimal brightness moment.
If we plot the dependence of the delay on time we get
a sinusoid-like O�C curve. After calculating the ampli-
tude and the period of such changes, we can estimate the
minimal possible mass of the third component. Though
sometimes the oscillations have clear asymmetry but stay
periodic, which might be caused by the elliptical shape
of the third component's orbit. Parameters of such an
orbit could be estimated by special algorithms.
In the case of a parabolic shape of O�C or a parabolic

trend with the superposition of cyclic period changes,
we suppose the presence of a mass transfer between
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components of a binary system. If O�C is linear, it could
be caused by an error in the initial period determination.
We estimated the minimal possible mass of the third

component using the third Kepler's law and the formula
of the barycenter position. Then we supposed that the

orbit of the third component is perpendicular to the pi-
cture plane (thus we get the minimal possible value).
After simpli�cations, we got the formula for the minimal
possible mass of the third component:

M3 =
c ·∆t

3
√
G
·
[

2π

T
· (M1 +M2 +M3)

] 2
3

. (1)

The real mass of the third component is not less than this minimal value. The maximal value is formally not limited.
The minimal value depends on the semi-majour axis of the third component's orbit, that could be slightly di�erent
for various models.
To compute the masses of the third components, it is necessary to use this formula with several iterations. The

error of the minimal possible mass also was estimated:
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The next stage is the consideration of the mass transfer rate:

Ṁ =
1

3

Ṗ

P

M1M2

M1 −M2
. (3)

Error of the mass transfer rate:
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Here:

� M1, M2, M3 are the masses of the components;

� M is the sum of the components masses;

� P is the period of variability;

� Ṗ is the rate of the period change (days per day);

� Ṁ is the rate of the mass transfer (solar masses per
year);

� c is the speed of light in vacuum;

� G is the gravitational constant;

� T , ∆t are the period and amplitude of the O�C
oscillations;

� σP , σṖ , σM1, σM2, σ∆t, σT are the errors of the
period, rate of the period changes, masses of the
binary system's components, amplitude and period
of the O�C oscillations.

The rate of the period change could be obtained by the
approximation of the parabolic trend. The formula of
parabola is well-known:

O�C = αt2 + βt+ γ. (5)

Here parameter

α =
Ṗ

2
(6)

is proportional to the rate of the period changes; β is
an error of the period in the moment t = 0; γ is the
vertical shift (error of the initial epoch). Finally, we
considered the elliptic shape of the orbit. There are 6
main orbital elements which completely describe the thi-
rd component's motion:

� semi-major axis (a);

� eccentricity (e);

� three angles of inclination

� argument of the pericenter (Ω);

� inclination (i);

� longitude of pericenter (ω);

� orbital period (T );

� moment of the pericenter transit (t0).
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III. DATA PROCESSING

There were several stages in our research:

1. Collecting moments of minima from the database
BRNO [41];

2. Collecting amateur observations from the AAVSO
database [42];

3. Processing AAVSO observations using the
MAVKA software [43];

(à) Splitting data onto separate minima;

(á) Cutting out extraeclipsing part of the minima
(if necessary);

(â) Processing each individual minimum using
symmetrical polynomial of statistically opti-
mal order.

4. Combination of AAVSO and BRNO minima;

5. Plotting the O�C curve and estimation of the ini-
tial values of orbital parameters by eye *;

6. Correction of the orbital parameters by a modelling
program;

7. Making plots of O�C curve and deviations for vi-
sual control;

8. Calculation of the third component's mass;

9. Calculation of the mass transfer rate;

10. Estimation of the errors.

*Note: The Levenberg�Marquardt algorithm, which we
used for the calculation of orbital parameters, needs an

initial estimation. It could be done either using approxi-
mation with a simpler function or just by eye. The
accuracy of the estimation is not really important, the
coincidence in the order of value is enough. The accuracy
of the �nal computation does not depend signi�cantly
on the initial estimation. Fluctuations for di�erent initi-
al conditions usually are smaller than errors of the �nal
calculation.

All results of the calculations are provided in the
Appendix section in tables and pictures.

IV. AAVSO OBSERVATIONS PROCESSING

We took all avaliable data from the AAVSO database.
There are observations in di�erent �lters made by
various observers during several decades. For eclipsi-
ng binaries, the �lter does not a�ect the moment of
extremum. Firstly, we made the barycentric correction in
the program MCV [44]. Then, we sorted the observations
onto separate blocks. In each block there is only one �lter
and a single observer. That was done to split correctly
the observations made at the same time. Finally, we split
all data arrays onto separate minima and processed all
of them with MAVKA.
We used only three of the nine MAVKA methods:

WSP (wall-supported parabola), WSL (wall-supported
line) and WSAP (wall-supported asymptotic parabola).
These methods were created for the approximation of
eclipsing binaries' minima. Software MAVKA automati-
cally chooses the best of these three methods indivi-
dually for each minimum by the least error of the moment
of extremum. The algorithms, added to the subsequent
versions of MAVKA, were described in detail in articles
by Ivan L. Andronov and Kateryna D. Andrych [45�47].

V. DISCUSSION AND CONCLUSIONS

Parameter AR Lac U CrB S Equ SU Boo VV UMa

α, 10−12 days−1 −425± 8 77±8 382±5

β, 10−7 391±7 −299± 2 −336±4 −46.9± 0.3 −58.6± 0.2

γ, 10−3 days −957± 15 3±3 751±9 252±2 261±1

a sin i, 106 km 1420±30 914±15 548±12 216±7 419±9

e, 10−3 470±27 389±30 137±41 264±47 325±30

ω, rad −6.63±0.04 4.79±0.06 3.27±0.23 0.35±0.23 3.51±0.07

t0, JD-2400000 −21390±610 −19430± 590 3210 ± 790 4070±200 6120 ± 220

T , days 19000±140 30930±280 17380±180 3088±9 8750±30

Ṁ , 10−9 M�
year 133±27 1.55±0.16 1.90±0.15

M3, M� 1.746±0.067 1.204±0.089 0.750±0.057 4.795±0.523 0.820±0.069

Table 2 (Part 1). Orbital elements, masses of the third components and mass transfer rates for all 9 stars
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Parameter WW Gem YY Eri V0404 Lyr HP Aur

α, 10−12 days−1 212±2

β, 10−7 12.0±0.7 −109.1±1.4 11.17±0.05 4.26±0.1

γ, 10−3 days −41±4 85±3 −75.0±0.3 −21.2± 0.5

a sin i, 106 km 207±7 271±2 56.75±0.06 56.9±0.6

e, 10−3 262±64 416±12 79±2 153±20

ω, rad -1.08±0.26 0.84±0.03 2.78±0.03 −7.38±0.13

t0, JD-2400000 3010±300 4610±190 4980±20 10560±80

T , days 2783±15 16230±60 640±0.2 1590±3

Ṁ , 10−9 M�
year 259±31

M3, M� 0.714±0.056 0.530±0.040 0.260±0.130 0.457±0.033

Table 2 (Part 2)

Fig. 10. Computed masses of the third components (squares) in comparison with previous results (dots)

For V0404 Lyr, U CrB, YY Eri and SU Boo, the values
of the third components' masses are in good agreement
with other authors' results. For HP Aur the third body's
mass was computed for the �rst time. For VV UMa and
S Equ, our values of the masses are signi�cantly larger
than previous results and for WWGem our mass is much
smaller than the published one. For AR Lac there exist
both much smaller and much larger previous estimations.
All these di�erences could be o�ributed to di�erent data
sets and models used by various authors.
Generally, our results should be more accurate than

those in the previous publications, because we had a
longer time scale of observations and obtained additi-
onal O�C points from the AAVSO observations. In addi-
tion, we used a more precise model which consider non-
circular orbits. Unfortunately, only several authors provi-

ded errors of their calculations. Thus, a detailed compari-
son of the accuracy is not possible.
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ÒÐÅÒI ÊÎÌÏÎÍÅÍÒÈ Ç ÅËIÏÒÈ×ÍÈÌÈ ÎÐÁIÒÀÌÈ Â ÇÀÒÅÌÍÞÂÀÍÈÕ
ÏÎÄÂIÉÍÈÕ ÑÈÑÒÅÌÀÕ

Ä. Å. Òâàðäîâñüêèé1,2, Â. I. Ìàðñàêîâà2, I. Ë. Àíäðîíîâ1
1Îäåñüêèé íàöiîíàëüíèé ìîðñüêèé óíiâåðñèòåò, êàôåäðà ìàòåìàòèêè ôiçèêè i àñòðîíîìi¨

2Îäåñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi I. I. Ìå÷íèêîâà, êàôåäðà òåîðåòè÷íî¨ ôiçèêè i àñòðîíîìi¨

Ó íàøîìó äîñëiäæåííi ìè âèâ÷èëè 9 çàòåìíþâàíèõ ïîäâiéíèõ çið: AR Lac, U CrB, S Equ, SU
Boo, VV UMa, WW Gem, YY Eri, V0404 Lyr, HP Aur. Çiáðàëè âåëèêi ìàñèâè ìiíiìóìiâ iç áàçè äàíèõ
BRNO òà ñïîñòåðåæåíü iç áàçè äàíèõ AAVSO. Âiäòàê îòðèìàëè ìîìåíòè ìiíiìóìiâ äëÿ ñïîñòåðåæåíü
AAVSO (óñüîãî � 397 ìiíiìóìiâ) çà äîïîìîãîþ ìåòîäó àïðîêñèìàöi¨ ç ñèìåòðè÷íèì ïîëiíîìîì,
ðåàëiçîâàíîãî â ïðîãðàìi MAVKA. Öå ïðîãðàìíå çàáåçïå÷åííÿ íàäàëè Êàòåðèíà Àíäðè÷ òà Iâàí
Àíäðîíîâ. Ïiñëÿ òîãî ìè ïî¹äíàëè îòðèìàíi ìîìåíòè ìiíiìóìiâ iç äàíèìè, îäåðæàíèìè ç BRNO,
òà ïîáóäóâàëè äiàãðàìè O�C. Äëÿ âñiõ çið öi äiàãðàìè ÿâëÿëè ñîáîþ ïîäiáíi äî ñèíóñî¨äàëüíèõ
êîëèâàííÿ ç ñóïåðïîçèöi¹þ ëiíiéíîãî (äëÿ SU Boo, VV UMa, WW Gem, V0404 Lyr òà HP Aur)
àáî ïàðàáîëi÷íîãî òðåíäó (äëÿ AR Lac, U CrB, S Equ òà YY Eri). Êîëèâàííÿ ìîæíà îïèñàòè ÿê
íàÿâíiñòü òðåòüîãî êîìïîíåíòà, ùî íå áåðå ó÷àñòi â çàòåìíåííÿõ, àëå âèêëèêà¹ âiäîìèé light-time
e�ect (LTE). Öåé åôåêò ìîæíà ëåãêî âèÿâèòè, âèêîðèñòîâóþ÷è äîâãi ñåði¨ äàíèõ. Îäíàê êîëèâàííÿ
ìàþòü ÷iòêó àñèìåòðiþ, ÿêó ìè iíòåðïðåòóâàëè ÿê åëiïòè÷íó ôîðìó îðáiòè òðåòüîãî êîìïîíåíòà.
Ïàðàáîëi÷íèé òðåíä ìè ïîÿñíèëè ÿê ïåðåòiêàííÿ ðå÷îâèíè ìiæ êîìïîíåíòàìè ïîäâiéíî¨ ñèñòåìè.
Äëÿ âñiõ çið ìè îá÷èñëèëè ìiíiìàëüíî ìîæëèâó ìàñó òðåòüîãî êîìïîíåíòà. Êðiì òîãî, ðîçðîáèëè
âëàñíèé êîä ìîâîþ ïðîãðàìóâàííÿ Python òà çà éîãî äîïîìîãîþ îá÷èñëèëè åëåìåíòè îðáiòè òðåòüîãî
êîìïîíåíòà. Ùîáiëüøå, äëÿ çið iç ïàðàáîëi÷íèì òðåíäîì ìè ðîçðàõîâóâàëè øâèäêiñòü ïåðåòiêàííÿ
ðå÷îâèíè. Óðåøòi-ðåøò, äëÿ âñiõ îá÷èñëåíèõ çíà÷åíü ìè îöiíèëè ïîõèáêè.

Êëþ÷îâi ñëîâà: çîðÿíà àñòðîôiçèêà, çàòåìíþâàíî-çìiííi çîði, ïåðåòiêàííÿ ðå÷îâèíè, òðåòi êîì-
ïîíåíòè, åëåìåíòè îðáiòè, äiàãðàìà O�C.
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