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Investigations of the structure and free volume distribution for near-eutectic Bi�Zn alloys was
carried out. X-ray di�raction and computer simulation methods for the structure studies of melts
were used. As a result of the investigations, a considerable di�erence between the size of free volume
within the �rst coordination sphere and its average values was established. It is assumed that the
main reason for these di�erences is due to the peculiarities of the mechanism of dissolution of zinc
in bismuth at its low concentrations, and the formation of chains of zinc atoms in the matrix of
bismuth at higher zinc content in the melts.
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I. INTRODUCTION

Investigations of the liquid state of matter are of
interest not only from the fundamental point of view,
but also from the practical point of view. Recently, metal
melts have been studied not only to improve casting
processes, but also in connection with the more exotic
use of melts. In particular, low-melting alloys are used
as a catalyst in the synthesis of carbon nanotubes, and
they are also used in �exible electronics systems [1, 2].
Recently, liquid metals were proposed to be used as
media for the synthesis of intermetallic compounds with
unique properties [3]. In order to successfully use liquid
metals and alloys, further in-depth study is needed.

Until now, the structure of metal melts has been studi-
ed mainly by interpreting changes in interatomic di-
stances, coordination numbers and their partial values
depending on external factors. However, the structure
of disordered systems must be considered comprehensi-
vely, i.e. taking into account both the arrangement of
atoms and the distribution of free volume. Such complex
research became possible due to intensive development of
computer methods of modeling of structure and properti-
es the disordered systems.

Bismuth�zinc based alloys are promising for use
as lead-free solders, directionally crystallized and di-
spersed materials. The Bi�Zn system is characterized
by the fact that it combines alloys with micro- and
macro-inhomogeneities in the liquid state. Thus, at a
zinc concentration of 8.1 at.%, an eutectic reaction
occurs; as a result, the crystalline alloy consists of bi-
smuth based solid solution and zinc. At a higher zi-
nc content at monotectic temperatures, there is a regi-
on of macroscopic phase immiscibility and this regi-
on extends from 37 to 99.3 atomic percent of zinc [4].
As is known, from the thermodynamic point of view,
micro- and macro-immiscibility can be explained by hi-
gher values of the interaction energy between atoms of

the same type and weaker interaction of di�erent-type
atoms. However, in many cases the entropy factor is not
taken into account in the formation of immiscibile alloys.

Thus, so far there are no su�ciently substantiated
explanations of the mechanism of formation of micro-
and macroheterogeneous systems, not to mention the
details of their atomic structure and physical properti-
es. Given the fact, that heating such alloys much hi-
gher than the temperature of inhomogeneity leads to the
transition of the systems with immiscible components of
the alloy in a quasi-homogeneous state, a question ari-
ses about the atomic mechanism of such transformation,
which must occur through intense di�usion processes.
Similar phenomena will obviously be observed in the
case of cooling the alloys and the transition to an
inhomogeneous state. It is known that the di�usion
processes in the liquid state can be explained by the
lower density of the liquid compared to crystals and,
consequently, the presence of a larger proportion of
unoccupied volume.

Therefore, the study of the atomic structure of such
alloys with the simultaneous analysis of the distribution
of free volume can answer unresolved questions.

This work deals with a comprehensive study of the
structure and distribution of the free volume of Bi�Zn
melts in the vicinity of the eutetic point. Due to the
fact that Bi�Zn alloys belong to systems with an immi-
scibility gap in the liquid state, the decisive role in the
process of homogenization of such alloys is played by the
distribution of free volume. In order to further analyze
the distribution of free volume in the melts at di�erent
temperatures, the results of experimental studies and
computer simulations were used.

The structure of the alloys of the Bi�Zn system was
studied mainly in the range of concentrations that cover
the immiscibile region in the liquid state [5�7]. In these
works, it was shown that the main maxima of structure
factors and pairwise correlation functions can be obtai-
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ned by simply adding the corresponding maxima for pure
components. The results of thermodynamic studies show
the presence of a signi�cant maximum in the concentrati-
on dependence of the enthalpy and a minimum of entropy
of the mixing of alloys in the vicinity of the immisci-
bile region [8�10]. On the other hand, in these works
less attention was paid to the regions of eutectic and
near-eutectic alloys of the Bi�Zn system, which have a
wide practical application. It should be noted that si-
milar extremes also exist on experimental concentration
dependences of other physical quantities [11, 12].

II. INVESTIGATION METHODS

Experimental investigations of the structure of melts
was performed by the method of X-ray di�raction. The
reconstruction of the atomic structure and the calculati-
on of the free volume were carried out by computation
methods.
In the experimental part of our work, prepared Bi�

Zn (4�25 at.% of Zn) alloys were studied by X-ray di-
�ractometer which was equipped with high-temperature
chamber �lled with pure helium in order to avoid the
sample oxidation during the experiment. Cu-Kα radi-
ation, monochromatized with LiF monocrystal, installed
in initial beam and Bragg�Brentano focusing geometry
were used. Scattered intensities were recorded with a
di�erent angular step, which was smaller within the
region of the principal peak position and larger at
rest values of scattering angles. Experimental results
for intensities were corrected for polarization, absorpti-
on and incoherent scattering according to [13]. Upon
this procedure they were normalized and then used for
calculation of structure factors (SF), and pair correlation
function (PCF) [14]. Main structure parameters obtained
from these functions were analyzed.
The relative free volume within the �rst coordination

sphere was calculated using the equation

Vf = 1−
3Vat

∫ R
0
%(r)r2 dr

R3
,

where Vat is the volume of the atom and R is the
boundary of the �rst coordination sphere.
Reconstruction of the atomic structure of Bi�Zn melts

was carried out by the reverse Monte Carlo (RMC)
method [15, 16]. For the RMC simulation, a cubic cell
that contained 5000 atoms was created. The dimensions
of the model cell were selected according to the melt
density at the experimental temperature. The minimum
distances between atoms rij were taken as the point of
intersection of the left branch of the �rst maximum in
an experimental PCF curve with the abscissa axis. As a
result, the partial PCF and partial coordination numbers
have been obtained.
The distribution of atoms in the simulated cell was

used to calculate the free volume. To calculate the free
volume, the atomic cell was divided into the Voronoi
polyhedra. The volume of each polyhedron is the atomic

volume at the same time. Therefore, the relative free
volume per atom can be calculated as:

V f

V
=
Vp − Vat
Vp

,

where Vp is the volume of the Voronoi polyhedron for
each atom, and Vat is the volume of the atom.
The di�erential function of free volume distribution

was calculated from:

P =
1

N

dNi
dV

.

III. RESULTS AND DISCUSSION

A characteristic feature of structure factors for alloys
of the Bi�Zn system obtained at temperatures 5K above
the liquidus line (Fig. 1) is the presence of hump on the
right side of its main maximum. This hump is usually
explained by the preservation in the liquid state of a
certain amount of covalent bonds in the form of short-
term localization of valence electrons in the bound state
between pairs or groups of neighboring atoms. Another
reason for the presence of the hump of the �rst maxi-
mum may be the in�uence of zinc microregions on the
process of X-ray scattering, which leads to the additive
superposition of the zinc intensity curve on the same bi-
smuth curve. A similar conclusion was made in [5] which
indicates a signi�cant degree of segregation in the alloys
of the Bi�Zn system.

Fig. 1. Structure factors of near-eutectic alloys of the Bi�Zn
system at a temperature of TL + 5K

Segregation in the alloys of the Bi�Zn system, or in
other words, the formation of regions with a predominant
neighborhood of the same type atoms, contributes to the
temperature and concentration variations of the main
structure parameters. As can be seen, on the concentrati-
on dependences of the height of the �rst maximum for di-
�erent temperatures (Fig. 2) there is a maximum whose
position is shifted to the region of higher concentrations
compared to the eutectic point(8 at.% Zn). An increase
in the height of the �rst maximum according to the hard

4601-2



STRUCTURE AND FREE VOLUME DISTRIBUTION IN Bi�Zn LIQUID ALLOYS

sphere model [17] indicates an increase in the densi-
ty of atomic packaging. This may indicate that zinc
atoms will dissolve in the bismuth matrix, changing the
topology of atomic ordering. It can be argued that near-
eutectic melts are characterized by a high density of
atomic packaging, which decreases with deviations from
the eutectic concentration. Moreover, this trend persists
at higher temperatures.

Fig. 2. Concentration dependences of the structure factor �rst
maximum height for Bi100−xZnx alloys in the near-eutectic

region of concentrations

Fig. 3. Concentration dependences of the most probable
interatomic distances in the �rst and second coordination
spheres for alloys of the Bi100−xZnx system in the near-

eutectic region of concentrations

Similar extremes in the region of concentrations
close to the eutectic point were also observed in

the concentration dependences of the most probable
interatomic distances in the �rst and second coordinati-
on spheres (Fig. 3). In particular, as we approach the
eutectic concentration, the distances between the atoms
increase. A small change in the distances between the
atoms when the concentration of zinc in the alloy is less
than 6 at.% may indicate the dissolution of zinc in the
bismuth based microregions. With a higher zinc content,
it obviously forms clusters with its own type of structure.

The results of the model estimation of the concentrati-
on dependences of interatomic distances [18] indicate
that the model of statistical distribution of atoms sati-
sfactorily describes experimental results at the zinc
content less than 6 at.%, and further increase of the zi-
nc concentration leads to a deviation of interatomic di-
stances from the model values. This trend continues at
higher temperatures.

The variations in interatomic distances described by
us agree with the form of the Bi�Zn phase diagram, whi-
ch indicates a much higher solubility of zinc in bismuth
than bismuth in zinc. Perhaps the decisive factor in this
case is the large di�erence between the atomic radii of
bismuth and zinc (rBi

1 = 1.6�A, rZn1 = 1.38�A), which
indicates that the topological characteristics of the short-
range order structure are not conductive to the formation
of a solution with a statistical distribution of atoms.

Fig. 4. Concentration dependences of the boundary of the
�rst coordination sphere of the Bi100−xZnx system

In contrast to the growth of the most probable
interatomic distances in the region of eutectic
concentration, the boundary of the �rst coordinati-
on sphere shifts toward smaller distances as zinc
content increases (Fig. 4), i.e. the size of the �rst
coordination sphere decreases when approaching the
eutectic concentration and increases with subsequent
zinc addition. This is especially noticeable at higher
temperatures.

The described changes in the main structure
parameters indicate a rearrangement of the short-range
order within the �rst coordination sphere, as a result,
the addition of zinc to bismuth in the amount of up to
6 at% leads to the formation of an atomic solution, and
an increase in the zinc content causes the formation of a
cluster solution based on pure components.
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Fig. 5. Concentration dependences of the coordination
number for alloys of the Bi100−xZnx system in the vicinity

of the eutectic point

Fig. 6. Dependences of free volume within the �rst coordi-
nation sphere of Bi100−xZnx alloys on concentration

Bi96Zn4 Bi92Zn8

Bi88Zn12 Bi75Zn25

Fig. 7. The con�guration of atoms in the model cell of the
melts of the Bi100−xZnx system for some concentrations of

alloy components

An increase in the coordination number when zinc is
added to bismuth (Fig. 5) may also indicate the dissoluti-
on of zinc in bismuth-based clusters. In this case, due
to the smaller atomic radius of zinc, an increase in the
coordination number may be accompanied by a decrease
in the boundary of the �rst coordination sphere. On the

other hand, the increase in zinc content in Bi100−xZnx
alloys leads to the formation of clusters based on pure
components, and due to the higher values of the coordi-
nation number of zinc compared to bismuth, the average
coordination number of alloys increases.

a)

b)

c)

Fig. 8. Partial pair correlation functions for Bi100−xZnx melts

The change in the main structure parameters leads to
the variation in the free volume within the �rst coordi-
nation sphere (Fig. 6). As might be expected, a decrease
in the boundary of the �rst coordination sphere and an
increase in the coordination number lead to a decrease
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in the free volume by about 5% in the vicinity of the
eutectic concentration. Outside the eutectic concentrati-
on, the fraction of the free volume in the �rst coordi-
nation sphere increases. A more detailed analysis of the
distribution of the free volume is possible only by the
results of computer modeling or reconstruction of the
structure.
For alloys of the Bi100−xZnx system, the atomic

structure was reconstructed by the RMC method.
Atomic con�gurations obtained even for the case of low
concentrations of zinc indicate a tendency to associate

atoms of di�erent types. With increasing concentrati-
on of zinc, this trend is more pronounced (Fig. 7).
Another feature of the atomic structure of the investi-
gated alloys is that the zinc atoms try to form asymmetri-
cal clusters in the bismuth matrix, but form chains,
whose length depends on the zinc content. This principle
of the structure formation is obviously due to the signi-
�cant di�erence in the atomic radii of bismuth and zinc,
and the formation of zinc chains leads to an increase in
the packing density and a decrease in the free volume.

a) b)

c) d)

Fig. 9. Distribution of partial coordination numbers of Bi100−xZnx system melts

Quantitatively, the correlation in the atomic
arrangement can be described using partial pair
correlation functions (Fig. 8) and coordination numbers
(Figs. 9 and 10). The pro�le of partial pair correlation
functions indicates a good correlation between the
arrangement of bismuth atoms and pairs of bismuth�
zinc atoms. A weaker correlation is observed between
zinc atoms in alloys with zinc content below eight
atomic percent. In the case of a higher zinc content,
the partial pair correlation functions gZnZn acquire a
physical meaning. This feature indicates the formation
of associated groups of zinc atoms when its content
in the alloy is more than eight atomic percent. The
described regularities are visually observed on the
averaged distributions of atoms in the alloys obtained

by the RMC method (Fig. 7).

The distribution of partial coordination numbers also
indicates a greater degree of correlation between bismuth
atoms and pairs of bismuth�zinc atoms compared to zi-
nc atoms (Fig. 9). An increase in the zinc content leads
to a decrease in the most probable values of the coordi-
nation numbers ZBi−Bi and ZBi−Zn and an increase in
the coordination numbers ZZn−Zn. However, even with
a zinc content of 25 atomic percent, the most probable
value of the coordination number ZZn−Zn is two, which
indicates the formation of chains of zinc atoms in the
bismuth matrix. Such changes lead to the formation of a
denser structure due to the smaller radius of zinc atoms
and, accordingly, to a decrease in the free volume.
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Fig. 10. Dependence of the free volume of Bi100−xZnx system
melts on the concentration calculated from the density

measurement results [19]

A change in the relative free volume can be esti-
mated by the change in melt density [19]. As we can see
(Fig. 10), the average relative free volume of the studi-
ed alloys decreases linearly, when zinc content increases.
The value of the relative free volume, which is close
to 50%, agrees with the free volume, which can be
calculated from the values of the packing density for bi-
smuth (ηBi = 0.40) and zinc (ηZn = 0.46) according to
the hard sphere model.

The di�erential distribution of the total and partial
relative free volume (Fig. 11) for the studied alloys of the
Bi�Zn system indicates higher values of the free volume
for zinc atoms compared to bismuth. An increase in the
zinc content of the melt leads to a decrease in both the
total and the partial most probable free volume (Fig. 12);
in addition, the free volume of zinc atoms decreases faster
compared to the free volume of bismuth atoms, which is
almost unchanged. Therefore, it can be assumed that the
decrease in the free volume is due to the decrease in the
free volume of zinc atoms.

Fig. 11. Di�erential functions of the relative free volume distribution for some alloys of Bi�Zn system

The analysis of the results obtained both by experi-
mental methods and methods of structure reconstructi-
on makes it possible to explain the mechanism of the
formation and transformation of the structure of melts
of the Bi100−xZnx system in vicinity of the eutectic
concentration. As the concentration dependences of the

main structural parameters indicate, the most probable
interatomic distances vary little in the range of zinc
concentrations from four to six and from 15 to 20 atomic
percent. In the near-eutectic region of concentrations,
the most probable interatomic distances increase. At the
same time, the size of the �rst coordination sphere at
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a temperature 5 K above the melting point is almost
unchanged, and at higher temperatures even decreases
with a zinc content of up to 12 atomic percent. On the
other hand, the coordination numbers of melts increase
at all temperatures, when zinc content increases.

Fig. 12. Concentration dependence of the most probable
values of total and partial relative free volume for liquid alloys

of the Bi100−xZnx system

As was mentioned earlier, such a change in the main
structure parameters within the �rst coordination sphere
may indicate the atomic dissolution of zinc in bismuth
when the zinc content is lower than six atomic percent. In
the region of near-eutectic concentrations, zinc dissolves
in a bismuth based matrix in the form of complexes
of two or three atoms. This possibility is indicated by
the concentration dependences of the most probable
coordination numbers. In this case, the pairs of zinc
atoms change the �rst coordination sphere of the melt
so that the �rst maximum of the pair correlation functi-
on becomes asymmetric with a shift of the maximum
towards larger interatomic distances without changing
the boundary of the �rst coordination sphere. When the
zinc content is higher than 12 percent, longer chains of
zinc atoms form, which can not be enclosed by Bi-atoms
in the bismuth-based microregions and, therefore, form
separate structural units in the intercluster regions.

The transformation of the atomic structure of
Bi100−xZnx melts leads to a change in the free volume.
Analysis of the results indicates a signi�cant di�erence
between the free volume calculated within the �rst
coordination sphere, which is about 35 percent, and the
relative free volume per atom (about 50%). Such di-
�erence in the values of free volume indicates a signi-
�cant degree of heterogeneity of the studied melts due
to their cluster structure, which leads to the formation
of two types of atomic ordering. The �rst type is observed
within a cluster with a higher degree of ordering and a
smaller fraction of free volume, and the second type of
atomic ordering exists in intercluster regions where the
degree of atomic ordering is smaller and, accordingly, the
free volume is larger.

IV. CONCLUSIONS

As a result of the structure investigations of Bi�Zn
near-eutectic alloys, a signi�cant degree of heterogenei-
ty was discovered, which is caused by a large-scale di-
�erence in the atomic radii of bismuth and zinc. It was
established that the atomic solution of zinc forms in bi-
smuth when the zinc content is lower than six atomic
percent. In the region of near-eutectic concentrations,
zinc dissolves in a bismuth-based matrix in the form of
complexes of two or three atoms. When the zinc content
is higher than 12 percent, longer chains of zinc atoms
are formed, which can not be enclosed in the bismuth-
based clusters and therefore form separate structural uni-
ts in the intercluster regions. The transformation of the
atomic structure of Bi100−xZnx melts leads to a change
in the free volume. The essential di�erence between the
values of free volume calculated within the �rst coordi-
nation sphere and the relative free volume per atom indi-
cates a signi�cant degree of heterogeneity of the studied
melts due to their cluster structure, which leads to the
formation of two types of atomic ordering. Our investi-
gations have also shown that the free volume of zinc
atoms changes to a greater extent. This indicates the
decisive role of zinc in the formation of the structure of
near-eutectic Bi100−xZnx melts.
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3Óíiâåðñèòåò Êàçèìèðà Âåëèêîãî, âóë. Õîäêåâè÷à, 30, Áèä îù, 85�064, Ïîëüùà

Äîñëiäæåíî ñòðóêòóðó òà ðîçïîäië âiëüíîãî îá'¹ìó äëÿ áiëÿåâòåêòè÷íèõ ñïëàâiâ Bi�Zn ç óìiñòîì
öèíêó âiä øåñòè äî 25 àòîìíèõ âiäñîòêiâ çà òåìïåðàòóð íà 5 Ê âèùèõ âiä òåìïåðàòóðè ïëàâëåííÿ.
Äëÿ äîñëiäæåííÿ ñòðóêòóðè ðîçïëàâiâ âèêîðèñòàíî âèñîêîòåìïåðàòóðíèé ðåíò åíiâñüêèé äèôðà-
êòîìåòð. Ùîá çàïîáiãòè îêèñëåííþ çðàçêiâ, åêñïåðèìåíòè ïðîâîäèëè â àòìîñôåði âèñîêîî÷èùåíî-
ãî ãåëiþ. Ãåîìåòðiÿ ðîçìiùåííÿ âõiäíî¨ ùiëèíè ðåíò åíiâñüêîãî ïðîìåíÿ, öåíòðà êàìåðè i âõiäíî¨
ùiëèíè ëi÷èëüíèêà âiäïîâiäàëà ñõåìi ôîêóñóâàííÿ òèïó Áðå  à�Áðåíòàíî. Ïîõèáêà âèìiðþâàííÿ
iíòåíñèâíîñòi âèïðîìiíþâàííÿ áóëà â ìåæàõ 2 . . . 3%. Òåìïåðàòóðó âèìiðþâàëè òà ïiäòðèìóâàëè ç
òî÷íiñòþ ±2 K. Ðåêîíñòðóþâàëè àòîìíó ñòðóêòóðó îáåðíåíèì ìåòîäîì Ìîíòå-Êàðëî. Äëÿ öüîãî
ñòâîðåíî êóái÷íó êîìiðêó, ùî ìiñòèëà 5000 àòîìiâ. Ðîçìiðè ìîäåëüíî¨ êîìiðêè âèáèðàëè âiäïîâiäíî
äî ãóñòèíè ðîçïëàâó ïðè òåìïåðàòóði, çà ÿêî¨ ïðîâîäèëè åêñïåðèìåíò.

Âèÿâëåíî çíà÷íèé ñòóïiíü ãåòåðîãåííîñòi ðîçïëàâiâ, ùî ñïðè÷èíåíî çíà÷íîþ ðiçíèöåþ â àòîìíèõ
ðàäióñàõ âiñìóòó òà öèíêó. Âñòàíîâëåíî óòâîðåííÿ àòîìàðíîãî ðîç÷èíó öèíêó ó âiñìóòi, êîëè âìiñò
öèíêó ìåíøå øåñòè àòîìíèõ âiäñîòêiâ. Ó çîíi áiëÿåâòåêòè÷íèõ êîíöåíòðàöié öèíê ðîç÷èíÿ¹òüñÿ
â ìàòðèöi íà îñíîâi âiñìóòó ó âèãëÿäi êîìïëåêñiâ äâîõ-òðüîõ àòîìiâ. Êîëè âìiñò öèíêó ñòàíîâèòü
áiëüøå 12 âiäñîòêiâ, óòâîðþþòüñÿ äîâøi ëàíöþãè àòîìiâ öèíêó, ÿêi íå ìîæóòü ìiñòèòèñÿ â êëàñòåðàõ
íà îñíîâi âiñìóòó i, îòæå, óòâîðþþòü îêðåìi ñòðóêòóðíi îäèíèöi â ìiæêëàñòåðíèõ çîíàõ.

Ðåêîíñòðóêöiÿ àòîìíî¨ ñòðóêòóðè äàëà çìîãó îòðèìàòè çíà÷åííÿ ïàðöiàëüíèõ êîîðäèíàöiéíèõ
÷èñåë òà îá÷èñëèòè âåëè÷èíó çàãàëüíîãî é ïàðöiàëüíîãî âiëüíîãî îá'¹ìó. Â ðåçóëüòàòi äîñëiäæåíü
óñòàíîâëåíî òàêîæ çíà÷íó ðiçíèöþ ìiæ ðîçìiðîì âiëüíîãî îá'¹ìó â ìåæàõ ïåðøî¨ êîîðäèíàöiéíî¨
ñôåðè òà éîãî ñåðåäíiìè çíà÷åííÿìè. Ïåðåäáà÷à¹òüñÿ, ùî îñíîâíà ïðè÷èíà öèõ âiäìiííîñòåé çó-
ìîâëåíà îñîáëèâîñòÿìè ìåõàíiçìó ðîç÷èíåííÿ öèíêó ó âiñìóòi çà éîãî íèçüêèõ êîíöåíòðàöié òà
óòâîðåííÿì ëàíöþãiâ àòîìiâ öèíêó â ìàòðèöi âiñìóòó çà âèùîãî âìiñòó öèíêó â ðîçïëàâàõ.

Êëþ÷îâi ñëîâà: ðiäêi ñïëàâè, ñòðóêòóðà áëèæíüîãî ïîðÿäêó, ñòðóêòóðíà ìîäåëü, âiëüíèé îá'¹ì.
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