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The Fourier spectra of the incommensurate modulation and the dependence of the wave vector
(q) of the incommensurate (IC) superstructure on the magnitude of the anisotropic interaction
described by the Dzialoszynski invariant (K ) and the long-range interaction (T ) are investigated.
Fourier spectra in di�erent modulation modes of incommensurate superstructure analyzed.
The calculation of the spatial changes of the amplitude and phase of the order parameter was

performed by the numerical BDF (Backward Di�erentiation Formula) method and was performed
in the Python environment using the SciPy, JiTCODE libraries according to the method described
in the paper.
The parameters T and K, which are responsible for the long-range and anisotropic interactions,

respectively, in the �rst approximation well describe the behavior of the wave vector of the IC
modulation, and its modes. The emergence of IC modulation is accompanied by the appearance of
an unstable chaotic state in the case of a nonzero value of the anisotropic interaction. The increase
in the value of the anisotropic interaction in the IC phase is accompanied by a change in both
the frequency of existing oscillations and the magnitude of their contribution to the formation of
a wave of the incommensurate modulation, causing a change in the IC modulation regime. The
transition from the one mode to another is continuous. The modes themselves are determined by
the domination of the contribution of the respective oscillation frequencies. The whole spectrum
of possible frequencies arises at the modulation wave origin. With an increase of the anisotropic
interaction, their harmonics emerge and their contribution is redistributed.
Key words: incommensurate modulation, superstructure, Fourier spectra, wave vector.
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I. INTRODUCTION

The incommensurate superstructure arose as a result
of anharmonic oscillations of structural units of crystals
[N(CH3)4]2MeCl4 (Ìå = Zn; Cu; Co; Mn). In the course
of its evolution, IC superstructure undergoes a number
of modes: sinusoidal, soliton, stochastic. The sinusoidal
modulation resulting from the phase transition due to
the long-range interaction does not undergo pinning on
the main structure or defects, which causes the absence
of hysteresis e�ects. But in a number of works [1], it
was noted that in the presence of defects and impuri-
ties in the crystal, hysteresis e�ects were still observed,
even in the vicinity of the phase transition from the ini-
tial to the incommensurate phases. Thus, the question
arises that in the sinusoidal mode of the IC modulati-
on it can be characterized by harmonics that do not
yet lead to its transition to the soliton mode. The exi-
stence of IC modulation harmonics is indicated in parti-
cular by the mechanism of the IC modulation formati-
on from the spatial regions of the correlated motion of
tetrahedral groups. Thus, in crystals [N(CH3)4]2MeCl4
at the initial phase in a signi�cant temperature range
(∆T ∼ 30 ÷ 50 K) from the phase transition to the

IC phase, the emergence of regions of correlated moti-
on of tetrahedral groups is observed, which begin to
interact with each other when approaching the phase
transition temperature. The process of the formation
of IC modulation is accompanied by their interaction,
as shown in [2], and as a result of increasing long-
range interaction (parameter T ), the formation of IC
modulation is accompanied by a transition through
an underdeveloped chaotic state, which describes the
formation of chaotic oscillations (�wandering frequenci-
es�). Such clamped chaos (due to the insu�cient range
of changes in the parameters of chaos development [2])
is possible and is the germ of the existing harmoni-
cs of oscillations of the modulation of the IC in the
incommensurate phase in its soliton mode. To identify
such processes and the nature of the spectrum of oscillati-
ons of the IC modulation, Fourier studies of the spectra
of IC modulation and the dependence of the wave vector
(q) of the IC superstructure on T and K parameters
were performed.

The superstructures described by the free energy
functional for the two-component order parameter were
chosen as the objects of research. In these systems,
the appearance of a incommensurate superstructure
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is due to the presence of the Livshits invariant in
thermodynamic potential. The amplitude and phase
of the order parameter in polar coordinates for these
systems are described by two second-order di�erential
equations [3]

R′′ −R3 +
(
1 − ϕ′2 + Tϕ′

)
R

− Rn−1K (cosnϕ+ 1) = 0, (1)

ϕ′′ + 2
R′

R
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2
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onless parameters, u characterizes the magnitude of
isotropic interactions, ω is the isotropic interaction coe�-
cient, n is an integer that characterizes the symmetry

of the potential, and η =
(
r
2u

)1/2
R, z =

(
γ
r
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ξ are

dimensionless variables; γ and r are the coe�cients of
decomposition of thermodynamic potential; R and ϕ are
the amplitude and the phase of the order parameter,
respectively.
System (1)�(2), consisting of two second-order di-

�erential equations, was solved by the numerical BDF
method.
The calculation of the spatial changes in the ampli-

tude and phase of the order parameter was performed in
the Python environment using the SciPy and JiTCODE
libraries using the method described in [4].
According to expressions (1) and (2), as noted in

[5], parameter T describes a long-range interaction and
parameter K is anisotropic, which is determined by the
Dzialoszynski invariant.

II. RESULTS AND DISCUSSION

At the beginning, we consider the dependence of the
wave vector (q) of the superstructure on T and K

parameters. The obtained dependences are shown in Fig.
1; for n = 4 (Fig. 1, a) in this case the spontaneous
polarization is the phase transition parameter, and for
n = 3 (Fig. 1, b) the phase transition parameter is
the spontaneous deformation. It follows from the obtai-
ned dependences that with an increase in the long-range
interaction (parameter T ), the magnitude of the wave
vector of the IC of the superstructure increases, and wi-
th an increase in the value of the anisotropic interaction
(parameterK ), it decreases. The obtained phase diagram
is characterized by three intervals of behavior q. In the
spatial region (T = 0÷ 0.2, K = 0 ÷ 1 and T = 1.2 ÷
1.4, K = 0 ÷ 4 for n = 4, and T = 0 ÷ 0.1, K = 1.4
and T = 1.2 ÷ 1.4, K = 1 ÷ 1.4 for n = 3), the phase
diagram (Fig. 1), the chaotic nature of the behavior of q
is traced. The region, where q is linearly dependent on T

and K, is T = 0.2 ÷ 0.8, K = 0 ÷ 2 for n = 4, and T =
0.4 ÷ 0.8, K = 0 ÷ 0.6 for n = 3. The region, where q
varies nonlinearly from the parameters T and K, is T =
1 ÷ 1.4, K = 2 ÷ 4 for n = 4, and T = 0.8 0.8 1.2, K =
0.8 ÷ 1.2 for n = 3. Thus, the evolution of IC modulation

undergoes a sinusoidal regime (where q is a linear functi-
on of T and K ), a soliton regime (where q is described
by a nonlinear function of T and K ), and a stochastic
regime (where q assumes chaotic values inherent in the
existence of a chaotic phase). As noted, in the process
of the formation of IC modulation, a chaotic state can
occur, which is �underdeveloped�.

At small values of parameters T and K, which descri-
be the stability of the incommensurate superstructure
and anisotropic interaction, respectively, this system of
di�erential equations (1)�(2) describes the process of
appearance of the incommensurate superstructure from
the spatial regions of correlated motion of tetrahedral
groups.

Due to the existence of uncontrolled defects and
impurities in the crystal, the spatial regions of the
correlated motion of tetrahedral groups are characteri-
zed by somewhat di�erent modulation parameters.The
resulting stresses at the junction of such spatial regions,
in the formation of the incommensurate superstructure,
lead to the appearance of harmonics of the wave of
the incommensurate superstructure at small values of
parameters T and K (T, K < 0.001) [2]. The change in
the phase and amplitude of the order parameter under
the in�uence of external factors and surface energies does
not cause a transition of the system to the stochastic
mode with the emergence of a chaotic phase.

According to [2], the portraits of attractors of a
perturbed system at small values of parameters T and
K are characterized by a single attractor. The reason,
apparently, is the small scale of the pools of attraction.
In our opinion, as for the systems described in [6], this
phenomenon is strongly linked to crises, in which the
attractor undergoes changes in parameters caused by a
collision with the boundary of the basin with changing
parameters T and K. As a result, the chaotic attractor
does not arise from the cascade of doubling of the period.

It is known that with a decrease in temperature in
the IC phase, the magnitude of the anisotropic interacti-
on increases, which is especially evident in soliton and
stochastic regimes. In our case, the change in parameter
K, which describes the anisotropic interaction determi-
ned by the Dzialoszynski invariant, can be considered
the equivalent of the temperature change. That is, a
decrease in temperature is accompanied by an increase in
the value of the anisotropic interaction. Figure 2 shows
the behavior of q as a function of K (the dependence of
q on temperature) at a constant value of T (T = 1.0).
As the value of parameter K increases, the value of q
decreases. This dependence, as in Fig. 1, is characterized
by the presence of three intervals. The �rst is from T i to
T 1 (K = 0 ÷ 2, for n = 4; K = 0 ÷ 0.6 for n = 3), where
the dependence of q on K is linear. At T 1, an anomalous
change in the behavior of the wave modulation of the IC
modulation is observed, and the transition to the second
interval takes place (K = 2 ÷ 3.8, for n = 4; K = 0.7 ÷
1.2 for n = 3). In a given interval K, the rate of change
q from K increases, and this dependence becomes nonli-
near. This dependence also shows a number of similar
anomalous stepwise changes of q on K.
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a) n = 4 b) n = 3

Fig. 1. (Color online.) Dependence of the wave vector (q) of the incommensurate modulation on the magnitude of the long-range
interaction T and the anisotropic interaction K, which is described by the Dzialoshinski invariant

a) b)

Fig. 2. Evolution of the wave vector of a the incommensurate superstructure from the value of the anisotropic interaction K at
a constant value of T = 1.0, provided n = 4 a) and n = 3 b), where Ti is the temperature of transition to the incommensurate
phase; T 1 � transition to the soliton mode of the superstructure; T 2 � transition to the stochastic mode of the superstructure;

T s � phase transition to the commensurate phase

The transition to the third section is accompanied by
a slowing down of the change q ∼ f(K), and a transi-
tion to a chaotic behavior (T 2 ÷ T c, K> 3.8 for n =
4; K> 1.2 for n = 3). The obtained dependence q ∼ f

(K ) is similar to the behavior of q ∼ f(T ) for crystals
of the family [N(CH3)4]2MeCl4 [7]. As for the behavi-
or of q ∼ f(K) for n=4 and n = 3, they are similar
in the �rst approximation. The di�erence between these
dependences is observed only in the transition from the
sinusoidal to the soliton mode (T 1). This di�erence may
be due to the transition from one incommensurate phase
to another. As noted in [8], there is only one HC phase (I )

in the crystal [N(CH3)4]2CuCl4 (n = 3), but its structure
is di�erent (I 1 and I 2) in di�erent regions of the phase
diagram.

For the small values of the magnitude of the long-range
interaction (T < 0.6), there is the incommensurate phase
I 1, and for T ≥ 1.0 � the incommensurate phase I 2.
This is the same incommensurate phase, although the
behavior of the amplitude and the phase functions in
them are di�erent [9]. At T = 0.6 ÷ 1.0, their coexi-
stence is observed, which is manifested in the absence of
the anomalous changes q during the transition from the
sinusoidal mode of IC modulation to the soliton mode.
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a) n = 3 a) n = 4

b) n = 3 b) n = 4

c) n = 3 c) n = 4

Fig. 3. The Fourier spectrum of oscillations of the amplitude function of the superstructure from the anisotropic interaction
value (which is described by the parameter K ) for n = 3 and n = 4

For a deeper understanding of the processes taking
place in the IC phase, we consider the Fourier spectra of
the IC phase amplitude function. In particular, we will be
interested in the nature of the Fourier spectra in di�erent
modes of IC modulation. Figure 3 shows the Fourier osci-
llation spectra for n = 3. The ferroelastic crystals with n

= 3 include crystals [N(CH3)4]2CuCl4. The spontaneous
deformation arising in them serves as a parameter of the

order and describes the temperature behavior of optical
birefringence in the IC phase [1, 7]. The resulting Fourier
spectrum is characterized by the existence of a series of
oscillations, whose frequencies change as the magnitude
of the anisotropic interaction changes. Namely, as the
magnitude of the anisotropic interaction (K ) increases,
the frequency increases.
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a) K = 0.01 a) K = 0.3

b) K = 0.01 b) K = 0.3

Fig. 4. The Fourier spectrum of oscillations of the amplitude function of the superstructure from the value of the long-range
interaction (described by the parameter T ) for n = 3, at constant values of the anisotropic interaction K

Considering the change in the magnitude of the signal
power S (ω) from K (Fig. 3, b) in the vicinity of the
values of K = 0.6, one can trace the redistribution of the
contribution of oscillation frequencies, and the increase
in the contribution of oscillations with a smaller period.
In Fig. 2, b showing the dependence of q ∼ f(K), in this
range of values of K one can trace anomalous changes
in the value of q. Therefore, it can be assumed that the
transition from the sinusoidal mode of IC modulation to
the soliton mode is associated with an increase in the
contribution of oscillations with a shorter period.

According to Fig. 3, the transition to chaos is
accompanied by an increase in the number of existi-
ng oscillations and their harmonics. An increase in the
number of oscillation frequencies is observed during the
transition to the stochastic mode of IC modulation
(Fig. 3, c). In the soliton mode, the redistribution of the
contribution of oscillations and the appearance of new
harmonics is observed.

In the process of formation of the IC modulation wave,
the values of parameters T andK play an important role.
Figures 4 and 5 show the change in S(ω) from parameter

T. At small values of the anisotropic interaction (K =
0.01), the presence of harmonic oscillations (Figs. 4 and
5) is observed. The Fourier spectra of oscillations of the
superstructure in case K> 0.1 are characterized by the
appearance of a chaotic state (Fig. 4, b) at small values
of parameter T (T = 0 ÷ 0.2 for n = 3, and T = 0 ÷ 0.1
for n = 4). Therefore, in the presence of an anisotropic
interaction, the formation of the modulation wave is
accompanied by the appearance of an unstable chaotic
state. The obtained results correlate well with the results
about the in�uence of radiation defects and impurities,
such as substitutions, on the processes of the formati-
on of the IC modulation wave [1]. A similar pattern is
observed for n = 4 (Fig. 5).

To explain the obtained results, we use the experi-
mental results to study the behavior of optical birefri-
ngence [10] and dielectric constant [11] in the vicini-
ty of the initial- incommensurate phase transition. It is
known from experimental studies that in the initial �
paraphase in the vicinity of the initial � incommensurate
phase transition (T i) there are spatial regions of the
correlated motion of tetrahedral groups, which determine
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the nonlinear behavior of physical quantities [7]. Duri-
ng the phase transition of the second type (T i), there
is a process of merging of these regions throughout the
crystal, which is accompanied by redistribution of spatial
oscillations of tetrahedral groups (their rotations) in each
spatial region of the correlated motion of tetrahedral
groups, and the emergence of the spatial wave modulati-
on of the incommensurate superstructure. According to

the present authors, this process is accompanied by
the disappearance of the multimode structure, and the
appearance of a wave of the incommensurate modulati-
on with a small number of harmonics. This clearly
demonstrates the appearance of a chaotic state with
increasing parameter K, which describes the anisotropic
interaction.

a) K = 0.001 a) K = 0.3

b) K = 0.001 b) K = 0.1

Fig. 5. The Fourier spectrum of oscillations of the amplitude function of the superstructure from the value of the long-range
interaction (which is described by parameter T ) for n = 4, at constant values of the anisotropic interaction K

The emerging IC superstructure at Ti is characterized
by a set of amplitude oscillation frequencies for small
values of K and T.

Comparing the obtained spectra for n = 3 and n =
4, it should be noted that the spectrum of existing osci-
llation frequencies for n = 3 is �richer� and shows a more
complex dynamics in the transition from one mode to
another.

The process of increasing the magnitude of the ani-
sotropic interaction is accompanied by a redistribution of
energy between the existing frequencies in favor of osci-
llations with a smaller period, which leads to the transi-
tion of the modulation IC to the soliton mode. Consi-
dering the dependence of S (ω) on K for n = 4, it should

be noted that in the vicinity of K ∼ 2.0, there is a redi-
stribution of energy, up to a change in the oscillation
frequency of the zero harmonic (Fig. 6). This change in
the oscillation spectrum of IC modulation is accompani-
ed by a change in the slope of the dependence q ∼ f

(K ).

The transition to the soliton regime is accompanied by
the appearance of new oscillations (K = 2.1 for n = 4 and
K = 0.6 for n = 3). Subsequent changes in parameter K
cause the appearance of chaotic behavior q, which indi-
cates the transition of the system to the stochastic mode
of the superstructure with the emergence of a chaotic
phase (K > 4.2 for n = 4 and K ≥ 1.5 for n = 3).
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a) b)

Fig. 6. The Fourier spectrum of oscillations of the amplitude function of the superstructure from the value of the anisotropic
interaction (which is described by parameter K ) for: a) n = 4; b) n = 3

a) b)

Fig. 7. The dependence of the wave vector (q) of the incommensurate modulation harmonics on the value of the anisotropic
interaction described by the Dzialoszynski invariant (parameter K ) under the condition n = 4 a), and n = 3 b)

The behavior of the harmonics of the IC modulati-
on from parameter K indicates complex transformations
that occur during the transition from the sinusoidal to
the soliton mode (at T 1, Fig. 7).

As is known [7], in the IC phase, the magnitude of
the wave vector of the IC superstructure decreases wi-
th a decrease in temperature (and hence an increase in
the value of the anisotropic interaction K ), which indi-
cates an increase in the modulation wavelength. In our
case, there is also an increase in the wavelength of IC
modulation (decrease in the value of q) (Fig. 2).

III. CONCLUSIONS

Based on studies of the harmonics of the IC modulati-
on, it can be argued that the transition to the soli-
ton mode of the IC superstructure is accompanied by a
change in the frequency spectrum of the incommensurate
modulation. Parameters T and K, which are responsible
for the long-range and anisotropic interactions, respecti-
vely, in the �rst approximation well describe the behavior
of the wave vector of the IC modulation, and its modes.
The origin of IC modulation is accompanied by the
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appearance of an unstable chaotic state in the case of a
nonzero value of the anisotropic interaction. An increase
in the value of the anisotropic interaction in the IC phase
is accompanied by a change in both the frequency of exi-
sting oscillations and the magnitude of their contributi-
on to the formation of a wave of the incommensurate
modulation, causing a change in the IC modulation regi-
me. As for the dynamics of the IC modulation wave
when changing parameters T and K, the presence of

modulation IC modes is a regular process. The transition
from one mode to another is continuous, and the modes
themselves are determined by the dominant contributi-
on of the respective oscillation frequencies. Thus, when a
modulation wave emerges, a whole spectrum of possible
frequencies arises, and with an increase in the anisotropic
interaction, the process of emergence of new harmonics
and redistribution of their contribution takes place.
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ÔÓÐ'�-ÑÏÅÊÒÐ ÊÎËÈÂÀÍÜ ÀÌÏËIÒÓÄÍÎ� ÔÓÍÊÖI� ÍÅÑÓÌIÐÍÎ� ÍÀÄÑÒÐÓÊÒÓÐÈ ÂIÄ
ÂÅËÈ×ÈÍÈ ÀÍIÇÎÒÐÎÏÍÎ� ÂÇÀ�ÌÎÄI�, ÙÎ ÎÏÈÑÓ�ÒÜÑß IÍÂÀÐIÀÍÒÎÌ

ÄÇßËÎØÈÍÑÜÊÎÃÎ

Ñ. Ñâåëåáà1, I. Êàòåðèí÷óê1, I. Êóíüî1, I. Êàðïà1, Î. Ñåìîòþê2

1 Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà, âóë. Òàðíàâñüêîãî, 107, Ëüâiâ, Óêðà¨íà
2 Óêðà¨íñüêà àêàäåìiÿ äðóêàðñòâà, âóë. Ïiä Ãîëîñêîì, 19, Ëüâiâ, Óêðà¨íà

Ó ðîáîòi äîñëiäæåíî ôóð'¹-ñïåêòð íåñóìiðíî¨ ìîäóëÿöi¨ òà çàëåæíîñòi õâèëüîâîãî âåêòîðà (q)
íåñóìiðíî¨ (ÍÑ) íàäñòðóêòóðè âiä âåëè÷èíè àíiçîòðîïíî¨ âçà¹ìîäi¨, ùî îïèñó¹òüñÿ iíâàðiàíòîì Äçÿ-
ëîøèíñüêîãî (K ), òà äàëåêîäiéíî¨ âçà¹ìîäi¨ (T ). Ïðîàíàëiçîâàíî ôóð'¹-ñïåêòð ó ðiçíèõ ðåæèìàõ ÍÑ
ìîäóëÿöi¨.

Ðîçðàõîâàíî ïðîñòîðîâi çìiíè àìïëiòóäè òà ôàçè ïàðàìåòðà ïîðÿäêó ÷èñåëüíèì ìåòîäîì BDF i
âèêîíàíî â ñåðåäîâèùi Python iç âèêîðèñòàííÿì áiáëiîòåê SciPy, JiTCODE çà ìåòîäèêîþ, îïèñàíîþ
â ðîáîòi.

Ïàðàìåòðè T i K, ÿêi âiäïîâiäàþòü çà äàëåêîäiéíó òà àíiçîòðîïíó âçà¹ìîäiþ, âiäïîâiäíî, ó ïåð-
øîìó íàáëèæåííi äîáðå îïèñóþòü ïîâåäiíêó õâèëüîâîãî âåêòîðà ÍÑ ìîäóëÿöi¨ òà ¨¨ ðåæèìè. Çà
óìîâè âiäìiííîãî âiä íóëÿ çíà÷åííÿ àíiçîòðîïíî¨ âçà¹ìîäi¨ çàðîäæåííÿ ÍÑ ìîäóëÿöi¨ ñóïðîâîäæó-
¹òüñÿ ïîÿâîþ íåñòiéêîãî õàîòè÷íîãî ñòàíó. Çáiëüøåííÿ âåëè÷èíè àíiçîòðîïíî¨ âçà¹ìîäi¨ â ÍÑ ôàçi
âiäáóâà¹òüññÿ çi çìiíîþ ÿê ÷àñòîòè íàÿâíèõ êîëèâàíü, òàê i âåëè÷èíè ¨õíüîãî âíåñêó ó ôîðìóâàííi
õâèëi íåñóìiðíî¨ ìîäóëÿöi¨, çóìîâëþþ÷è çìiíó ðåæèìó ÍÑ ìîäóëÿöi¨. Ïåðåõiä âiä îäíîãî ðåæèìó
äî iíøîãî ¹ íåïåðåðâíèì, à ñàìi ðåæèìè âèçíà÷àþòüñÿ äîìiíàíòíèì âíåñêîì âiäïîâiäíèõ ÷àñòîò
êîëèâàíü. Ïiä ÷àñ çàðîäæåííÿ ÍÑ õâèëi ìîäóëÿöi¨ âèíèêà¹ âåñü ñïåêòð ìîæëèâèõ ÷àñòîò, à çi çáiëü-
øåííÿì àíiçîòðîïíî¨ âçà¹ìîäi¨ � ¨õíiõ ãàðìîíiê òà ïåðåðîçïîäië ¨õíüîãî âíåñêó.
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