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This paper recovers a full spectrum of optical solitons that are generated by the combined effects
of dispersion and nonlinearity of the pulse propagation. The quadratic—cubic form of the nonlinear
refractive index is incorporated in the governing nonlinear Schrédinger equation, which governs
the dynamics of the soliton transmission across trans-continental and transoceanic distances. The
model is considered with a nonlinear chromatic dispersion that is required to sustain for smooth
transmission of soliton pulses in optical fibers, couplers, PCF, magneto-optic waveguides, crystals,
metamaterials, metasurfaces, birefringent fibers, DWDM systems and other form of waveguides.
Solitons in birefringent fibers as well as solitons in polarization preserving fibers are considered. The
governing model is treated with Hamiltonian type perturbation terms. The perturbation terms are
with full intensity. The model is studied for the intensity count m = 1. The adopted integration
algorithm is the sine-Gordon equation method that reveals single form soliton solutions as well
as dual-form soliton solutions. These solitons are dark soliton, singular soliton, bright soliton and
combo singular soliton. Also, dark soliton represents a kink/anti-kink solitary wave or a shock wave
in fluid dynamics. The respective constraint conditions are also in place to guarantee the existence
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of such solitons.
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I. INTRODUCTION

Optical solitons with the quadratic—cubic (QC) form
of the nonlinear refractive index have attracted attenti-
on during the past couple of decades [1-10]. Such a
form of the nonlinear refractive index first appeared
during 1994 and later was rejuvenated in 2011 [7,
8]. Subsequently, a deluge of results ensued. These
stem from addressing the model from a variety of
angles. These are semi-inverse variational principle,
mapping methods, G'/G-scheme, collective variables,
extended trial function, extended Jacobi’s elliptic functi-
on expansion, F-expansion scheme, stationary solitons
with nonlinear chromatic-dispersion, soliton perturbati-
on theory, magneto optic waveguides, Bragg gratings and
many more [1-10, 17-20]. There are still a lot of unknown
facts that are yet to be uncovered. This paper will apply
the sine-Gordon equation approach to reveal a spectrum
of soliton solutions that are of a single form as well as
dual form. In this context, soliton polarization in birefri-
ngent fibers as well as solitons in polarization preservi-
ng fibers are considered. There are a few perturbati-

This work may be used under the terms of the Creative Commons Attribution 4.0 International License. Further distri-
v bution of this work must maintain attribution to the author(s) and the title of the paper, journal citation, and DOI.

on terms that are also incorporated in the governing
nonlinear Schrédinger equation (NLSE) that appear wi-
th maximum intensity but stay below their critical count.
The details are studied in the rest of the paper in two
subsequent sections that focus on polarization preserving
fibers, and birefringent fibers respectively.

II. POLARIZATION PRESERVING FIBERS

The NLSE with QC nonlinearity for polarization-
preserving fibers is:

ig0 + agze + (b1 lal + b210”) 0 =0, (1)

where x and t are the non-dimensional distance and
time in a dimensionless form, respectively. The first
term is linear temporal evolution and i = +/—1. The
complex valued function ¢ (z,t) represents optical soli-
tons in polarization-preserving fibers. The constant « is
the coefficient of chromatic dispersion (CD), while the
coefficients b; and by constitute quadratic-cubic nonli-
nearity.
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In the presence of perturbation terms, NLSE with QC
nonlinearity for polarization-preserving fibers reads:

Gt + aqgq + <b1 lq| + bo \qIQ) q

=i {Oé (IQIQ’" q)x + A (IQIQM)x g+ g™ g0, (2)

where the constant « represents the coefficient of self-
steepening nonlinearity, while the constants A and p
are the coefficients of the higher-order dispersion effects.
Also, m accounts for the maximum intensity count.

To obtain the soliton solution, we set

q(z,t) = U(€e?™h | ¢ =n(x—t),

o(z,t) = —kx + wt + by, (3)

where k, v, w, 7 and 0y are, respectively, the frequency,
velocity, wave number, width and the phase constant
of the soliton. Also, the functions U(¢) and ¢(x,t) are
the amplitude and the phase component of the soliton,
respectively.

Inserting Eq. (3) into Eq. (2) yields the real equation

anQU” — (w + (mQ) U+ b U? 4+ byU3
— kla+p) U™t =0 (4)
and the imaginary equation
v+ 2ak + (2am 4+ 2 m + a + p) U™ =0, (5)
where the velocity of the soliton is

v=—2akK (6)

while the constraint relation between the perturbation
terms is

2am + 22 m+a+p =0. (7

Equation (4) can be integrated to determine the soliton
profile. According to the sine-Gordon equation method,
Eq. (4) satisfies

B;sin(V (€))

A cos(V (€)) Ao, (®)

N
U (€)=Y cos' V()
=1

where A; and B; (0 < i < N) are constants, N is the
balance number and V' (§) holds

V(€)= sin(V/(€)) 9)
with

sin (V' (€)) = sech (€),

sin (V (€)) = iesh (),

cos (V' (£)) = tanh (¢),

cos (V' (€)) = coth (£) . (10)

By using the balancing principle in Eq. (4), Eq. (8)
reduces to

U (&) = Bysin(V (£)) + Ay cos(V (£)) + Ag.  (11)

Substituting Eq. (11) with Eq. (9) into Eq. (4) leads to

Case 1:
2
m=1, U:i akKk —|—w’
4a
A=+ ak? +w ’
2 (ak + K — ba)

ak? +w

Py B L
! \/2(an+/£,u—b2)’

2 _
blzi\/9(cm —&—w)((;/f—i—f-w b2)

B1:0,

. (12)

Plugging Eq. (12) with Eq. (10) into Eq. (11) leads to
the dark soliton

cmz—i—w

ak? +w

a/<z2+w

and the singular soliton

+
\/2(@%4—/@@— ba

] tanh l ” (x + Qamf)] } ei(—ratwitbo) (13)

ak? +w

ak? + w ak? +w
t)=4=* + th
a(@,t) { \/2 (ak + Kp — ba) \/2 (ak + kp — by) 0 l 4a
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These solitons are valid for
(ak + kp —by) (ax® +w) > 0, (15)
a(ak®+w) > 0. (16)

It must be noted that solutions (13) and (14) are dark and singular solitons, respectively, in nonlinear fiber optics.
However, solution (13) is referred to as kink/anti-kink or shock wave in fluid dynamics.

Case 2:
2
m=1, n=+ _aK —i—w7
2a
ak? +w
A=+ ————, A =0,
2 (ak + ki — by)

By

i, ark? + w ,
ak + Kk — by
N Ll T (OO

Inserting Eq. (17) with Eq. (10) into Eq. (11) causes to the bright soliton

2 2 2 .
q(z,t) = {:I:\/2( an” + \/ an sech [ —Cm2;— d (x + 2a/€t)] } el —ratwitbo), (18)

ak + kp — bo) ak + KL — by

. (17)

The bright soliton is valid for the constraint (15) along with
a(ar® +w) <0. (19)
Case 3:

ak? +w
Ag=%y/ —/——————
0 \/2(an+mu—b2)’
2
A =+ ar® + w ,
2 (ak + ki — ba)

Bl e
2 (ak + Kk — ba)

\/9 (ar? + w) (oK + Kp — by)
2

by ==+

: (20)

Substituting Eq. (20) with Eq. (10) into Eq. (11) yields the combo singular soliton

2 2 2
oo t) = {#W i\/%wwthl aR” £ L )

I ark? +w
2 (ak + ki — ba) 2 (ak + ki — ba) a 2 (ak + ki — ba)

P
x csch [\/ ot (z+ 2af<;t)] } gi—natwttbo), (21)
a

The combo singular soliton is valid for the constraints (15) and (16).
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III. BIREFRINGENT FIBERS
A. Unperturbed model

The coupled system derived from the equation (1) for
birefringent fibers with four-wave mixing (4WM) is:

it + a1qze + b1q\/|q\2 + |7“|2 +qr* + g*r

+ (erlaP +dilrP?) g+ eir®q” =0, (22)
iy + Ao + bz?"\/l?"l2 +ql* +rg* +17q
2 2 2 %
+ ((:2 Ir|” + da |q| )rJrqu r* =0, (23)

where the complex valued functions ¢ (x,t) and r(z,t)
account for optical solitons in birefringent fibers. For
I = 1,2, a; are the coefficients of CD and ¢; represent
the coeflicients of self-phase modulation (SPM), while
d; account for the coefficients of cross-phase modulation
(XPM) and e; stand for the coefficients of 4WM. For the
coefficients b;, the first two terms are SPM and XPM,
respectively, while the last two are 4WM inside the radi-
cal sign.
To obtain the soliton solution, we set

4(@,8) = U ()@, 1(a,t) = Up(€)e @),

E=n(x—uvt), @(z,t)=—kKx+wt+ 0.

Inserting Eq. (24) into Egs. (22) and (23) yields the real
equation

(24)

and the imaginary equation
v = —2qK, (26)
where j = 1,2 and j = 3 — j. Equation (25) reduces to

arm U (w—i—amQ) U,

+20, U2 + (e +dy+e) UP =0 (27)

by the constraint U; = U;. By using the balancing pri-
nciple in Eq. (27), Eq. (8) reduces to

Ui (§) = Bysin(Vi (€)) + Arcos(Vi (§)) + Ao- (28)

Substituting Eq. (28) with Eq. (9) into Eq. (27) leads to

/am’Q—i—w
a2+ w
By =0,
\/ 2( Cl-‘rdl-f—el) !

ak? +w
+
2 Cl +d; —|—el)

:t\/ 9 (k% 4+ w) (cl—l—dl—l—el)
8

Case 1:

| |
H_

(29)

arn U (w-l—alHQ) U +blU12+bleUl~
Plugging Eq. (29) with Eq. (10) into Eq. (28) leads to
+aUP 4 (dy + e)) Uy Ul~2 =0 (25)  the dark solitons
|
a1k? +w a1k2 +w a1k +w L
t) =< +4/— + tanh |4/ ——— 2a1 Kt i(—natwi+bo) (30
(1) { \/ (61+d1+€1 \/ 2( C1+d1+61) o 4aq ( + 2a1nt) }e + (30)
o) = L4 a9k + w n agk? 4 w tanh azk? +w (¢ + 2apit) | b eil-rotettoo) (37)
’ o (CQ + d2 + 62 2 CQ + dz + 62) 40,2 2
and the singular solitons
a1k? +w a1k? +w a1k? +w L
t) =< +£4/— + th || ——— 2a1 kKl i(—ratwi+bo) (39
() { ¢ e \/ e I (o2 } . (32)
ask? + w ask? +w ask? +w o
t) =< 44— + th |/ ——— Qazrt i(=ratwitbo) (33
T(l‘, ) { \/ (CQ + d2 + 62 \/ 2 02 + d2 + 62) €0 4&2 ( + 2azk ) € ( )

Again, in nonlinear optics solutions (30)-(31) are referred to as a dark—dark soliton pair while in fluids they represent
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a kink/anti-kink solitary wave or a shock wave pair. These solitons are valid for

(a+d+e)(us’+w) <0, (34)
a (wk® +w) > 0. (35)
Case 2:
— _am2 + w7
2(1[

ak? +w
Ag=ty| —————F——, A1 =0,
0 \/ 2(cq+di+ep) '

By =+ —7(1”{2 T ,
ag+d+e

2
bl:i\/_9(am —|—w)8(cl—|—dl—|—el).

Inserting Eq. (36) with Eq. (10) into Eq. (28) leads to the bright solitons

(36)

a1k? +w a1k? +w a1k? +w o 0
r,t) =< =4/ — + 4/ — sech ——— (x4 201Kt gll-retwitbo) (37
Q( ) { \/ 2(01 +d; —|—€1) \/ c1+di +ep 2a1 ( ! ) ( )

ask? +w ask? 4+ w ask? 4+ w L
t) =< 4/ — +4/— h - 2ao Kt i(—rztwi+o) (38
riet) { \/ 2(c2 +da + e2) \/ co +dy + e e 2az (w+ 2azt)| e (38)

The bright solitons are valid for the constraint (34) along with

ar (ak* 4+ w) <0. (39)
Case 3:
n=+ /amz + w’
— 4 am + w
2 Cl +d; + el)
-4 am + w
2 Cl +d; + 61)
2
ak” + w
B =%y 77—,
! 2(c;+di +e)
9 (k24 w) (e +d +e)
3 . (40)
Substituting Eq. (40) with Eq. (10) into Eq. (28) yields the combo singular solitons
(2,1) + st tw AT SN Y KU (z + 2akt)
x,t) = —_— —_—— _— a1k
1 2(c1 +di+e1) 2(c1 +di+e1) ax '
+ fﬂ csch M (z + 2a1kt) et (—ra+wt+6o) (41)
2(01+d1+61> (751 ! ’
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2 2 2
ok + w ask” + w ask” + w
r(xg,t) = (+y/—————— +/———————coth —— (x + 2a9kt
( ) { \/ 2(02+d2+62) \/ 2(02+d2+€2) a2 ( 2 )

2 2
+ G AW csch Gk W (z 4 2agkt) | p ellTratwitoo)
2(ca +day +e2) az

The combo singular solitons are valid for the constraints (34) and (35).

B. PERTURBED MODEL

The coupled system derived from the equation (2) for birefringent fibers is:

g+ arges + oiayJlaP + 1P+ g+ er o+ (el + d ) g+ e’

=ifas (la*a) + 80 (Irl*r) + {0 (1) 420 () Fat (lal +000rf) o]

e + aorpe + bgr\/|r|2 + \q|2 +rg* +1*q + (02 |r|2 + dy |q|2) T+ eaq’r*
=ifas (Irfr) +8 (la*a) +{r () +9 () }r+(uelrf +ole?)r).

where the constants oy, £;, A, 71, g and §; (I = 1,2) are the coefficients of the nonlinear terms.
Inserting Eq. (24) into Eqs. (43) and (44) yields the real equation

am’U = (w+ air®) Uy + biUF + blUiUp + (¢ — Koy — k) U+ (dy + e — k6) UUZ — kB1U2 = 0
and the imaginary equation
(2N + 3ay + ) UPU + 29U UUT + §URU] + 3BUU; + (2ka; + ) Uj = 0,

where j = 1,2 and j = 3 — j. Equations (45) and (46) reduce to

o +d +e — ko
an?U} — (w+ amz) Uy + 20U + U =0
—kB — Kl — KOy

and
2\ + 27y + 3y + 361 + pu + 61) UPU] + (2ka; +v) U/ =0
by the constraint U; = U;. Equation (48) implies
v=—=2qKk
and

2\ + 2y 4+ 3a; + 368 + g + 9, = 0.

(48)

(49)

(50)

By using the balancing principle in Eq. (47), Eq. (8) reduces to Eq. (28). Substituting Eq. (28) with Eq. (9) into

Eq. (47) leads to
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Case 1:
A =+ Ko+ w ,
5 kag + kB + KO
+ru —c —dp — e
Ay ==+ w2+ w ,
5 Koy + kB + Koy
R — o —dp— e

2

Koy + KB + KO
9 (k21 + w) 1+ KB 1
‘R —c —dp — e
b=+ .

51
- (51)
Plugging Eq. (51) with Eq. (10) into Eq. (28) leads to the dark solitons
2 2
q(:mt) _ 1 ka1 +w 4 K a1 + w
5 Koy + KB1 + Koy 5 ka1 + KB1 + ko1
+I€,U1—Cl—d1—€1 +/€,u1—61—d1—61
2
X tanh mrTtw (x4 2a;kt) | p etlmratwito) (52)
4(],1
2 2
r(x,t) _ n K a9 + w I K a9 + w
9 Ko + IiﬂQ + 14362 9 KQig + K)ﬁg + Iﬁ(sg
+hpg —co —do — €2 +Kpy —cog —da — e
2
X tanh Gah” Hw (2 4 2agkt) | p ell-ratwitbo) (53)
4(12
and the singular solitons
2 2
q(x,t) _ I Krea1 +w n ra1 +w
9 ( kaq + k01 + K&y ) ) Koy + KP1 + Ky
thp —c1—di— e +ru —cp —di —eq
2
X coth meE Y (z+ 2aykt) | p el(Tratwttto) (54)

4&1
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r(z,t) =

+

X coth

/-@2a2 +w ﬁzag +w

+
) Kag + kP2 + Kda ) kag + kB2 + Ko
+kup —ca —dz — e +Kpg — o —do — €3

2
GoR” T w (z + 2agnt) | § eil(—retwt+oo),

az

(55)

Once again, (52)—(53) give the perturbed dark—dark soliton pair in optics, while in fluids they are viewed as kink /anti-
kink solitary waves or solitary waves. These solitons are valid for

Case 2:

N

5
Il
H-

&
I
H_

77:

by ==+

Koy + kB + Ko,
+Ku —cp — d; — e

) (Kar+w) > 0,

a (K*a; +w) > 0.

KZa; +w
5 koy + kB + KO ’
R —c —d; — e
K2a; +w

kay + kP + KOy
+rup —cp — d; — e

ak? +w
7l77 Al :07
2a;

+rp —c —dp — e
8

koy + kB + KO
9(/{2041 er) ( ! b : )

Inserting Eq. (58) with Eq. (10) into Eq. (28) leads to the bright solitons

q(z,1)

2001-8

sech

sech

fiza1 +w I<32a1 + w

+
5 Koy + KB1 + Koq ka1 + KB1 + Kop
+I€/L1*led1761 +I€M17617d1761

2
A / _$ (:E + 2(11/{t) 62(7nz+wt+90)’
1

n2a2 + w f<52a2 + w

+
5 KQo + kB2 + Koo koo + kB2 + Koo
+/€/L2—62—d2—62 +H/L2—62—d2—82

2
A /f$ (Z‘ + 2a2/£t) 61(7;<;z+wt+60).
2

(58)

(59)
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The bright solitons are valid for the constraint (56) along with

a (ak® +w) <0. (61)
Case 3:
Ag =+ K2a; + w 7
9 Koy + kB + Koy
+Kru —cp — d; — e
A =+ K2a; +w 7
9 kag + kB + KO
thu — o —dp — e
2
n=+ a;k* + w’
V'
K2a; +w
Bl = Zl: - )
9 kay + kB + KOy
‘R — e —dp — e
9 (k2a; + w) Koy + KB + Ko
+hm — o —dp —e
b=+ (62)
8
Substituting Eq. (62) with Eq. (10) into Eq. (28) yields the combo singular solitons
I€2a1 —+w nzal + w a1/<;2 —+w
q(z,t) = ¢ £ + coth || —— (x + 2a1kt)
) ko + KB1 + Koy 5 Koy + KB1 + ko1 ay
+RUL —c1 —di —e; +rpur —c1 —di —e;
2 2
i K ay +w wesch M ({,C + 2a1/~@t) ez(—nw+wt+90), (63)
o Hon+ KB+ Kby aj
+rpp —cp —dp —eq
/{Qag +w /{Qag +w CL2I<62 +w
r(z,t) = ¢+ + coth [/ —— (z + 2azkt)
9 Ko + KB2 + Ko 9 Ko + KfB2 + Ko as
+Ko — co — dy — e +Kg — co — da — e
2 2
+ o tw wesch | ] 22w (z 4 2agkt) | p e'(Tratwitoo), (64)
Kag + kP2 + K2 az
+I{/L2 — Cg — d2 — €2
The combo singular soliton are valid for the constraints (56) and (57).
[
IV. CONCLUSIONS bited. The Hamiltonian type perturbation terms that
are incorporated are of maximum allowable intensity.
This paper accrues soliton solutions to fibers wi-  Lhe absolute maximum or critical value of the intensi-
th QC nonlinearity in the presence of CD. A full  ty is yet to be discovered. The Benjamin—Fier instabili-
spectrum of solitons, both single- and dual-form are exhi- ¥ analysis is not yet studied for the model. Moreover,

2001-9



Y. YILDIRIM, E. TOPKARA, A. BISWAS, H. TRIKI, M. EKiCI, P. GUGGILLA, S. KHAN, M. R. BELIC

the study needs to be extended later with quadratic—
cubic nonlinear structures of the refractive index. In
that case, the integrability issues will be addressed for
the perturbed equation, and the corresponding soliton
solutions along with the conservation laws for the model

will be displayed. Additionally, the model has to be
extended to address DWDM topologyand the formulated
model will also be studied. Several additional integrati-
on schemes will also be implemented [11-16]. The readers
are suggested to stay tuned!
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OIITNYHE COJIITOHHE 3BYPEHHA TA IIOJIAPN3AINIIA 3 KBAAPATNYHO-KYBIYHOIO
HEJITHIMHICTIO B IIIAXO/AI PIBHAHHSI CUHYC-TOPJIOHA

SI. Munpupum?®, E. TonkapaZ?, A. Bicsac®*%® T. Tpuxi”, M. Eximxi®, II. Tyrrinma®, C. Xau®, M. P. Beniu®
! Kagedpa mamemamury Garysvmemy symanimapHus i npupoonusus wayk, Yuisepcumem Bausvkozo Czody, 99138,
Hixocia, Kinp,
2 Kagedpa mamemamuru, Yuisepcumem Iocmona—Tiaromeona, Ocmin, Texac—78702, CIIIA,

3 Kagedpa disuru, cimii ma mamemamuru, Yrisepcumem Aaabamu AEM, Hopmanv, Arabama, 35762-4900, CIIIA,
4 Tocaionuybra 2pyna 3 Mamemamuurozo modes08amma ma npuxiadnus obuucaens (MMAC),
Henapmamenm mamemamuru, Yuieepcumem wopoas Ab6dyaasisa, Jorcudda, 21589, Caydiscvra Apasia,

5 Kagpedpa npuraadnoi mamemamuru, Houionarvrnud docaionuyvkud adeprutl ynisepcumen,
Kawupcore woce, Mocxea, 115409, Pociticoka Pedepanyin,

S Kagpedpa mamemamury ma npukiadnoi mamemamury, Yrnisepcumem nayk npo 3dopos’s Cedaxo Maxsamo,
Medymnca, 0204, IIpemopin, ITAP,

" JTa6opamopisa padiayiinot gisuru, Disuwne 6i0dinenna, Dakysbmem NPUPOOHUNUT HAYK,
Vuisepcumem Badoci Mormapa, 23000, Annaba, Aaorcup,

SKa(ﬁedpa MAMEMAMUKY PaAKYLbMEMY HAYK i Mucmeyms, Yuisepcumem Hosram Losox, 66100, f[osfam, Typeuwywuna,
9 Inemumym @isuku 6 Beazpadi, IIpespesiua, 118, 11080 3emyn, Cepbis

V crarrti BiATBOPEHO MOBHWI CIEKTDP ONTHYHUX COMITOHIB i3 KBaAPATHIHO-KYOIYHOIO HEJIHIAHICTIO ¥
BOJIOKHAX, 110 30epiraloTh MOJISAPU3ALI0, & TAKOXK Yy BOJOKHAX i3 aBo3asomienaaM. lonanku 30ypeHHs
MarlOTh MOBHY iHTEHCHUBHICTE. Taky 3a/a4y MOKHA PO3B’SI3aTH B MiAXO/Ii PIBHAHHS CHHyc—fop;LOHa. Takox
€ BianoBigHi 0OMeKyBaJIbHI YMOBH, siKi TaAPAHTYIOTh HASIBHICTH TAKUX COJIITOHIB.

Kirro4doBi cjioBa: coJliTOHH, HOJSpu3alis, 30ypeHHs, KBaIpaTudHo-KyOiuHa HeiHiiHICTD.
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