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Ìåòîä ôóíêöiîíàëüíîãî iíòå ðóâàííÿ çàñòîñîâàíî äî âèâ÷åííÿ ÷àñîâî¨ çàëåæíîñòi âiäñîòêî-
âî¨ ñòàâêè â ñòîõàñòè÷íèõ ìîäåëÿõ Ìåðòîíà i Âàñi÷åêà. Ðîçãëÿíóòî ñïîñiá îáìåæåííÿ îáëàñòi
çìiíè ñòîõàñòè÷íî¨ çìiííî¨ â ìîäåëÿõ iç ìåòîþ îäåðæàííÿ äîäàòíèõ çíà÷åíü ÷àñîâî¨ çàëåæíîñòi
âiäñîòêîâî¨ ñòàâêè. Äëÿ öüîãî ó ôóíêöiîíàëüíèõ iíòå ðàëàõ îáëàñòü iíòå ðóâàííÿ îáìåæó¹òüñÿ
óìîâîþ
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t0
r(τ)dτ > 0. Çíàéäåíî âèðàçè äëÿ ÷àñîâî¨ çàëåæíîñòi âiäñîòêîâèõ ñòàâîê ó ìîäåëÿõ,
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ÂÑÒÓÏ

Ìîäåëü áðîóíiâñüêîãî ðóõó áåðå ñâié ïî÷àòîê ç îïè-
ñó äèíàìiêè ðóõó ÷àñòèíîê ó ðiäèíàõ, ôiçè÷íó òåî-
ðiþ ÿêîãî ñôîðìóëþâàâ Àéíøòàéí. Ïî ñóòi, òàêó ñà-
ìó ìîäåëü çàñòîñóâàâ Áàøåëü¹ äëÿ îïèñó äèíàìiêè
öií àêöié òà iíøèõ ôiíàíñîâèõ ïîêàçíèêiâ íà ðèíêó
öiííèõ ïàïåðiâ. Íà îñíîâi ìîäåëi áðîóíiâñüêîãî ðóõó
Áàøåëü¹ âèâiâ ôîðìóëó äëÿ öiíè îïöiîíó. Âiäòîäi ñòî-
õàñòè÷íi ìîäåëi çàñòîñîâóþòü ó ìîäåëþâàííi ñòîõà-
ñòè÷íî¨ äèíàìiêè âîëàòèëüíîñòi, âiäñîòêîâèõ ñòàâîê,
äîõiäíîñòi îáëiãàöié òà iíøèõ çàäà÷ ôiíàíñîâî¨ iíæå-
íåði¨ [1, 2].

Âîäíî÷àñ ó áàãàòüîõ ñòîõàñòè÷íèõ ôiíàíñîâèõ ìî-
äåëÿõ âèíèêà¹ íåóçãîäæåíiñòü ìiæ îáëàñòþ çìiíè ñòî-
õàñòè÷íî¨ çìiííî¨ òà âiäïîâiäíîãî ôiíàíñîâîãî ïîêà-
çíèêà. Öåé íåäîëiê õàðàêòåðíèé äëÿ ìîäåëi Áàøåëü¹,
äå öiíà àêöi¨ ìîæå íàáóâàòè âiä'¹ìíèõ çíà÷åíü, ùî
íå âiäïîâiäà¹ åêîíîìi÷íîìó çìiñòó. Ïîäiáíà ñèòóàöiÿ
òàêîæ íàÿâíà ó ñòîõàñòè÷íîìó ìîäåëþâàííi âiäñîòêî-
âèõ ñòàâîê [1�3]. Çîêðåìà, ó âiäîìèõ ìîäåëÿõ Ìåðòî-
íà (8) i Âàñi÷åêà (9) âiäñîòêîâà ñòàâêà ìîæå íàáóâàòè
âiä'¹ìíèõ çíà÷åíü. Ó íèçöi ìîäåëåé óêàçàíèé íåäî-
ëiê óñóâàþòü óñêëàäíåííÿì ìîäåëi Âàñi÷åêà, ââîäÿ÷è
ìíîæíèêè äëÿ ñòîõàñòè÷íîãî ñêëàäíèêà. Òàê, ó ìî-
äåëi Êîêñà�Iíãåðñîëëà�Ðîññà âîëàòèëüíiñòü ìiñòèòü√
r(t), ùî óíåìîæëèâëþ¹ âiä'¹ìíi ðîçâ'ÿçêè. Ó ìîäå-

ëi Î äåíà âîëàòèëüíiñòü ïðîïîðöiéíà r(t), âiäïîâiäíî
ìîäåëü ñòà¹ ëîãíîðìàëüíîþ (àáî ìîäåëëþ ãåîìåòðè-
÷íîãî áðîóíiâñüêîãî ðóõó). Òàêîæ ðîçãëÿäàþòü ìî-
äåëü iç âîëàòèëüíiñòþ ïðîïîðöiéíîþ r(t)γ(γ > 0) i
ðÿä iíøèõ [2, 3].

Iíøèé ïiäõiä ïîâ'ÿçàíèé ç óâåäåííÿì ïåâíèõ ãðà-
íè÷íèõ óìîâ, ùî îáìåæóþòü îáëàñòü çíà÷åíü ñòî-
õàñòè÷íî¨ çìiííî¨ [4]. Äîâîëi åôåêòèâíèì ìåòîäîì
ðîçâ'ÿçàííÿ ïîäiáíèõ çàäà÷ ¹ ìåòîä ôóíêöiîíàëüíî-
ãî iíòå ðóâàííÿ [5�7]. Éîãî çàñòîñóâàííÿ ó ôiíàí-
ñîâèõ ìîäåëÿõ  ðóíòó¹òüñÿ íà âiäîìèõ àíàëîãiÿõ iç
êâàíòîâîþ ìåõàíiêîþ òà ñòàòèñòè÷íîþ ôiçèêîþ. Ïî-

äiáíî, ÿê ïðîïàãàòîð ðiâíÿííÿ Øðåäèí åðà, òàê i ãó-
ñòèíó óìîâíî¨ éìîâiðíîñòi ðiâíÿííÿ Ôîêêåðà�Ïëàíêà
ïîäàíî ó âèãëÿäi ôóíêöiîíàëüíîãî iíòå ðàëà (ôîðìó-
ëà Ôåéíìàíà�Êàöà) [8�10]. Â åêâiâàëåíòíîìó ïiäõîäi
ôóíêöiîíàëüíèé iíòå ðàë äëÿ çàäàíîãî ñòîõàñòè÷íî-
ãî ðiâíÿííÿ áóäó¹òüñÿ íà îñíîâi ìiðè Âiíåðà çàìiíîþ
çìiííèõ [6, 11].
Ó öié ïðàöi ïðîàíàëiçîâàíî ìîäåëi Ìåðòîíà é Âà-

ñi÷åêà â ìåòîäi ôóíêöiîíàëüíîãî iíòå ðàëà. Îòðèìà-
íî ÷àñîâi çàëåæíîñòi âiäñîòêîâèõ ñòàâîê ðîçâ'ÿçàííÿì
ðiâíÿííÿ ÷àñîâî¨ ñòðóêòóðè [1]. Äëÿ óñóíåííÿ íåäî-
ëiêiâ ìîäåëåé, ïîâ'ÿçàíèõ iç âiä'¹ìíèìè çíà÷åííÿìè
âiäñîòêîâèõ ñòàâîê, âèêîðèñòàíî îáìåæåííÿ îáëàñòi
iíòå ðóâàííÿ ó ôóíêöiîíàëüíîìó iíòå ðàëi.

I. ÏÎÁÓÄÎÂÀ ÔÓÍÊÖIÎÍÀËÜÍÎÃÎ
IÍÒÅ�ÐÀËÀ ÄËß ÌÎÄÅËÅÉ

ßê âiäîìî, äèñêîíòóâàííÿ öiíîâîãî àêòèâó V (t) â
ìîìåíò ÷àñó t > t0 (ó ìîäåëi íåïåðåðâíîãî íàðàõóâà-
ííÿ âiäñîòêiâ) âiäáóâà¹òüñÿ çà âiäñîòêîâîþ ñòàâêîþ r
[1, 2]

V0 = V (t)e−r(t−t0) . (1)

Òóò âiäñîòêîâà ñòàâêà r ââàæà¹òüñÿ ñòàëîþ é äîäà-
òíîþ. Äèíàìiêó âiäñîòêîâî¨ ñòàâêè çàãàëîì îïèñóþòü
çà äîïîìîãîþ ñòîõàñòè÷íîãî ðiâíÿííÿ

dr = µ(r)dt+ σ(r)dw, (2)

äå âåëè÷èíà dw ïîçíà÷à¹ âiíåðiâñüêèé ïðîöåñ [1, 2].
Âèïàäêîâà âåëè÷èíà dw ðîçïîäiëåíà çà íîðìàëüíèì
çàêîíîì iç ïàðàìåòðàìè

〈
dw
〉

= 0,
〈
(dw)2

〉
= dt. Âå-

ëè÷èíè µ(r), σ(r) âèçíà÷àþòü âiäïîâiäíî äðåéô i âî-
ëàòèëüíiñòü ïðîöåñó, ÿêi çàçâè÷àé ¹ ôóíêöiÿìè ñòî-
õàñòè÷íî¨ çìiííî¨. Ó öüîìó ðàçi ôîðìóëà (1) âèäîçìi-
íþ¹òüñÿ, ¨¨ ïîðiáíî óñåðåäíèòè çà ðåàëiçàöiÿìè ñòîõà-
ñòè÷íîþ ïðîöåñó

V0 = V (t)
〈
e
−

∫ t
t0
r(τ)dτ〉

w
, (3)

Öþ ïðàöþ ìîæíà âèêîðèñòîâóâàòè íà óìîâàõ Ìiæíàðîäíî¨ Ïóáëi÷íî¨ Ëiöåíçi¨ Creative Commons 4.0 �Iç Çàçíà÷åííÿì
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äå
〈
. . .
〉
w
ïîçíà÷à¹ âêàçàíå óñåðåäíåííÿ. Äèñêîíòíèé

ìíîæíèê â (3) âèçíà÷à¹ ÷àñîâó çàëåæíiñòü âiäñîòêî-
âî¨ ñòàâêè r̄(t) [1, 2]:

P (t, t0) =
〈
e
−

∫ t
t0
r(τ)dτ〉

w
, r̄(t) = − lnP (t, t0)

t− t0
. (4)

Äëÿ âèçíà÷åííÿ çìiñòó óñåðåäíåííÿ â (3) ðîçãëÿíåìî
ðîçáèòòÿ ÷àñîâîãî âiäðiçêà [t0, t] íà iíòåðâàëè çà äî-
ïîìîãîþ n òî÷îê ti (i = 1 . . . n) i çàïèøåìî

〈
(. . .)

〉
w
≈
∫ ∞
−∞

exp

(
−1

2

n+1∑
i=1

∆w2
i

∆ti

)
(. . .)

n+1∏
i=1

dwi√
2π∆ti

,

(5)
äå ïîçíà÷åíî ∆wi = wi − wi−1, ∆ti = ti − ti−1
(tn+1 = t). Iíòå ðóâàííÿ â (5) çäiéñíþ¹ìî çà âiäîìîþ
ìiðîþ Âiíåðà [6, 11]. Â ãðàíèöi max(∆ti) → 0 (i =
1 . . . n), n→∞ äëÿ äèñêîíòíîãî ìíîæíèêà â (3) îòðè-
ìà¹ìî ôóíêöiîíàëüíèé iíòå ðàë çà ìiðîþ Âiíåðà

P (t, t0) =

∫
w0

Dw(τ) exp
(
− 1

2

∫ t

t0

(w(τ)

dτ

)2
dτ
)

× exp
(
−
∫ t

t0

r(τ)dτ
)
, (6)

Dw(τ) =

t∏
τ=t0

dw(τ)√
2πdτ

. (7)

Ôóíêöiîíàëüíèé iíòå ðàë ìà¹ çìiñò òàêîæ iíòå ðàëà
çà òðà¹êòîðiÿìè, äå òðà¹êòîði¨ ïî÷èíàþòüñÿ â òî÷öi
(t0, w0) i ïðîõîäÿòü ÷åðåç óñi ìîæëèâi òî÷êè (t, w)
(w ∈ R, t > t0).
Äàëüøèé ðîçãëÿä ïðîâåäåìî íà ïðèêëàäi ìîäåëåé

Ìåðòîíà i Âàñi÷åêà, ÿêi ¹ îäíèìè ç ïðîñòiøèõ i âè-
êîðèñòîâóþòüñÿ äëÿ ìîäåëþâàííÿ ÷àñîâî¨ äèíàìiêè
âiäñîòêîâèõ ñòàâîê [1, 2]:

dr = µdt+ σdw, (8)

dr = β(µ− r)dt+ σdw, (9)

äå ôîðìóëà (8) çàäà¹ ìîäåëü Ìåðòîíà, à (9) � ìî-
äåëü Âàñi÷åêà. ßê âèäíî ìîäåëü Ìåðòîíà ¹ ìîäåë-
ëþ çâè÷àéíîãî áðîóíiâñüêîãî ðóõó ç äðåéôîì, à ìî-
äåëü Âàñi÷åêà ó ôiçè÷íèõ çàäà÷àõ âiäîìà ÿê ìîäåëü
Îðíøòåéíà�Óëåíáåêà.
Äëÿ ðîçðàõóíêó ôóíêöiîíàëüíîãî iíòå ðàëà ó ôîð-

ìóëi (6) íåîáõiäíî ïiäñòàâèòè ðîçâ'ÿçêè ñòîõàñòè÷íèõ
ðiâíÿíü (8) i (9). Çîêðåìà, äëÿ ìîäåëi Ìåðòîíà çíà-
éäåìî

r(τ) = r0 + µ(τ − t0) + σ(w(τ)− w0), τ ∈ [t0, t]. (10)

Äëÿ ìîäåëi Âàñi÷åêà ðîçâ'ÿçîê òàêèé [2]:

r(τ) = r0e
−β(τ−t0) + µ(1− e−β(τ−t0))

+ σ

∫ τ

t0

e−β(τ−τ
′)dw(τ ′), τ ∈ [t0, t]. (11)

Âåëè÷èíà w0 ó âèðàçi (10) ïîçíà÷à¹ çíà÷åííÿ ñòîõà-
ñòè÷íî¨ çìiííî¨ w(t0) ó ìîìåíò ÷àñó t0. Ïiñëÿ ïiäñòà-
íîâêè ðîçâ'ÿçêiâ (10), (11) ó ôîðìóëó (6) i îá÷èñëåí-
íÿ âiäïîâiäíèõ ôóíêöiîíàëüíèõ iíòå ðàëiâ îòðèìà¹ìî
âåëè÷èíó P (t, t0) i ÷àñîâi çàëåæíîñòi âiäñîòêîâèõ ñòà-
âîê (4) ó âêàçàíèõ ìîäåëÿõ (äîäàòîê À).
Åêâiâàëåíòíèé ñïîñiá îá÷èñëåííÿ ôóíêöiîíàëüíîãî

iíòå ðàëà (6) ïîâ'ÿçàíèé iç çàìiíîþ çìiííèõ. Â iíòå-
 ðàëi çà ìiðîþ Âiíåðà (6) âiä çìiííèõ w(τ) ïåðåéäåìî
äî çìiííèõ r(τ) (τ ∈ [t0, t]). Òàêó çàìiíó äëÿ êîæíî¨ ç
ìîäåëåé âèêîíà¹ìî íà îñíîâi ðiâíÿíü (10) i (16). Äëÿ
ìîäåëi Ìåðòîíà äîñòàòíüî âèçíà÷èòè dw ç ðiâíÿííÿ
(8) i ïiäñòàâèòè â ïiäiíòå ðàëüíi âèðàçè. Ïðè öüîìó
òàêîæ ç'ÿâèòüñÿ ìíîæíèê

t∏
τ=t0

1

σ
. (12)

Ó ðåçóëüòàòi äëÿ ìîäåëi Ìåðòîíà çàïèøåìî ôóíêöiî-
íàëüíèé iíòå ðàë

P (r, r0, t− t0)=

∫ r

r0

Dr exp

(
− 1

2σ2

∫ t

t0

(dr
dτ
− µ

)2
dτ

)

×exp
(
−
∫ t

t0

r(τ)dτ
)
, (13)

äå ïîçíà÷åíî

Dr =

t∏
τ=t0

dr(τ)√
2πσ2dτ

. (14)

Äèñêîíòíèé ìíîæíèê (6) îòðèìó¹ìî iíòå ðóâàííÿì
çà r

P (r0, t− t0) =

∫ ∞
−∞

P (r, r0, t− t0)dr. (15)

Iíòå ðóâàííÿ çà êiíöåâîþ òî÷êîþ r ó (15) âèäiëåíî
îêðåìî. Ó ôîðìóëi (15) ìè òàêîæ âêàçàëè çàëåæíiñòü
P (r0, t− t0) âiä ïî÷àòêîâîãî çíà÷åííÿ r0 i âiä ðiçíèöi
÷àñiâ t−t0. Äëÿ îá÷èñëåííÿ ôóíêöiîíàëüíîãî iíòå ðà-
ëà (13) âèêîðèñòà¹ìî âiäîìi çíà÷åííÿ [6, 7] é îòðèìà-
¹ìî ðåçóëüòàò íàâåäåíèé â äîäàòêó A.
Âèêîíà¹ìî ïîäiáíó çàìiíó çìiííèõ ó ôóíêöiî-

íàëüíîìó iíòå ðàëi äëÿ ìîäåëi Âàñi÷åêà. Ñïî÷àòêó
ïðîiíòå ðó¹ìî çà ÷àñòèíàìè â îñòàííüîìó äîäàíêó
ðîçâ'ÿçêó (11), îäåðæèìî:

r(τ) = f0(τ) + σw(τ)− σβ
∫ τ

t0

e−β(τ−τ
′)w(τ ′)dτ ′ ,

(16)

f0(τ) = µ+ (r0 − µ− σw0)e−β(τ−t0).

Ðîçâ'ÿçîê (16) ìà¹ âèãëÿä ëiíiéíîãî iíòå ðàëüíîãî ïå-
ðåòâîðåííÿ òèïó Âîëüòåðà, ùî âèðàæà¹ çìiííi r(τ)
÷åðåç w(τ). Âèêîíà¹ìî òàêîæ ìàñøòàáíå ïåðåòâîðåí-
íÿ w(τ) → w′(τ)/σ â iíòå ðàëi, ó ðåçóëüòàòi âèíèêíå
ìíîæíèê (12). ßêîáiàí çàìiíè çìiííèõ â iíòå ðàëi âè-
çíà÷à¹òüñÿ ÿäðîì iíòå ðàëüíîãî ïåðåòâîðåííÿ (16) [6]

K(τ − τ ′) = −βe−β(τ−τ
′). (17)
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Âèêîðèñòîâóþ÷è âiäîìó ôîðìóëó çàìiíè çìiííèõ ó
ôóíêöiîíàëüíîìó iíòå ðàëi [6], îòðèìà¹ìî çíà÷åííÿ
ÿêîáiàíà

exp
(
−1

2

∫ t

t0

K(0)dτ
)

= exp
(1

2
β(t− t0)

)
. (18)

Ó ïiäñóìêó, âðàõîâóþ÷è (12), (18) i çíà÷åííÿ dw ç ðiâ-
íÿííÿ (9), îäåðæèìî äëÿ ìîäåëi Âàñi÷åêà ôóíêöiî-
íàëüíèé iíòå ðàë

P (r, r0, t− t0) = exp
(1

2
β(t− t0)

)∫ r

r0

Dr

× exp

(
− 1

2σ2

∫ t

t0

(dr
dτ
− β(µ− r(τ))

)2
dτ

)
× exp

(
−
∫ t

t0

r(τ)dτ
)
. (19)

Ôóíêöiîíàëüíèé iíòå ðàë (19) çâîäèòüñÿ äî iíòå ðàëó
äëÿ îñöèëÿòîðà äëÿ ÿêîãî âiäîìå çíà÷åííÿ [5, 7]. Iíòå-
 ðóþ÷è òàêîæ çà r, îòðèìà¹ìî âåëè÷èíó P (r0, t− t0),
ùî çáiãà¹òüñÿ çi çíàéäåíîþ çà ïåðøèì ñïîñîáîì (À10).

ßê áóëî çàçíà÷åíî, ñóòò¹âèì íåäîëiêîì ìîäåëåé
Ìåðòîíà i Âàñi÷åêà [1] ¹ òå, ùî ÷àñîâi çàëåæíî-
ñòi âiäñîòêîâèõ ñòàâîê (ôîðìóëè (À6) i (À11)) íà-
áóâàþòü âiä'¹ìíèõ çíà÷åíü. Î÷åâèäíî, öå ïîâ'ÿçàíî
ç âiä'¹ìíèìè çíà÷åííÿìè r(τ), τ ∈ [t0, t] ðîçâ'ÿçêiâ
ðiâíÿíü (11), (10). Îñêiëüêè äëÿ äîäàòíèõ ðîçâ'ÿçêiâ
r(τ) > 0 ñåðåäí¹ çíà÷åííÿ çàâæäè ìåíøå îäèíèöi

〈
e
−

∫ t
t0
r(τ)dτ〉

w
< 1

i âiäïîâiäíî âåëè÷èíà r̄(t) (4) íàáóâàòèìå äîäàòíiõ
çíà÷åíü. Äëÿ iíòå ðàëüíèõ ïðåäñòàâëåíü (13), (19)
öå åêâiâàëåíòíî îáìåæåííþ îáëàñòÿìè iíòå ðóâàííÿ,
äå çìiííi íàáóâàþòü ëèøå äîäàòíiõ çíà÷åíü (r(τ) >
0, τ ∈ [t0, t]).

Çàóâàæèìî, ùî ôóíêöiîíàëüíi iíòå ðàëè (13), (19)
áåç åêñïîíåíòíîãî ìíîæíèêà exp(−

∫ t
t0
r(τ)dτ) âèçíà-

÷àþòü ãóñòèíè óìîâíèõ éìîâiðíîñòåé â ìîäåëÿõ Ìåð-
òîíà é Âàñi÷åêà (âiäïîâiäíi ôîðìóëè íàâåäåíi â äîäà-
òêó Á). Ãóñòèíà óìîâíî¨ iìîâiðíîñòi â ìîäåëi Âàñi÷åêà
äëÿ ãðàíèöi β → 0, βµ → µ′ ïðÿìó¹ äî ãóñòèíè óìîâ-
íî¨ éìîâiðíîñòi ìîäåëi Ìåðòîíà, ùî âèïëèâà¹ òàêîæ
iç ðiâíÿíü (8) i (9). Ãóñòèíè óìîâíèõ éìîâiðíîñòåé
(Á2) i (Á4) çàäîâîëüíÿþòü ðiâíÿííÿ Ôîêêåðà � Ïëàí-
êà [6, 12] äëÿ ñòîõàñòè÷íèõ ðiâíÿíü (8) i (9) i ìàþòü
íàïiâãðóïîâó âëàñòèâiñòü

K(r, r0, t− t0) =

∫ ∞
−∞
K(r, r′, t− t′)K(r′, r0, t

′ − t0)dr′ .

(20)
Âëàñòèâiñòü (20) ëåæèòü â îñíîâi ïîáóäîâè ôóíêöiî-
íàëüíèõ iíòå ðàëiâ ó çàäà÷àõ êâàíòîâî¨ òà ñòàòèñòè-
÷íî¨ ìåõàíiêè [5, 6]. Âðàõîâóþ÷è (20) ñåðåäí¹ çíà÷å-
ííÿ ó ôîðìóëàõ (À6) i (19) çàïèøåìî ó âèãëÿäi áàãà-

òîêðàòíîãî iíòå ðàëà

P (r, r0, t− t0) ≈
∫ ∞
−∞

N+1∏
i=1

K(ri, ri−1,∆ti)

× exp
(
−

n∑
i=1

ri∆ti

) N∏
i=1

dri. (21)

Òóò âèêîðèñòàíî ðîçáèòòÿ ÿê ó ôîðìóëi (5), i ïîçíà-
÷åíî ∆ti = ti − ti−1, à òàêîæ tN+1 = t, rN+1 = r, à
K(ri, ri−1, ti−ti−1) � ãóñòèíà óìîâíî¨ éìîâiðíîñòi âiä-
ïîâiäíî¨ ìîäåëi íà iíòåðâàëi t ∈ (ti−1, ti), i = 1 . . . N+1
. Ôóíêöiîíàëüíi iíòå ðàëè (13), (19) îòðèìà¹ìî, âèêî-
íóþ÷è ãðàíè÷íèé ïåðåõiä ó ôîðìóëi (21).
Çâiäñè âèïëèâà¹ ñïîñiá ââåäåííÿ ãðàíè÷íèõ óìîâ

äëÿ îáìåæåííÿ äîïóñòèìèõ çíà÷åíü âèïàäêîâî¨ çìií-
íî¨. Ó ôîðìóëi (21) íåîáõiäíî âèêîðèñòàòè ãóñòèíó
óìîâíî¨ éìîâiðíîñòi, ùî âiäïîâiäà¹ çàäàíèì ãðàíè-
÷íèì óìîâàì. Ïðîòå âèðàçè äëÿ ãóñòèí óìîâíèõ éìî-
âiðíîñòåé ç ãðàíè÷íèìè óìîâàìè ìiñòÿòü çàçâè÷àé ñó-
êóïíiñòü äîäàíêiâ, ùî óñêëàäíþ¹ ïðåäñòàâëåííÿ (21)
ó âèãëÿäi ôóíêöiîíàëüíîãî iíòå ðàëà, ÿêèé ìiñòèòü
åêñïîíåíòó âiä äåÿêîãî ôóíêöiîíàëà çìiííèõ iíòå ðó-
âàííÿ.
Çàçíà÷èìî òàêîæ, ùî â çàäà÷àõ êâàíòîâî¨ ìåõàíi-

êè ðîçâèíóòi åôåêòèâíi ñïîñîáè âðàõóâàííÿ ãðàíè-
÷íèõ óìîâ ó ìåòîäi ôóíêöiîíàëüíîãî iíòå ðóâàííÿ
çà äîïîìîãîþ òî÷êîâèõ âçà¹ìîäié, ÿêi âèðàæàþòüñÿ
÷åðåç δ-ôóíêöi¨ òà ïîõiäíi âiä íå¨ [13, 14]. Ó öüîìó
ðàçi ïðîïàãàòîð ðiâíÿííÿ Øðåäèí åðà, ùî çàäîâîëü-
íÿ¹ ãðàíè÷íi óìîâè, ìîæíà âèðàçèòè ÷åðåç ïðîïàãà-
òîðè áåç ãðàíè÷íèõ óìîâ. Çîêðåìà äëÿ ôóíêöi¨ �ði-
íà (ôóð'¹-çîáðàæåííÿ ïðîïàãàòîðà çà ÷àñîâîþ çìií-
íîþ) ç ãðàíè÷íèìè óìîâàìè ïîáóäîâàíi ôîðìóëè, ùî
ïîâ'ÿçóþòü ¨¨ ç ôóíêöi¹þ �ðiíà áåç ãðàíè÷íèõ óìîâ.
Ðÿä ðåçóëüòàòiâ, îòðèìàíèõ äëÿ ôóíêöié �ðiíà, ìî-
æíà ïåðåíåñòè íà ñòîõàñòè÷íi çàäà÷i, ÿêùî çàìiñòü
ôóð'¹-çîáðàæåíü ðîçãëÿäàòè ïåðåòâîðåííÿ Ëàïëàñà
çà ÷àñîâîþ çìiííîþ. Çðîçóìiëî, ùî äëÿ çàñòîñóâàí-
íÿ öèõ ìåòîäiâ ïîâèííî áóòè ïåðåòâîðåííÿ Ëàïëàñà
çà ÷àñîâîþ çìiííîþ äëÿ ôóíêöiîíàëüíèõ iíòå ðàëiâ

P (r, r0, s) =

∫ ∞
0

P (r, r0, t)e
−s tdt . (22)

Ïðîòå, ÿê âèäíî ç (À5), äëÿ ìîäåëi Ìåðòîíà çàçíà÷å-
íîãî ïåðåòâîðåííÿ Ëàïëàñà íåìà. Äëÿ ìîäåëi Âàñi÷å-
êà (19) ïåðåòâîðåííÿ Ëàïëàñà çãiäíî ç (À11) íàÿâíå
íå â óñié îáëàñòi ïàðàìåòðiâ.
Ìè ðîçãëÿíåìî ïðîñòèé ñïîñiá ìîäèôiêàöi¨ ìîäåëåé

(13) i (19) ç ìåòîþ óñóíåííÿ âiä'¹ìíèõ çíà÷åíü r̄(t)
(4). Äëÿ öüîãî ó ôóíêöiîíàëüíèõ iíòå ðàëàõ (13), (19)
âèäiëèìî îáëàñòi iíòå ðóâàííÿ äëÿ ÿêèõ âèêîíó¹òüñÿ
óìîâà ∫ t

t0

r(τ)dτ > 0. (23)

Î÷åâèäíî, ùî â öüîìó ðàçi âåëè÷èíà r̄(t) äëÿ êîæíî¨
ç ìîäåëåé íàáóâàòèìå ëèøå äîäàòíèõ çíà÷åíü.

2801-3



Â. Ñ. ßÍIØÅÂÑÜÊÈÉ

À. Ìîäåëü Ìåðòîíà ç îáìåæåííÿì

Ïîáóäó¹ìî òâiðíó ôóíêöiþ íà îñíîâi ôóíêöiîíàëü-
íîãî iíòå ðàëà äëÿ ìîäåëi Ìåðòîíà (13)

Pα(r, r0, t− t0) =

∫ r

r0

Dr · θ
(∫ t

t0

r(τ)dτ
)

(24)

× exp

(
− 1

2σ2

∫ t

t0

(dr
dτ
− µ

)2
dτ − α

∫ t

t0

r(τ)dτ

)
.

Òóò θ(x) � ôóíêöiÿ Ãåâiñàéäà âèäiëÿ¹ òðà¹êòîði¨, äëÿ
ÿêèõ iíòå ðàë

∫ t
t0
r(τ)dτ > 0. Çíà÷åííÿ ïàðàìåòðà

α = 0 âèçíà÷à¹ ìiðó âèäiëåíî¨ îáëàñòi iíòå ðóâàííÿ,
α = 1 � çìiíåíå ñåðåäí¹ çíà÷åííÿ.

Âèêîðèñòà¹ìî òàêå çîáðàæåííÿ ôóíêöi¨ Ãåâiñàéäà
[15]:

θ(x) =
1

2πi

∫ ∞
−∞

eiηx

η − iε
dη, ε > 0 . (25)

Ïiñëÿ ïiäñòàíîâêè ó ôîðìóëó (24) äëÿ òâiðíî¨ ôóíêöi¨
îòðèìà¹ìî

Pα(r, r0, t− t0) =
1

2πi

∫ ∞
−∞

P (η)

η − iε
dη , (26)

äå

P (η) =

∫ r

r0

Dr exp

(
− 1

2σ2

∫ t

t0

(dr
dτ
− µ

)2
dτ

)
exp
(
−ρ
∫ t

t0

r(τ)dτ
)
, ρ = α− iη . (27)

Ôóíêöiîíàëüíèé iíòå ðàë (27) îá÷èñëþ¹ìî àíàëîãi÷íî, ÿê i ó âèïàäêó (13), ó ïiäñóìêó ìà¹ìî

P (η) =
1√

2πσ2(t− t0)
exp

(
− 1

2σ2
(r − r0 − µ(t− t0))2

)

× exp
(
− σ2

2
(t− t0)3ρ2

)
exp

(
−1

2
ρ(t− t0)(r + r0)

)
.

(28)

Îá÷èñëåííÿ iíòå ðàëó çà η âèêîíà¹ìî íà îñíîâi âiäîìî¨ ôîðìóëè (äèâ. [15])

1

2πi

∫ ∞
−∞

P (η)

η − iε
dη =

1

2
P (0) +

1

2πi

∫ ∞
0

P (η)− P (−η)

η
dη . (29)

Ó ðåçóëüòàòi äëÿ òâiðíî¨ ôóíêöi¨ (24) îäåðæèìî

Pα(r, r0, t− t0) =
1

2
√

2πσ2(t− t0)
exp

(
−
(
r − r0 − µ(t− t0)

)2
2σ2(t− t0)

)

× exp
(α2σ2

24
(t− t0)3 − α(r + r0)

2
(t− t0)

)(
1 + erf

(6(r + r0)− ασ2(t− t0)2

2
√

6σ
√
t− t0

))
.

(30)

Iíòå ðóþ÷è (30) çà r, çíàéäåìî

Pα(r0, t− t0) =
1

2
exp

(1

6
α2σ2(t− t0)3 − 1

2
αµ(t− t0)2 − αr0(t− t0)

)
×
(

1 + erf
(6r0 + 3µ(t− t0)− 2ασ2(t− t0)2

2
√

6σ
√
t− t0

))
.

(31)

Äëÿ α = 0 íà îñíîâi (31) îäåðæèìî çíà÷åííÿ ìiðè îáëàñòi, äå çàäîâîëüíÿ¹òüñÿ óìîâà
∫ t
t0
r(τ)dτ > 0. Ïiäñòàâ-

ëÿþ÷è α = 1 çíàéäåìî çíà÷åííÿ ñåðåäíüîãî (4) äëÿ çàçíà÷åíî¨ îáëàñòi. Ïåðåõîäÿ÷è äî óñåðåäíåííÿ çà ìiðîþ,
íîðìîâàíîþ íà îäèíèöþ, îòðèìà¹ìî äëÿ ñåðåäíüîãî

P (r0, t− t0) =
P1(r0, t− t0)

P0(r0, t− t0)
, (32)

àáî

P (r0, t− t0) = exp
(1

6
σ2(t− t0)3 − 1

2
µ(t− t0)2 − r0(t− t0)

)1 + erf
(

6r0+3µ(t−t0)−2σ2(t−t0)2

2
√
6σ
√
t−t0

)
1 + erf

(
6r0+3µ(t−t0)
2
√
6σ
√
t−t0

) . (33)
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Á. Ìîäåëü Âàñi÷åêà ç îáìåæåííÿì

Ó ôóíêöiîíàëüíîìó iíòå ðàëi (19) òàêîæ îáìåæèìî îáëàñòü iíòå ðóâàííÿ óìîâîþ
∫ t
t0
r(τ)dτ > 0. Ïîäiáíî,

ÿê â (24), ïîáóäó¹ìî òâiðíó ôóíêöiþ äëÿ ìîäåëi Âàñi÷åêà. ×åðåç åëåìåíòàðíi ïåðåòâîðåííÿ ôóíêöiîíàëüíèé
iíòå ðàë íàáóäå âèãëÿäó

Pα(r, r0, t− t0) =
1

2πi

∫ ∞
−∞

P (η)

η − iε
dη , (34)

äå

P (η) = exp
(1

2
β(t− t0)− ρµ(t− t0)

)
exp
(
− β

2σ2
(r − r0)(r + r0 − 2µ)

)
×
∫ r−µ

r0−µ
Dr exp

(
− 1

2σ2

∫ t

t0

((dr
dτ

)2
+ β2r(τ)2

)
dτ

)
exp
(
−ρ
∫ t

t0

r(τ)dτ
)
.

(35)

Ïàðàìåòð ρ âèçíà÷åíèé ó ôîðìóëi (27). Ôóíêöiîíàëüíèé iíòå ðàë ìà¹ ñòðóêòóðó iíòå ðàëà äëÿ ãàðìîíi÷íîãî
îñöèëÿòîðà [5, 7]. Îá÷èñëèâøè ôóíêöiîíàëüíèé iíòå ðàë (35) íà îñíîâi ôîðìóë (34) i (25), çíàéäåìî Pα(r, r0, t−
t0). Iíòå ðóþ÷è Pα(r, r0, t− t0) òàêîæ çà r, äëÿ òâiðíî¨ ôóíêöi¨ îòðèìà¹ìî âèðàç

Pα(r0, t− t0) =
1

2
P0α(r0, t− t0)(1 + erf(fα(t− t0))) , (36)

äå ìíîæíèê P0α(r0, t− t0) âèçíà÷åíèé ôîðìóëîþ

P0α(r0, t− t0) = exp
(
− α(t− t0)

(
µ− ασ2

2β2

))
× exp

(
−
(α2σ2

2β2
+ α(r0 − µ)

)
B(t− t0)− α2σ2

4β
B(t− t0)2

)
,

(37)

à òàêîæ

fα(t− t0) = f0(t− t0)− ασ

2β

√
2((t− t0)−B(t− t0))− βB(t− t0)2 ,

f0(t− t0) =
β(µ(t− t0) + (r0 − µ)B(t− t0))

σ
√

2((t− t0)−B(t− t0))− βB(t− t0)2
.

(38)

Âåëè÷èíà B(τ) âèçíà÷åíà ó ôîðìóëi (À8).
Ïiäñòàâëÿþ÷è çíà÷åííÿ α = 1 ó âèðàç (36) çíàõîäèìî P1(r0, t − t0) � ñåðåäí¹ äëÿ çìiíåíî¨ îáëàñòi iíòå ðó-

âàííÿ. Äëÿ çíà÷åííÿ α = 0 ó (36) çíàõîäèìî P0(r0, t − t0) � çíà÷åííÿ ìiðè çàçíà÷åíî¨ îáëàñòi iíòå ðóâàííÿ.
Âèêîíóþ÷è íîðìóâàííÿ ìiðè îáëàñòi íà îäèíèöþ, çíàéäåìî:

P (r0, t− t0) =
P1(r0, t− t0)

P0(r0, t− t0)
= PV(r0, t− t0)

(1 + erf(f1(t− t0)))

(1 + erf(f0(t− t0)))
, (39)

PV(r0, t− t0) = exp
(
− (t− t0)

(
µ− σ2

2β2

)
−
( σ2

2β2
+ (r0 − µ)

)
B(t− t0)

)
exp

(
− σ2

4β
B(t− t0)2

)
. (40)

Òóò PV(r0, t − t0) � âiäïîâiäà¹ ìîäåëi Âàñi÷åêà (äèâ. òàêîæ ôîðìóëó (À10)), âåëè÷èíó f1(t − t0) îòðèìó¹ìî ç
(38) äëÿ α = 1.

Â. Àñèìïòîòèêè ÷àñîâèõ çàëåæíîñòåé âiäñîòêîâî¨ ñòàâêè â ìîäåëÿõ

Ïðîàíàëiçóéìî õàðàêòåð ïîâåäiíêè âåëè÷èíè r̄(t− t0) (4) äëÿ ðîçãëÿíóòèõ ìîäåëåé. Äëÿ ìîäåëi Ìåðòîíà çi
çìiíåíîþ îáëàñòþ iíòå ðóâàííÿ ó ôóíêöiîíàëüíîìó iíòå ðàëi (33) îòðèìà¹ìî

r̄(t− t0) = r̄M(t− t0) + ∆r̄(t− t0) , (41)
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äå r̄M(t− t0) � çíà÷åííÿ çâè÷àéíî¨ ìîäåëi Ìåðòîíà (À6), à âåëè÷èíà ∆r̄(t− t0) âèðàæà¹ äîäàíîê ïîâ'ÿçàíèé iç
âêàçàíèì îáìåæåííÿì îáëàñòi iíòå ðóâàííÿ

∆r̄(t− t0) =
1

t− t0
ln
(

1 + erf
(6r0 + 3µ(t− t0)

2
√

6σ
√
t− t0

))

− 1

t− t0
ln
(

1 + erf
(6r0 + 3µ(t− t0)

2
√

6σ
√
t− t0

− σ(t− t0)3/2√
6

))
.

(42)

ßê ìè âæå âêàçóâàëè, âåëè÷èíà r̄M(t−t0) íàáóâà¹ âiä'¹ìíèõ çíà÷åíü, ùî ¹ íåäîëiêîì ìîäåëi. Âîäíî÷àñ âåëè÷èíà
r̄(t− t0) (41) íàáóâà¹ ëèøå äîäàòíèõ çíà÷åíü. Íàî÷íî öå ìîæíà ïðîäåìîíñòðóâàòè, ðîçãëÿäàþ÷è àñèìïòîòèêó
äëÿ t− t0 � 1. Çîêðåìà, ìîæíà ïîêàçàòè, ùî r̄(t− t0) ìà¹ òàêèé âèãëÿä:

r̄(t− t0) ≈ 3

8

(2r0 + µ(t− t0))2

σ2(t− t0)2
+

3

2

ln(t− t0)

t− t0
(43)

i íàáóâà¹ äîäàòíèõ çíà÷åíü. Iç âèðàçó (43) âèïëèâà¹ òàêîæ r̄(t− t0)→ 3
8
µ2

σ2 äëÿ t → ∞.
Äëÿ ìîäåëi Âàñi÷åêà íà îñíîâi (39) i (40) çíàéäåìî

r̄(t− t0) = r̄V(t− t0) + ∆r̄(t− t0) , (44)

äå ïîçíà÷åíî:

r̄V(t− t0) = µ− σ2

2β2
+
( σ2

2β2
+ (r0 − µ)

)B(t− t0)

t− t0
+
σ2

4β

B(t− t0)2

t− t0
, (45)

∆r̄(t− t0) =
1

t− t0
ln
(
1 + erf

(
f0(t− t0)

))
− 1

t− t0
ln
(
1 + erf

(
f1(t− t0)

))
. (46)

Ó ôîðìóëi r̄V(t− t0) çàäà¹ âiäîìå çíà÷åííÿ äëÿ ìîäåëi Âàñi÷åêà, ∆r̄(t− t0) çàäà¹ âíåñîê, ïîâ'ÿçàíèé ç îáìåæå-
ííÿì îáëàñòi iíòå ðóâàííÿ ó ôóíêöiîíàëüíîìó iíòå ðàëi.
Äëÿ çíà÷åíü t− t0 � 1 îòðèìà¹ìî

r̄V(t− t0) ≈ r0 +
1

2
β(µ− r0)(t− t0) +

1

6
(β2(r0 − µ)− σ2)(t− t0)2 . (47)

Çíàêè êîåôiöi¹íòiâ áiëÿ ñòåïåíåé ∼ (t− t0) çàëåæàòü
âiä ñïiââiäíîøåííÿ ìiæ ïàðàìåòðàìè ìîäåëi. Ñêëà-
äíèê ∆r̄(t − t0) äëÿ t − t0 � 1 ìiñòèòü åêñïîíåíòíi

äîäàíêè ∼ exp(− 3r20
2σ2(t−t0) ) ÿêèìè íåõòó¹ìî.

Îñíîâíèé âíåñîê r̄V(t− t0) äëÿ t− t0 � 1 íàâåäåíèé
ó ôîðìóëi (À12), äå ïîêàçàíî, ùî r̄V(t − t0) íàáóâà¹
âiä'¹ìíèõ çíà÷åíü äëÿ µ < σ2

2β2 . Ðîçãëÿíüìî çíà÷åííÿ
∆r̄(t − t0) äëÿ t − t0 � 1. Àñèìïòîòèêà ∆r̄(t − t0)
çàëåæèòü âiä ñïiââiäíîøåííÿ µ i σ. Çîêðåìà, äëÿ µ >
σ2

β2 äîäàäóòüñÿ åêñïîíåíòíi äîäàíêè ∼ exp(−β(t− t0))

ÿêèìè íåõòó¹ìî. Äëÿ µ < σ2

β2 îòðèìà¹ìî

∆r̄(t− t0) ≈ β2µ2

2σ2
+
σ2

2β2
−µ+

ln(β(t− t0))

2(t− t0)
+ . . . . (48)

Äîäàþ÷è âèðàçè (À12) i (48), îäåðæèìî äîäàòíå çíà-
÷åííÿ àñèìïòîòèêè.

ÂÈÑÍÎÂÊÈ

Ó öié ïðàöi ðîçãëÿíóòî ñïîñiá îáìåæåííÿ îáëàñòi
âèçíà÷åííÿ ñòîõàñòè÷íèõ çìiííèõ ó ìîäåëÿõ âiäñî-
òêîâèõ ñòàâîê ôiíàíñîâî¨ iíæåíåði¨ â ìåòîäi ôóíêöiî-
íàëüíîãî iíòå ðàëà. Ñïîñiá ïðîiëþñòðîâàíî íà ïðè-
êëàäi âiäîìèõ ñòîõàñòè÷íèõ ìîäåëåé Ìåðòîíà i Âàñi-
÷åêà, ÿêi âèêîðèñòàíî äëÿ îïèñó ÷àñîâî¨ çàëåæíîñòi
âiäñîòêîâèõ ñòàâîê. Ó ìåòîäi ôóíêöiîíàëüíîãî iíòå-
 ðóâàííÿ îòðèìàíi âiäîìi ðåçóëüòàòè äëÿ ÷àñîâî¨ çà-
ëåæíîñòi â çàçíà÷åíèõ ìîäåëÿõ. Âiäîìî, ùî öi ìî-
äåëi íåêîðåêòíî îïèñóþòü ÷àñîâó çàëåæíiñòü âiäñî-
òêîâî¨ ñòàâêè, îñêiëüêè äîïóñêàþòü ¨¨ âiä'¹ìíi çíà÷å-
ííÿ. Äëÿ óñóíåííÿ âêàçàíîãî íåäîëiêó îáëàñòü iíòå-
ðóâàííÿ ó ôóíêöiîíàëüíîìó iíòå ðàëi îáìåæåíà óìî-
âîþ

∫ t
t0
r(τ)dτ > 0. Çíàéäåíî ôóíêöiîíàëüíi iíòå ðà-

ëè äëÿ ìîäåëåé i âèçíà÷åíi ÷àñîâi çàëåæíîñòi âiäñî-
òêîâèõ ñòàâîê. Ðîçãëÿíóòi àñèìïòîòèêè ÷àñîâèõ çàëå-
æíîñòåé âiäñîòêîâèõ ñòàâîê äëÿ t−t0 � 1 òà t−t0 � 1,
ÿêi äåìîíñòðóþòü äîäàòíi çíà÷åííÿ äëÿ âñiõ çíà÷åíü
ïàðàìåòðiâ ìîäåëåé.

ßê âiäîìî, ïàðàìåòðè ìîäåëåé âèçíà÷àþòü íà îñíî-
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âi ñòàòèñòè÷íèõ äàíèõ äîõiäíîñòi öiííèõ ïàïåðiâ.
Ôóíêöiîíàëüíó ôîðìó ÷àñîâî¨ çàëåæíîñòi îòðèìó¹ìî
íà îñíîâi ìîäåëi, à ïàðàìåòðè âèçíà÷à¹ìî çà äîïî-
ìîãîþ ïåâíî¨ îïòèìiçàöiéíî¨ ïðîöåäóðè, ùî ìiíiìiçó¹

âiäõèëåííÿ òåîðåòè÷íèõ é åêñïåðèìåíòàëüíèõ äàíèõ
[1, 2]. Çíàéäåíi â ðîáîòi âèðàçè (41) i (44) äàþòü çìîãó
ðåàëiçóâàòè çàçíà÷åíi ïðîöåäóðè ÷èñåëüíèìè ñïîñî-
áîì.

Äîäàòîê À:

1. Ìîäåëü Ìåðòîíà

Äëÿ ñèìåòði¨ çàïèøåìî âèðàç (6) ó âèãëÿäi:

PM(t− t0) =

∫ ∞
−∞

PM(w, t− t0)dw, (À1)

PM(w, t− t0) =

∫ w

w0

Dw(τ) exp

(
−1

2

∫ t

t0

(w(τ)

dτ

)2
dτ

)
exp
(
−
∫ t

t0

r(τ)dτ
)
. (À2)

Çàìiñòü r(τ) ó (À2) ïiäñòàâèìî ðîçâ'ÿçîê (10). Ïiñëÿ ïåðåòâîðåíü äëÿ PM(w, t− t0) îòðèìà¹ìî âèðàç

PM(w, t− t0) = P0(t− t0)

∫ w

w0

Dw(τ) exp
(
−1

2

∫ t

t0

(w(τ)

dτ

)2
dτ
)

× exp
(
−σ
∫ t

t0

(
w(τ)− w0

)
dτ
)
,

P0(t− t0) = e−r0(t−t0)−
1
2µ(t−t0)

2

.

(À3)

Ôóíêöiîíàëüíèé iíòå ðàë â (À3) äîðiâíþ¹ [5, 6]∫ w

w0

Dw(τ) exp

(
−1

2

∫ t

t0

(w(τ)

dτ

)2
dτ

)
exp
(
−σ
∫ t

t0

(
w(τ)− w0

)
dτ
)

=

∫ w−w0

0

Dw′(τ) exp

(
−1

2

∫ t

t0

(w′(τ)

dτ

)2
dτ

)
exp
(
−σ
∫ t

t0

(
w′(τ)

)
dτ
)

=
1√

2πσ2(t− t0)
exp
(
− 1

2σ2

(w − w0)2

t− t0

)
exp
(
− (w − w0)

2
(t− t0) +

σ2

24
(t− t0)3

)
.

(À4)

Ïiñëÿ ïiäñòàíîâêè (À4) â (À3) òà iíòå ðóâàííÿ çà w îòðèìà¹ìî

PM(t− t0) = e−r0(t−t0)−
1
2µ(t−t0)

2+σ2

6 (t−t0)3 . (À5)

Âiäïîâiäíî, çà ôîðìóëîþ (4) çíàéäåìî

r̄M(t) = r0 +
1

2
µ(t− t0)− σ2

6
(t− t0)2. (À6)

ßê âèäíî ç (À6) ó âèïàäêó ïåðåâàæàííÿ ñòîõàñòè÷íîãî ñêëàäíèêà ïðîöåíòíà ñòàâêà r̄M(t) íàáóâà¹ âiä'¹ìíèõ
çíà÷åíü.

2. Ìîäåëü Âàñi÷åêà

Ïåðåïèøiìî ôóíêöiîíàëüíèé iíòå ðàë äëÿ ìîäåëi Âàñi÷åêà (6) ó âèãëÿäi (À1) i (À2), ÿê ó ìîäåëi Ìåðòîíà.
Çàìiñòü r(τ) ó (6) ïiäñòàâèìî ðîçâ'ÿçîê, çíàéäåíèé äëÿ ìîäåëi Âàñi÷åêà (11). Òîäi äëÿ PV(w, t− t0) ïiñëÿ ðÿäó
ïåðåòâîðåíü îäåðæèìî

PV(w, t− t0) = P0(t− t0)

∫ w

w0

Dw(τ) exp

(
−1

2

∫ t

t0

(w(τ)

dτ

)2
dτ

)
exp
(
−σ
∫ t

t0

B(t− τ)
dw(τ)

dτ
dτ
)
, (À7)
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äå ïîçíà÷åíî

P0(t− t0) = exp
(
−B(t− t0)(r0 − µ)− µ(t− t0)

)
, B(τ) =

1

β

(
1− e−βτ

)
. (À8)

Ôóíêöiîíàëüíèé iíòå ðàë (À7) ëåãêî îá÷èñëþ¹ìî, ó ïiäñóìêó îòðèìà¹ìî∫ w

w0

Dw(τ) exp

(
−1

2

∫ t

t0

(w(τ)

dτ

)2
dτ

)
exp
(
−
∫ t

t0

B(t− τ)
dw(τ)

dτ
dτ
)

=
1√

2π(t− t0)
exp
(
−
(
w − w0 + σ

∫ t
t0
B(t− τ)dτ

)2
2(t− t0)

)
exp
(σ2

2

∫ t

t0

B(t− τ)2dτ
)
.

(À9)

Ïiñëÿ ïiäñòàíîâêè (À9) ó âèðàç (À7) é îá÷èñëåííÿ iíòå ðàëà çà w ó (À1) îòðèìà¹ìî äëÿ ñåðåäíüîãî çíà÷åííÿ
â ìîäåëi Âàñi÷åêà

PV(t− t0) = P0(t− t0) exp
(σ2

2

∫ t

t0

B(t− τ)2dτ
)
. (À10)

Âèðàç (À10) çáiãà¹òüñÿ ç âiäîìèì ðåçóëüòàòîì ÷àñîâî¨ ñòðóêòóðè âiäñîòêîâî¨ ñòàâêè äëÿ ìîäåëi Âàñi÷åêà [1]
(òðåáà âðàõóâàòè çìiíó ïîçíà÷åíü t → T, t0 → τ). ßê ïðèéíÿòî â ìîäåëÿõ ÷àñîâî¨ ñòðóêòóðè âiäñîòêîâèõ
ñòàâîê, ÷àñ T ôiêñîâàíèé, à (À10) ðîçãëÿäà¹òüñÿ äëÿ ðiçíèõ çíà÷åíü τ .
ßê ìè âæå çàçíà÷àëè, âåëè÷èíà (À10) â ìîäåëi Âàñi÷åêà ïðèâîäèòü äî âiä'¹ìíèõ çíà÷åíü ïðîöåíòíî¨ ñòàâêè.

Öå ìîæíà ïðîäåìîíñòðóâàòè äëÿ σ2(t− t0)� 1, β(t− t0)� 1, îäåðæèìî

PV(t− t0) ≈ e−
1
2 (t−t0)

(
2µ−σ2

β2

)
−
(

3σ2

4β3
+
r0−µ
β

)
(À11)

i çãiäíî ç ôîðìóëîþ (4)

r̄V(t) ≈ µ− σ2

2β2
+
(3σ2

4β3
+
r0 − µ
β

) 1

t− t0
. (À12)

ßê âèäíî, çà óìîâè σ2

2β2 > µ ïðîöåíòíà ñòàâêà ñòà¹ âiä'¹ìíîþ. Òîáòî ó âèïàäêó ïåðåâàæàííÿ âèïàäêîâîãî
ñêëàäíèêà â ðiâíÿííi Âàñi÷åêà ìîäåëü íåïðàâèëüíî âiäîáðàæà¹ äèíàìiêó ïðîöåíòíî¨ ñòàâêè. Çàçíà÷èìî òàêîæ,
ùî äîäàíîê ç β âiäiãðà¹ ñòàáiëiçóâàëüíó ðîëü ó ñòîõàñòè÷íié äèíàìiöi ïîðiâíÿíî ç ìîäåëëþ Ìåðòîíà. ßê âèäíî
ç (À12), çi çðîñòàííÿì β ðîëü ñòîõàñòè÷íîãî ñêëàäíèêà çìåíøó¹òüñÿ.

Äîäàòîê Á:

Äëÿ ìîäåëi Ìåðòîíà ãóñòèíà óìîâíî¨ éìîâiðíîñòi äîðiâíþ¹

KM(r, r0, t− t0) =

∫ r

r0

Dr exp

(
− 1

2σ2

∫ t

t0

(dr
dτ
− µ

)2
dτ

)
, (Á1)

ùî ïiñëÿ iíòå ðóâàííÿ ïðèâîäèòü äî âiäîìîãî ðåçóëüòàòó [5, 6]

KM(r, r0, t− t0) =
1√

2πσ2(t− t0)
exp
(
−1

2

(
r − r0 − µ(t− t0)

)2
σ2(t− t0)

)
. (Á2)

Ó ìîäåëi Âàñi÷åêà ïiñëÿ îá÷èñëåííÿ iíòå ðàëà

KV(r, r0, t− t0) = exp
(1

2
β(t− t0)

)∫ r

r0

Dr exp

(
− 1

2σ2

∫ t

t0

(dr
dτ
− β(µ− r(τ))

)2
dτ

)
(Á3)

äëÿ ãóñòèíè óìîâíî¨ éìîâiðíîñòi îòðèìà¹ìî

KV(r, r0, t− t0) =

√
β exp(β(t− t0))

2πσ2 sinh(β(t− t0))
exp
(
− β

2σ2

(
(r − µ)2 − (r0 − µ)2

))

× exp

(
− β

2σ2

(
(r − µ)2 + (r0 − µ)2

)
cosh(β(t− t0))− 2(r − µ)(r0 − µ)

sinh(β(t− t0))

)
. (Á4)
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Âèçíà÷èâøè óìîâíå ñåðåäí¹ çíà÷åííÿ 〈r〉 ó ìîäåëi òà äèñïåðñi¨ Σ2:

〈r〉 =

∫ ∞
−∞

KV(r, r0, t− t0)rdr = µ+ e−β(t−t0)(r0 − µ) ,

Σ2 = 〈r2〉 − 〈r〉2 =
σ2

2β

(
1− e−2β(t−t0)

)
,

âèðàç (Á3) çàïèøåìî â êîìïàêòíiøîìó âèãëÿäi

KV(r, r0, t− t0) =
1√

2πΣ2
exp

(
−
(
r − 〈r〉

)2
2Σ2

)
. (Á5)
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APPLICATION OF THE PATH INTEGRAL METHOD TO SOME STOCHASTIC MODELS
OF FINANCIAL ENGINEERING

V. Yanishevsky
National University �Lvivska Polytechnika�,

12, Bandery St., Lviv, UA�79013, Ukraine

The path integral method is applied to investigation of time dependence of interest rate of Merton and
Vasicek stochastic models. The path integral is based on Wiener integral by means of variable substitution
based on stochastic equations of the models. The results were obtained for term structure of interest rates
in Merton and Vasicek models.

The path integral method is applied to the investigation of the time dependence of the interest rate in
the Merton and Vasicek stochastic models. The path integral is based on the Wiener integral by means
of variable substitution based on stochastic equations of the models. The results were obtained for the
term structure of interest rates in the Merton and Vasicek models.

As is known, the drawback of those models is that they allow for negative values of the interest
rate. Hence, one should introduce boundary conditions, which limit the stochastic variable domain to
positive values. During the construction of the path integral for respective mean values, one needs to
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use a transition probability that satis�es those boundary conditions. However, the construction of such
path integral for average values, which contains an exponent dependent on some functional of integration
variables, is in general a very complicated task.

In the work, an easier approach is used that consists in limiting the integral domain in path integrals
for the Merton and Vasicek models. In particular, in path integrals the integral domain is limited using
condition

∫ t
t0
r(τ)dτ > 0, which is given by the Heaviside step function θ(x). It is shown that limiting

the integral domain in such a way allows us to get rid of negative values of the term structure of interest
rates.

The path integrals for the limited integral domain are calculated using the transformation of the
Heaviside step function into a complex plane. During the calculation of mean values, a normalization of
the measure is applied to a selected domain. As a result, in the models where the interest rate takes only
positive values, equations for the term structure of interest rates were obtained. Positive values of interest
rates are visually demonstrated by means of asymptotic analysis of their time dependence.

The obtained functional forms of the interest rates dependencies can be used to calibrate models
with the help of respective optimization procedures, which minimize deviation of theoretical and experi-
mental values. Expressions found in the work allow one to accomplish the above procedures using numeric
methods.

Key words: stochastic model, Merton model, Vasicek model, interest rate, functional integral.
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