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We propose a two-sublattice proton ordering model for the quasi-one-dimensional CsH2PO4

ferroelectric with hydrogen bonds, which takes into account contributions to the energy of the
proton subsystem that are linear in the lattice strains ε1, ε2, ε3, and ε5. The model also takes into
account the dependence of the e�ective dipole moments of pseudospins on the order parameters,
which enables us to coordinate the values of the e�ective dipole moments in the paraelectric and
ferroelectric phases. Within this model in the two-particle cluster approximation for the short-range
interactions and in the mean �eld approximation for the long-range interactions, the behavior of
spontaneous polarization, longitudinal dielectric permittivity, piezoelectric and elastic characteristi-
cs, and molar heat capacity under the in�uence of uniaxial and hydrostatic pressure and a longi-
tudinal electric �eld are investigated.
Key words: ferroelectrics, dielectric permittivity, piezoelectric coe�cients, pressure e�ect, electric

�eld e�ect.

DOI: https://doi.org/10.30970/jps.25.3702

I. INTRODUCTION

Investigations of the external pressure and �eld e�ects
in ferroelectrics are an important problem of ferroelectri-
cs physics. High pressure studies give a possibility to
obtain additional valuable information on the peculi-
arities of the behavior of the physical properties of
ferroelectric compounds, as well as to search for new
physical e�ects, which are not observed under zero
pressure and zero external �eld. It should be also underli-
ned that these studies give an opportunity to understand

better the mechanisms of phase transitions in these
materials.

The ferroelectric with hydrogen bonds CsH2PO4

(CDP) is an example of a crystal, where the pressure
and �eld e�ects are essential. In this crystal, there are
two structurally non-equivalent types of hydrogen bonds
of di�erent lengths (Fig. 1,b). The longer bonds have
one equilibrium position for protons, whereas the shorter
bonds have two equilibrium positions. They link PO4

groups into chains along the b-axis (Fig. 1,a); therefore
the crystal is quasi-one-dimensional.
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Fig. 1. The primitive cell of the CsH2PO4 crystal in the ferroelectric phase
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At room temperature and zero pressure, the crystal is
in the paraelectric phase and has a monoclinic symmetry
(the space group P21/m) [1, 2]. Protons on the shorter
bonds occupy two equilibrium positions with equal
probability. Below Tc = 153 K, the crystal goes into
the ferroelectric phase (the space group P21) [3, 4] wi-
th spontaneous polarization along the crystallographic
b-axis, and the protons occupy mainly upper equilibrium
positions (Fig. 1, a).

On the basis of dielectric measurements [5, 6] it was
determined that under pressure pc = 0.33 GPa and
T cr
c = 124.6 K there appear double hysteresis loops,

that is, the crystal goes to the antiferroelectric phase.
By neutron scattering experiments [7] it has been establi-
shed that in the antiferroelectric phase the primitive cell
of CDP crystal doubles along the a-axis, because there
appear two sublattices in the form of bc-planes, which
are polarized antiparallelly along the b-axis and alternate
along the a-axis. The symmetry of the crystal remai-
ns monoclinic (the space group P21), and the constants
of the double lattice are as follows: a = 15.625 �A,
b = 6.254 �A, c = 4.886 �A, β = 108.08◦. A signi�-
cant shift of Cs atoms and PO4 groups in (a, c)-plane
and rotation of the PO4 groups by 36.8 ◦ around the b-
axis, which goes through the P atom, occur. The protons
on the hydrogen bonds of neighboring sublattices are
ordered antiparallelly. At very high pressures, the anti-
ferroelectric phase of a second type (AF2) appears, where
two sublattices have a form of chains along the b-axis,
which are polarized antiparallelly along b-axis and have
a checkerboard arrangement. The AF2 phase was predi-
cted in [8] on the basis of NMR data [8] and con�rmed
in [9] on the basis of dielectric constant measurements at
low temperature and X-ray di�raction experiments.

In�uence of hydrostatic pressure on the transition
temperature in the Cs(H1−xDx)2PO4 ferroelectrics was
explored in [5, 6, 9�12].

Results of experimental measurements of the
temperature dependence of spontaneous polarization of
the CsH2PO4 crystal at di�erent values of hydrostatic
pressure are presented in [6], and of the static longitudi-
nal dielectric permittivity in [6, 9, 11, 12].

The lattice dynamics of CsH2PO4 and CsD2PO4

crystals was explored in [13, 14]. The phonon spectra
of these crystals and speci�c heat were calculated. The
obtained temperature variation of the speci�c heat quali-
tatively agrees with the experimental data, except for
the vicinity of the phase transition. Later, the ab ini-
tio calculations have shown an important role of proton
tunneling [15], and also the piezoelectric coe�cients,
elastic constants, and speci�c heat of CsH2PO4 [16, 17].

An attempt to theoretically describe the paraelectric-
ferroelectric and paraelectric-antiferroelectric phase
transition in CsH2PO4 and CsD2PO4 as well as experi-
mental data for the dielectric permittivity was done in
[18], where the crystal was described as pseudospin Isi-
ng chains. However, the description of the experimental
data for the dielectric constant by the proposed theory
was not considered.

Later [19], using the pseudospin model [18] and

the two-particle cluster approximation for the short-
range con�guration interactions, the thermodynamic
and dynamic characteristics of CDP type ferroelec-
trics were calculated at di�erent values of hydrostatic
pressure. A good agreement of the theory with the
experimental data for the dielectric constant and for
the pressure dependence of the para-ferroelectric and
para-antiferroelectric phase transition temperatures was
obtained. However, in the model [18, 19] one cannot
calculate the piezoelectric and elastic characteristics of
the crystal, and the critical pressure does not depend on
temperature.

In [20], the temperature dependences of the latti-
ce strains ε1, ε2, ε3, ε5 were measured. There was
also proposed a quasi-one-dimensional Ising model for
the CsH2PO4 crystal, where the interaction parameters
were linear functions of these strains. On the basis of
this model, the temperature dependences of εj(T ) were
explained. However, this model does not consider the
crystal as two sublattices and does not allow one to
describe the ferroelectric-antiferroelectric phase transi-
tion under high pressures.

In [21], a two-sublattice model of a deformed CsH2PO4

crystal has been proposed, where the interactions
between neighboring pseudospins within a chain are
taken into account in the two-particle cluster approxi-
mation, whereas the long-range interactions (including
the interchain ones) are considered in the mean �eld
approximation. The interaction parameters are taken
to be linear functions of the strains εj . As a result,
the temperature dependences of spontaneous polarizati-
on, dielectric permittivity, piezoelectric coe�cients, and
elastic constants were calculated.

In [22], using the model of the deformed CsH2PO4

crystal, proposed in [21] the e�ects of hydrostatic
pressure on the phase transition temperature, longitudi-
nal static dielectric characteristics of Cs(H1−xDx)2PO4

crystals were studied.

As is well known, in the presence of the longitudinal �-
eld Ey, the second order phase transition is smeared, and
the temperature dependence of the longitudinal permi-
ttivity εyy(T ) has a rounded maximum. At the same ti-
me, in [21, 22], to calculate the longitudinal dielectric
permittivity εyy, di�erent values for the e�ective dipole
moments in the paraelectric and ferroelectric phases were
used. This gives rise to a jump in the εyy(T ) curve,
instead of the rounded maximum expected in presence
of the external �eld Ey. Therefore, in order to describe
the smearing of phase transition, in [23] we have modi-
�ed the model [21] by assuming that the e�ective di-
pole moment on a hydrogen bond depends on the order
parameter on this bond, because the order parameter
depends on temperature continuously near the phase
transition point. The behavior of spontaneous polarizati-
on, longitudinal dielectric permittivity, and molar speci-
�c heat in the presence of hydrostatic pressure and a
longitudinal electric �eld was explored [23].

In the present paper, we study the behavior of the
spontaneous polarization, longitudinal dielectric permi-
ttivity, piezoelectric and elastic characteristics, and
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molar speci�c heat of CsH2PO4 in the presence of uni-
axial and hydrostatic pressure, a longitudinal electric �-
eld, considering also the case when the pressures and the
electric �eld are applied simultaneously.

II. THE MODEL OF THE CsH2PO4 CRYSTAL

We study the system of protons in the CsH2PO4

crystal, moving on the short O�H. . .O bonds between
the HPO4 groups, which form zigzag chains along the
crystallographic b-axis of the crystal (see Fig.1).
The cell contains one chain, marked as �A� in Fig. 1.

In order to describe the transition to the antiferroelectric
phase, under high pressure we shall consider an extended
primitive cell, which includes two chains (�A� and �B�).
All the �A� chains form the sublattice �A�, whereas all
the �B� chains form the sublattice �B�. Every chain in the

primitive cell includes two neighboring PO4 tetrahedra
(of type �I� and �II�) together with two short hydrogen
bonds (respectively, �1� and �2�).

Let us ascribe the dipole moments dA
q1, d

A
q2, d

B
q1, d

B
q2

to the protons on the bonds. The pseudospin variables
σA
q1

2 ,
σA
q2

2 ,
σB
q1

2 ,
σB
q2

2 describe the changes associated wi-
th reordering of the respective dipole moments of the

structure units: dA,B
q1,2 = µ

σA,B
q1,2

2 . The mean values 〈σ2 〉 =
1
2 (na−nb) are related to the di�erences in occupancies of
the two possible positions or the protons on the bonds,
na and nb.

The Hamiltonian of the proton subsystem of
CsH2PO4 takes into account the short-range and long-
range interactions. Under the stresses maintaining the
symmetry of crystal σ1 = σxx, σ2 = σyy, σ3 = σzz,
σ5 = σxz ( X ⊥ (b,c), Y ‖ b, Z ‖ c), and in the presence
of electric �eld E2 = Ey, it can be written as [23]:

Ĥ = Nv

{
1

2

∑
j,j′

cE0
jj′εjε

′
j −

∑
j

e02jE2εj −
1

2
χε022E

2
2

}

− 2w
∑
qq′

(
σA
q1

2

σA
q′2

2
+
σB
q1

2

σB
q′2

2

)(
δRqRq′ + δRq+Rb,Rq′

)
(2.1)

+ Ĥlong −
∑
q

µyE2

(
σA
q1

2
+
σA
q2

2
+
σB
q1

2
+
σB
q2

2

)

− 3

{∑
q

(
η21σ

A
q1

2
+
η21σ

A
q2

2
+
η22σ

B
q1

2
+
η22σ

B
q2

2

)
+ 2N(η31 + η32)

}
µ′E2,

where N is the total number of extended primitive cells
of the Bravais lattice; v is their volume.
The �rst term in (2.1) is the �seed� energy, which

corresponds to the heavy ion sublattice and does not
explicitly depend on the con�guration of the proton
subsystem. It includes the elastic, piezolectric, and di-
electric parts, expressed in terms of the electric �eld
E2, and strains preserving the symmetry of the crystal
ε1 = εxx, ε2 = εyy, ε3 = εzz, ε5 = 2εxz. c

E0
jj′ , e

0
2j , χ

ε0
22

(j=1,2,3,5) are the �seed� elastic constants, coe�cients
of piezoelectric stress, and dielectric susceptibility of a
mechanically clamped crystal.
The second term in (2.1) is the Hamiltonian of

the short-range interactions. In (2.1), σA,B
q1,2 are the z-

components of the pseudospin operator that describe the
state of the bond �1� or �2� of the chain �A� or �B�, in the
q-th cell, Rb is the lattice vector along the OY -axis. The
�rst and the second Kronecker delta-symbols correspond
to the interaction between protons in the chains near the

tetrahedra PO4 of type �I� and of type �II�, respectively.
The contributions to the energy of interactions between
pseudospins near tetrahedra of di�erent types are identi-
cal.
The parameter w, which describes the short-range

interactions within the chains, is expanded linearly into
a series over the strains εj

w = w0 +
∑
j

δ2jεj , j = 1, 2, 3, 5. (2.2)

The term Ĥlong in (2.1) describes the long-range
dipole-dipole interactions and indirect (via the latti-
ce vibrations) interactions between protons, taken into
account in the mean �eld approximation

Ĥlong = NH0 + Ĥ2, (2.3)

where
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H0 =
1

8

[
J11

(
〈σA

1 〉2 + 〈σB
1 〉2
)

+ J22

(
〈σA

2 〉2 + 〈σB
2 〉2) + 2J12(〈σA

1 〉〈σA
2 〉+ 〈σB

1 〉〈σB
2 〉
)]

+
1

4

[
K11

(
σA
1 〉〈σB

1

)
+K22〈σA

2 〉〈σB
2 〉+K12

(
〈σA

1 〉〈σB
2 〉+ 〈σB

1 〉〈σA
2 〉
)]
, (2.4)

Ĥ2 = −
∑
q

{(
J11〈σA

1 〉+ J12〈σA
2 〉+K11〈σB

1 〉+K12〈σB
2 〉
)
σA
q1

4
+

(
J12〈σA

1 〉+ J22〈σA
2 〉+K12〈σB

1 〉+K22〈σB
2 〉
)
σA
q2

4

+

(
J11〈σB

1 〉+ J12〈σB
2 〉+K11〈σA

1 〉+K12〈σA
2 〉
)
σB
q1

4
+

(
J12〈σB

1 〉+ J22〈σB
2 〉+K12〈σA

1 〉+K22〈σA
2 〉
)
σB
q2

4

}
. (2.5)

Here the parameters Jff ′ =
∑

Rq−Rq′

Jff ′(qq′) andKff ′ =∑
Rq−Rq′

Kff ′(qq′) are the Fourier transforms of the long-

range interaction constants at k = 0.
Let us expand the parameters Jff ′ iKff ′ in series over

the strains εj up to the linear terms

J11 = J22 = J1 +
∑
j

ϕ̄1jεj ,

J12 = J21 = J2 +
∑
j

ϕ̄2jεj ,

K11 = K22 = K1 +
∑
j

ϕ1jεj ,

K12 = K21 = K2 +
∑
j

ϕ2jεj .

Taking into account the following symmetry of
pseudospins in the chains

〈σA
q1〉 = 〈σA

q2〉 = η1, 〈σB
q1〉 = 〈σB

q2〉 = η2 (2.6)

we obtain the expressions for (2.4), (2.5) as

Ĥ0 = ν1(η21 + η22) + 2ν2η1η2, (2.7)

Ĥ2 =
∑
q

{
− (2ν1η1 + 2ν2η2)

(
σA
q1

2
+
σA
q2

2

)

− (2ν2η1 + 2ν1η2)

(
σB
q1

2
+
σB
q2

2

)}
. (2.8)

Here we used the following notations

ν1 =
1

8
(J11 + J22 + 2J12) = ν01 +

∑
j

ψj1εj ,

ν01 =
1

4
(J1 + J2), ψj1 =

1

4
(ϕ̄1j + ϕ1j), (2.9)

ν2 =
1

8
(K11 +K22 + 2K12) = ν02 +

∑
j

ψj2εj ,

ν02 =
1

4
(K1 +K2), ψj2 =

1

4
(ϕ̄2j + ϕ2j). (2.10)

The fourth term in (2.1) describes the interactions
of pseudospins with the external electric �eld, whereas
the term Ĥ ′E takes into account the abovementioned
dependence of e�ective dipole moments on the mean
value of pseudospin sf
The two-particle cluster approximation for short-range

interactions is used to calculate the thermodynamic
characteristics of CDP. In this approximation, the
thermodynamic potential is given by

G = NUseed +NH0 + 2N(η31 + η32)µ′E2 −Nv
∑
j

σjεj

− kBT
∑
q

{
2 ln Sp e−βĤ

(2)
q − ln Sp e−βĤ

(1)A
q − ln Sp e−βĤ

(1)B
q

}
, (2.11)

where β = 1
kBT

, kB is the Boltzmann constant; Ĥ
(2)
q , Ĥ

(1)A
q , Ĥ

(1)B
q are two-particle and one-particle Hamiltonians
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given by

Ĥ(2)
q = −2w

(
σA
q1

2

σA
q2

2
+
σB
q1

2

σB
q2

2

)
− y1
β

(
σA
q1

2
+
σA
q2

2

)
− y2
β

(
σB
q1

2
+
σB
q2

2

)
, (2.12)

Ĥ(1)A
q = − ȳ1

β

(
σA
q1

2
+
σA
q2

2

)
, Ĥ(1)B

q = − ȳ2
β

(
σB
q1

2
+
σB
q2

2

)
, (2.13)

where the following notations are used

y1 = β∆1 + 2βν1η1 + 2βν2η2 + β(µyE2 + 3η21µ
′E2), (2.14)

y2 = β∆2 + 2βν2η1 + 2βν1η2 + β(µyE2 + 3η22µ
′E2), (2.15)

ȳ1 = β∆1 + y1, ȳ2 = β∆2 + y2.

Here ∆l are the e�ective �elds created by the nei-
ghboring bonds from outside the cluster. In the cluster
approximation, these �elds can be determined from the
condition of the minimum of thermodynamic potenti-
al ∂G/∂∆l = 0, yielding the self-consistency conditi-
on, which states that the mean values of the pseudospi-

ns 〈σA,B
qf 〉 calculated using two-particle and one-particle

Gibbs distributions should coincide

η1 =
SpσA

qfe
−βĤ(2)

q

Sp e−βĤ
(2)
q

=
SpσA

qfe
−βĤ(1)A

q

Sp e−βĤ
(1)A
q

,

η2 =
SpσB

qfe
−βĤ(2)

q

Sp e−βĤ
(2)
q

=
SpσB

qfe
−βĤ(1)B

q

Sp e−βĤ
(1)B
q

. (2.16)

Hence, on the basis (2.16) with taking into account of
(2.6), (2.12) and (2.13), we obtain the expressions for the
order parameters

η1 =
1

D
[sinh(y1 + y2) + sinh(y1 − y2) + 2a sinh y1]

= tanh
ȳ1
2
,

η2 =
1

D
[sinh(y1 + y2)− sinh(y1 − y2) + 2a sinh y2]

= tanh
ȳ2
2
, (2.17)

where the following notations are used

D = cosh(y1 + y2) + cosh(y1 − y2) + 2a cosh y1 + 2a cosh y2 + 2a2,

a = e
− w

kBT .

Excluding the cluster �elds ∆l from the expression ηl = tanh(ȳl/2) (see (2.17)), we write down (2.14), (2.15) as

y1 =
1

2
ln

1 + η1
1− η1

+ βν1η1 + βν2η2 +
1

2
β(µyE2 + 3η21µ

′E2),

y2 =
1

2
ln

1 + η2
1− η2

+ βν2η1 + βν1η2 +
1

2
β(µyE2 + 3η22µ

′E2).

III. THE STATIC LONGITUDINAL DIELECTRIC, PIEZOELECTRIC, ELASTIC, AND THERMAL
CHARACTERISTICS OF CDP

Using (2.11), we write the thermodynamic potential per one extended primitive cell as

g = Useed +H0 + 2(η31 + η32)µ′E2 + 2kBT ln 2− 2w − v
∑
j

σjεj

− kBT ln(1− η21)− kBT ln(1− η22)− 2kBT lnD. (3.1)

Using the equilibrium condition (
∂g

∂εj

)
E2

= 0,
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we obtain a set of equations for the strains εj :

σj = cE0
j1 ε1 + cE0

j2 ε2 + cE0
j3 ε3 + cE0

j5 ε5 − e02jE2 −
2δj
v

+
4δj
vD

M − 1

v
ψj1(η21 + η22)− 2

v
ψj2η1η2, (3.2)

where

M =
[
a cosh y1 + a cosh y2 + 2a2

]
.

For hydrostatic pressure, the stresses in (3.2) are σ1 = σ2 = σ3 = −ph, σ5 = 0. For the uniaxial stresses applied
along the axis a, σ1 = −p1, σ2 = σ3 = σ5 = 0, along the axis b, σ2 = −p2, σ1 = σ3 = σ5 = 0, along the axis c,
σ3 = −p3, σ1 = σ2 = σ5 = 0. Hence we obtained the set of equations (2.17), (3.2) for the order parameters ηf and
strains εi, ε5.
On the basis of thermodynamic potential (3.1) we easily obtain expressions for di�erent thermodynamic characteri-

stics. In particular, the expression for longitudinal polarization P2 reads

P2 = −
(
∂g

∂E2

)
σi

=
∑
j

e02jεj + χε022E2 +
µy
v

(
η1 + η2

)
+
µ′

v

(
η31 + η32

)
. (3.3)

The isothermal static dielectric susceptibility of a mechanically clamped crystal is

χεT22 =

(
∂P2

∂E2

)
εi

= χε022 +
βµ̃2

1y

2v∆
{D(κ11 + κ12(ϕ̃2 − βν2)(κ11κ22 − κ2

12)}

+
βµ̃2

2y

2v∆
{D(κ12 + κ22)− (ϕ̃1 − βν2)(κ11κ22 − κ2

12)}, (3.4)

where the following notations are used

∆ = D2 −D[ϕ̃1κ11 + ϕ̃2κ22 + 2βν2κ12] + [ϕ̃1ϕ̃2 − (βν2)2](κ11κ22 − κ2
12),

ϕ̃1 = ϕ1 + 3η1βµ
′E2, ϕ̃2 = ϕ2 + 3η2βµ

′E2,

ϕ1 =
1

1− η21
+ βν1, ϕ2 =

1

1− η22
+ βν1,

µ̃1y = µy + 3µ′η21 , µ̃2y = µy + 3µ′η22 ,

κ11 = cosh(y1 + y2) + cosh(y1 − y2) + 2a cosh y1 − η21D,

κ12 = cosh(y1 + y2)− cosh(y1 − y2)− η1η2D,

κ22 = cosh(y1 + y2) + cosh(y1 − y2) + 2a cosh y2 − η22D.

The isothermal coe�cients of piezoelectric stress are

e2l =

(
∂P2

∂εl

)
E2

= e02l +
1

v
(µ̃1yη

′(l)
1 + µ̃2yη

′(l)
2 ), l = 1, 2, 3, 5, (3.5)

where the following notations are used

η
′(l)
1 =

β

∆

{
(ψl1η1 + ψl2η2)[D(κ11 + κ12)− (ϕ̃2 − βν2)(κ11κ22 − κ2

12)]

− δl[Dρ1 − ρ1(βν2κ12 + ϕ̃2κ22) + ρ2(βν2κ11 + ϕ̃2κ12)]
}
,

η
′(l)
2 =

β

∆

{
(ψl2η1 + ψl1η2)[D(κ22 + κ12)−−(ϕ̃1 − βν2)(κ11κ22 − κ2

12)]

− δl[Dρ2 + ρ1(βν2κ22 + ϕ̃1κ12)− ρ2(βν2κ12 + ϕ̃1κ11)]
}
,

ρ1 = 2a sinh y1 − η1[2a cosh y1 + 2a cosh y2 + 4a2],

ρ2 = 2a sinh y2 − η2[2a cosh y1 + 2a cosh y2 + 4a2].
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The constants of piezoelectric stress are obtained by di�erentiating the electric �eld over the strains at constant
polarization

h2i = −
(
∂E2

∂εi

)
P2

=
e2i
χε22

. (3.6)

The calculations of the isothermal elastic constants at a constant �eld yield

cEil =

(
∂σi
∂εl

)
E2

= cE0
il −

2

v
(ψi1η1 + ψi2η2 +

δi
D
κc1ϕ̃1 +

δi
D
κc2βν2)η

′(l)
1

− 2

v
(ψi1η2 + ψi2η1 +

δi
D
κc1βν2 +

δi
D
κc2ϕ̃2)η

′(l)
2

− 2βδi
υ2D

[ψl1(κc1η1 + κc2η2) + ψl2(κc2η1 + κc1η1)]− 4βδiδl
D

ρc, (3.7)

where

κc1 = sinh(y1 + y2) + sinh(y1 − y2)− η1[cosh(y1 + y2) + cosh(y1 − y2)− 2a2],

κc2 = sinh(y1 + y2)− sinh(y1 − y2)− η2[cosh(y1 + y2) + cosh(y1 − y2)− 2a2],

ρc = 2a2 +
[cosh(y1 + y2) + cosh(y1 − y2)− 2a2]

D
[a cosh y1 + a cosh y2 + 2a2].

The other dielectric, piezoelectric, and elastic characteri-
stics of CsH2PO4 can be obtained from those found
above. Thus, the isothermal coe�cients of the pi-
ezoelectric strain are

d2i =
∑
j

sEije2j , i, j = 1, 2, 3, 5. (3.8)

The matrix of the isothermal elastic compliances at a
constant �eld sEij is inverse to the matrix of the elastic

constants cEij

ĈE =


cE11 cE12 cE13 cE15

cE12 cE22 cE23 cE25

cE13 cE23 cE33 cE35

cE15 cE25 cE35 cE55

 , ŜE = (ĈE)−1. (3.9)

The isothermal constants of the piezoelectric strain are

g2i =
∑
j

sEijh2j . (3.10)

The molar heat capacity of the proton subsystem of
CDP at constant pressure can be found by numerically
di�erentiating the thermodynamic potential:

∆Cp = −NAT

4

(
∂2g

∂T 2

)
σj

. (3.11)

where NA is the Avogadro constant.

IV. COMPARISON OF THE THEORETICAL
RESULTS WITH THE EXPERIMENTAL DATA.

DISCUSSION

The theory parameters are determined from the condi-
tion of agreement of the calculated characteristics with
experimental data for the temperature dependences of
spontaneous polarization P2(T ) and dielectric permitti-
vity ε22(T ) at di�erent values of hydrostatic pressure [6],
spontaneous strains εj [20], molar heat capacity [24], and
elastic constants [25]; as well as with the results of the
ab-initio calculations of the lattice contributions to the
molar heat capacity [16] and dielectric permittivity [17].
The parameters of short-range interactions w0 and

long-range interactions ν01 (�intra-sublattice�), ν
0
2 (�inter-

sublattice�) mainly determine the phase transition
temperature from the paraelectric to the ferroelectric
phase in the absence of external pressure and �eld;
the order of the phase transition, and the shape of
spontaneous polarization. Their optimum values are
w0/kB = 650 K, ν01/kB = 1.50 K, ν02/kB = 0.23 K.
To determine the deformational potentials δj [see

(2.2)] and ψj1 (2.9), ψj2 (2.10), it is necessary to use
experimental data for the shift of the phase transition
temperature under hydrostatic and uniaxial pressures,
as well as the data for the temperature dependences
of spontaneous strains εj , piezoelectric coe�cients, and
elastic constants. Unfortunately, the only available data
are those for the spontaneous strains and hydrostatic
pressure e�ect on the dielectric characteristics. As a
result, experimental data for the strains and dielectric
characteristics can be described using many di�erent
combinations of the parameters ψj1, ψj2. Therefore, for
the sake of simplicity, we chose ψj2 to be proporti-
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onal to ψj1. The optimum values of the deformati-
onal potentials were determined in [23]. Their values
are δ1/kB = 1214K, δ2/kB = 454K, δ3/kB = 1728K,
δ5/kB = 1214K, δ5/kB = −13K; ψ11/kB = 92.2K,
ψ21/kB = 23.2K, ψ31/kB = 139.7K, ψ51/kB = 5.5K;
ψj2 = 1

3ψj1.
The e�ective dipole moment in the paraelectric phase

is found by �tting the calculated curve ε22(T ) to the
experimental data. We consider it to be dependent on the
value of hydrostatic pressure p, that is, µy = µ0

y(1−kpp),
where µ0

y = 2.63 · 10−18 esu·cm, kp=0.4·10−10 cm2/dyn.
The correction to e�ective dipole moment µ′ = −0.43 ·
10−18 esu·cm is found by �tting the calculated saturation
polarization to the experimental data.
The �seed� dielectric susceptibility χε022, coe�cients

of piezoelectric stress e02j , and elastic constants cE0
ij

are found by �tting to the experimental data at

temperatures far from the phase transition temperature
Tc. Their values are as follows χ

ε0
22=0.443 [17]; e

0
2j=0

esu
cm2 ;

c0E11 = 28, 83 · 1010 dyn
cm2 , c

E0
12 = 11, 4 · 1010 dyn

cm2 , c
E0
13 =

42, 87 ·1010 dyn
cm2 , c

E0
22 = 26, 67 ·1010 dyn

cm2 , c
E0
23 = 14, 5 ·1010

dyn
cm2 , c

E0
33 = 65, 45 ·1010 dyn

cm2 , c
E0
15 = 5, 13 ·1010 dyn

cm2 , c
E0
25 =

8, 4 · 1010 dyn
cm2 , c

E0
35 = 7, 50 · 1010 dyn

cm2 , c
E0
55 = 5, 20 · 1010

dyn
cm2 .
The volume of the extended primitive cell is v = 0.467·

10−21 cm3 [7].
Let us consider now the obtained results.
The e�ects of uniaxial and hydrostatic pressure are

determined, mainly, by the pressure-induced behavior of
the lattice strains εj . The temperature dependences of
the strains at ambient pressure and in presence of uni-
axial pressures are shown in Fig. 2 and in the presence
of hydrostatic pressure in Fig. 3.
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Fig. 2. The temperature dependences of the strains ε1 � 1, ε2 � 2, ε3 � 3,ε5 � 5 of CDP at di�erent uniaxial pressures: p1
� a), p2 � b), p3 � c). The lower index denotes the pressure values in kbar
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Fig. 3. The temperature dependences of the strains ε1 � 1, ε2 � 2, ε3 � 3, ε5 � 5 of CDP at di�erent values of hydrostatic
pressure ph. The lower index denotes the pressure values in kbar

The pressure p1 increases the negative value of the
strain ε1 and the positive value of ε3. The strains ε2,
ε5 are not changed perceptibly. The uniaxial pressure p2
increases the negative values of the strains ε3 and ε2, as
well as the positive values of the strains ε1 and ε5. The

pressure p3 increases the negative values of ε3, ε5 and
the positive values of ε1 and ε5. The magnitude of the
strain ε2 is barely changed. The pressure ph increases
the absolute values of the strains ε1 and ε3 and slightly
increases the strain ε5; the strain ε2 is positive and hardly
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changes with an increase in ph. The lattice strains εj
depend on pressure almost linearly, in accordance with
Hooke's law.
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Fig. 5. The temperature dependence of the spontaneous
polarization Ps of the CDP crystal at di�erent values of uni-
axial pressures (p1 � 1; p2 � 2; p3 � 3), hydrostatic pressure
(ph), and electric �eld E2. The upper index denotes the �eld
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External pressures weaken the interactions between
the pseudospins. The interaction parameters w, ν1, ν2
decrease linearly with an increase in pressures. As a
result, the transition temperature Tc decreases (Fig. 4).
From Fig. 4 it is seen that at low pressures the change
in the Curie temperature under hydrostatic pressure is
approximately equal to the sum of changes in the Curie
temperature under uniaxial pressures.
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Fig. 6. The temperature dependence of the spontaneous
polarization Ps of the CDP crystal at di�erent values of
hydrostatic pressure (ph) and electric �eld E2. The upper
index denotes the �eld value in MV/m, the lower index
denotes the pressure in the units of 0.1 GPa. Dots (•) are

the experimental data of [5]
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Since the transition temperature Tc is lowered down by
the pressures, the temperature curves of the spontaneous
polarization Ps (Figs. 5, 6), longitudinal dielectric permi-
ttivity ε22 (Figs. 8, 9), piezomoduli e21, h21 (Figs. 11-
14), elastic constant c11 (Figs. 16, 17), and pseudospin
contribution to the heat capacity ∆C (Figs. 18, 19) all
shift to lower temperatures.
In Fig. 5, we plot the temperature dependences of the

spontaneous polarization Ps of CDP at di�erent values
of the uniaxial pressures (p1; p2; p3), hydrostatic pressure
ph, and electric �eld E2. The temperature dependence
of the spontaneous polarization Ps at di�erent values of
hydrostatic pressure (ph) and electric �eld E2 is shown
in Fig. 6, whereas the dependences of Ps on the electric
�eld E2 at di�erent values of uniaxial and hydrostatic
pressures are shown in Fig. 7.
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Fig. 9. The temperature dependence of the longitudinal dielectric permittivity ε22 of CDP at di�erent values of hydrostatic
pressure (ph) and electric �eld E2. The upper index denotes the �eld value in MV/m, the lower index denotes the pressure in

the units of 0.1 GPa. Dots (•) are the experimental data of [5]
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and constants of piezoelectric strain g21 � 1, g22 � 2, g23 � 3, g25 � 4 of the CDP crystal

At low pressures, the spontaneous polarization
monotonically and continuously decreases with an
increase in temperature and vanishes at Tc. The phase
transition at Tc is still of the second order.

The application of the external �eld E2 smears out
the polarization curves, and the phase transition in CDP
disappears as such.

The electric �eld E2 decreases the polarization. The
largest decrease is observed when the electric �eld and
hydrostatic pressure are applied simultaneously.

The longitudinal dielectric permittivity ε22 diverges
at Tc (�gs. 8, 9). In the presence of the electric �eld E2,
the permittivity ε22 has a jump at TN instead of a cusp
(Fig. 9).
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In the presence of the electric �eld E2 the permittivity
ε22 remains �nite and has maxima, whose magnitudes
decrease with an increase in the �eld, and which positions
shift to higher temperatures.
The theoretical results agree quantitatively well with

the experimental data of [5] for the case of hydrostatic
pressure ph. It should be mentioned that the theory
is developed for a single-domain crystal and does not
take into account the reorientation of domain walls, whi-
ch gives an essential contribution to the experimentally
measured permittivity. That is why the calculated permi-
ttivity ε22 in the ferroelectric phase does not agree with
the experimental data.
The piezoelectric coe�cients e2l and d2l increase wi-

th temperature and diverge at Tc (Fig. 10), whereas
the constants h2l and g2l have rounded maxima and
approach zero at Tc.
In Figs. 11, 12 the temperature curves of the pi-

ezoelectric stress coe�cient e21 and constant h21 of the
CDP crystal are shown at di�erent values of uniaxi-
al pressures (p1; p2; p3), hydrostatic pressure ph, and
electric �eld E2. Their temperature curves at di�erent
values of hydrostatic pressure (ph) and electric �eld E2

are presented in Figs. 13, 14.
Hydrostatic pressure ph increases the maximum value

of the piezoelectric stress constant h21; the in�uence of
the electric �eld E2 at lower temperatures is weak. The
�eld E2 smears out the curves of the piezoelectric stress
constant h21.
The �eld E2 applied to the CDP crystal decreases the

maximum values of the coe�cient of piezoelectric stress
e21 and shifts them to higher temperatures.
The elastic constants cij of CDP are virtually

temperature independent, except for small jumps at Tc
(Fig. 15).
In Fig. 16, we depict the temperature dependences of

the elastic constant c11 of CDP at di�erent values of
the uniaxial pressures (p1; p2; p3), hydrostatic pressure
ph, and electric �eld E2. Its temperature dependences at
di�erent values of hydrostatic presssures (ph) and electric
�eld E2 are presented in Fig. 17.
In the presence of the pressures, the jump of the elastic

constant c11 deepens. The e�ect of the uniaxial pressure
p3 is the strongest. Hydrostatic pressure ph lowers down
c11. The electric �eld E2 smears out the curves of the
elastic constant c11; its minimum values increase with an
increase in pressures. Outside the vicinity of the transi-
tion temperature, the �eld E2 does not a�ect the elastic
constants cEij .
The temperature curves of the pseudospin contributi-

on to the heat capacity ∆Cp of CDP in presence of the
uniaxial pressures pi exhibit jumps at the phase transiti-
on temperature and shift to lower temperatures (Fig.18).
The magnitude of the jumps is slightly decreased by the
pressures pi.
The temperatures dependences of ∆Cp remain quali-

tatively unchanged by hydrostatic pressure (Fig. 19).
Positions of the heat capacity maximum shift to lower
temperatures, whereas the magnitude of ∆Cph decrease,
with an increase in hydrostatic pressure.
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c11 at di�erent values of hydrostatic pressure (ph) and electric
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Fig. 18. The temperature dependences of the proton contri-
bution to molar heat capacity at di�erent values of uniaxial
pressures (p1 � 1; p2 � 2; p3 � 3), hydrostatic pressure (ph),
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Fig. 19. The temperature dependences of the proton
contribution to molar heat capacity at di�erent values of
hydrostatic pressure (ph) and electric �eld E2. The upper
index denotes the �eld value in MV/m, the lower index

denotes the pressure in the units of 0.1 GPa
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In Figs. 18, 19, we plot the temperature dependences
of the pseudospin contributions to the heat capacity ∆C
of CDP in the presence of the electric �eld E2, as well
as of the pressures and the �eld E2 simultaneously. The
jump of ∆C is smeared out by the �eld E2, and its maxi-
mum value is decreased. In the antiferroelectric phase,
the molar heat capacity is also reduced by the �eld.

V. CONCLUSIONS

In the present work, within the framework of the modi-
�ed proton ordering model for the quasi-one-dimensional
CsH2PO4 ferroelectric with hydrogen bonds, which takes
into account the contributions to the energy of the proton
subsystem that are linear in the lattice strains ε1, ε2,
ε3, and ε5, within the two-particle cluster approximati-
on, we studied the in�uence of hydrostatic and uniaxi-

al pressures and the longitudinal electric �eld E2 on
the phase transition and physical characteristics of this
ferroelectric. It has been established that the uniaxial
and hydrostatic pressure change the lattice strains εi, ε5,
thereby changing the transition temperature and other
characteristics of the crystal.
Since the transition temperatures Tc are decreased by

the pressures, the temperature curves of the spontaneous
polarization Ps, longitudinal dielectric permittivity ε22,
piezomoduli e21, d21, h21, g21, elastic constant c11, and
pseudospin contribution to the heat capacity ∆C shift
to lower temperatues under pressures.
At pressures p < pc the external �eld smears out the

phase transition. At p > pc the �eld lowers down the
transition temperature TN and discontinuously increases
the permittivity ε22, elastic constant c11, and pseudospin
contribution to the heat capacity ∆C in the anti-
ferroelectric phase at E2 = 0.1 MV/m.
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ÂÏËÈÂ ÎÄÍÎÂIÑÍÈÕ ÒÀ ÃIÄÐÎÑÒÀÒÈ×ÍÎÃÎ ÒÈÑÊIÂ I ÏÎÇÄÎÂÆÍÜÎÃÎ
ÅËÅÊÒÐÈ×ÍÎÃÎ ÏÎËß ÍÀ ÔÀÇÎÂI ÏÅÐÅÕÎÄÈ ÒÀ ÒÅÐÌÎÄÈÍÀÌI×ÍI ÕÀÐÀÊÒÅÐÈÑÒÈÊÈ

ÊÂÀÇIÎÄÍÎÂÈÌIÐÍÎÃÎ ÑÅ�ÍÅÒÎÅËÅÊÒÐÈÊÀ CsH2PO4

À. Ñ. Âäîâè÷1, Ð. Ð. Ëåâèöüêèé1, I. Ð. Çà÷åê2, À. Ï. Ìî¨íà1
1Iíñòèòóò ôiçèêè êîíäåíñîâàíèõ ñèñòåì ÍÀÍ Óêðà¨íè,

âóë. Ñâ¹íöiöüêîãî, 1, Ëüâiâ, 79011, Óêðà¨íà,
2Íàöiîíàëüíèé óíiâåðñèòåò �Ëüâiâñüêà ïîëiòåõíiêà�,

âóë. Ñ. Áàíäåðè 12, 79013, Ëüâiâ, Óêðà¨íà

Êâàçiîäíîâèìiðíèé êðèñòàë iç âîäíåâèìè çâ'ÿçêàìè CsH2PO4 ¹ ñå íåòîåëåêòðèêîì òèïó ëàä-
áåçëàä. Ôàçîâèé ïåðåõiä iç âèñîêîòåìïåðàòóðíî¨ ïàðàôàçè â íèçüêîòåìïåðàòóðíó ñå íåòîôàçó
ïîâ'ÿçàíèé ç óïîðÿäêóâàííÿì ïðîòîíiâ íà âîäíåâèõ çâ'ÿçêàõ.

Çàïðîïîíîâàíî ìîäèôiêîâàíó äâîïiä ðàòêîâó ïñåâäîñïiíîâó ìîäåëü ñå íåòîåëåêòðèêà CsH2PO4,
ó ÿêié ïîëîæåííÿì ïðîòîíiâ ïðèïèñàíî åôåêòèâíi äèïîëüíi ìîìåíòè òà ïñåâäîñïiíè, à êðèñòàë
ðîçãëÿäà¹òüñÿ ÿê ñèñòåìà âçà¹ìîäiéíèõ ïñåâäîñïiíiâ. Öÿ ìîäåëü óðàõîâó¹ ëiíiéíi çà äåôîðìàöiÿ-
ìè  ðàòêè ε1, ε2, ε3 i ε5 âíåñêè â åíåð iþ ïðîòîííî¨ ïiäñèñòåìè, à òàêîæ çàëåæíiñòü åôåêòèâíèõ
äèïîëüíèõ ìîìåíòiâ ïñåâäîñïiíiâ âiä ïàðàìåòðiâ óïîðÿäêóâàííÿ, ùî äîçâîëÿ¹ óçãîäèòè åôåêòèâíi
äèïîëüíi ìîìåíòè â ñå íåòî- i ïàðàôàçi.

Ó ìåæàõ öi¹¨ ìîäåëi â íàáëèæåííi äâî÷àñòèíêîâîãî êëàñòåðà çà êîðîòêîñÿæíèìè é ñåðåäíüîãî ïî-
ëÿ çà äàëåêîñÿæíèìè âçà¹ìîäiÿìè äîñëiäæåíî ïîâåäiíêó ñïîíòàííî¨ ïîëÿðèçàöi¨, ïîçäîâæíüî¨ äiåëå-
êòðè÷íî¨ ïðîíèêíîñòi, ï'¹çîåëåêòðè÷íèõ, ïðóæíèõ õàðàêòåðèñòèê i ìîëÿðíî¨ òåïëî¹ìíîñòi. Âèâ÷åíî
âïëèâ ãiäðîñòàòè÷íîãî òà îäíîâiñíèõ òèñêiâ, à òàêîæ ïîçäîâæíüîãî åëåêòðè÷íîãî ïîëÿ íà ôàçîâèé
ïåðåõiä òà ôiçè÷íi õàðàêòåðèñòèêè êðèñòàëà. Îòðèìàíî çàäîâiëüíèé êiëüêiñíèé îïèñ âiäïîâiäíèõ
åêñïåðèìåíòàëüíèõ äàíèõ.

Ïîêàçàíî, ùî ïiä äi¹þ îäíîâiñíèõ òèñêiâ, à òàêîæ ãiäðîñòàòè÷íîãî òèñêó, ìåíøîãî çà êðèòè÷íèé
p < pc, ïîíèæó¹òüñÿ òåìïåðàòóðà ôàçîâîãî ïåðåõîäó ïàðà-ñå íåòîôàçà. Ïðè öüîìó òåìïåðàòóðíi çà-
ëåæíîñòi ðiçíèõ òåðìîäèíàìi÷íèõ õàðàêòåðèñòèê ÿêiñíî ïîäiáíi, ÿê çà âiäñóòíîñòi òèñêiâ. Çîâíiøí¹
åëåêòðè÷íå ïîëå çà òèñêiâ p < pc ðîçìèâà¹ ôàçîâèé ïåðåõiä.

Çà ãiäðîñòàòè÷íîãî òèñêó p > pc âèíèêà¹ ïåðåõiä â àíòèñå íåòîôàçó. Åëåêòðè÷íå ïîëå çà p >
pc ïîíèæó¹ òåìïåðàòóðó ôàçîâîãî ïåðåõîäó ïàðà-àíòèñå íåòîôàçà é çáiëüøó¹ ïðîíèêíiñòü ε22 â
àíòèñå íåòîôàçi. Äîñòàòíüî ñèëüíå ïîëå ìîæå çìiíèòè ðiä ôàçîâîãî ïåðåõîäó â òî÷öi TN iç äðóãîãî
íà ïåðøèé.

Íàéñèëüíiøèé âïëèâ ïîëÿ íà ðîçðàõîâàíi õàðàêòåðèñòèêè ¹ ïîáëèçó êðèòè÷íîãî ãiäðîñòàòè÷íîãî
òèñêó pc; iç ïîíèæåííÿì òåìïåðàòóðè êðèñòàë CsH2PO4 ïåðåõîäèòü ñïåðøó ç ïàðàôàçè â àíòèñå íå-
òîôàçó, à çà ïîäàëüøîãî ïîíèæåííÿ òåìïåðàòóðè � ç àíòèñå íåòîôàçè â ñå íåòîôàçó. Ïîçäîâæí¹
ïîëå E2 çáiëüøó¹ êðèòè÷íèé ãiäðîñòàòè÷íèé òèñê pc ó êðèñòàëi CsH2PO4.

Êëþ÷îâi ñëîâà: ñå íåòîåëåêòðèêè, äiåëåêòðè÷íà ïðîíèêíiñòü, ï'¹çîåëåêòðè÷íi êîåôiöi¹íòè,
âïëèâ òèñêó, âïëèâ åëåêòðè÷íîãî ïîëÿ.
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