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The focus of the study is on the strained spherical quantum dot (QD) InAs/GaAs heterosystem.
A singleband model of the conductive band for electrons and a multiband model of the valence band
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of the electron�hole exchange interaction.
Key words: exchange interaction, deformation, multiband model, polarization charges, strained

heterosystem.

DOI: https://doi.org/10.30970/jps.26.1702

I. INTRODUCTION

For the last 20 years, the redshift of the emission
spectra with respect to absorption spectra (Stokes shi-
ft) in the QD has been observed experimentally by
many researchers [1�6]. Understanding the nature of this
e�ect is important in modern optoelectronic technologi-
es. That is why there are a lot of theoretical explanati-
ons of the redshift in the QD. They have been presented
in many works, for example [7�11]. The generalized
results of those and other works suggest several reasons
for the Stokes shift explanation. One of them is the
exchange electron�hole interaction. The comprehensive
theory of the exchange electron�hole interaction in the
QD and its results are presented in [7]. According to
[7], electron states are twofold degenerate, while the hole
ground state corresponding to the value of the total
momentum 3/2 is fourfold degenerate. So without taki-
ng into account any interactions, the ground state of the
electron�hole pair is eightfold degenerate. The electron
and the hole are connected by the Coulomb interacti-
on. According to general rules of adding momentum
moments, the electron�hole pair can have values of the
total momentum 1, 2. In this case, the state with 1
is optically active (�light�), and the state with 2 is
inactive (�dark�) in the dipole approximation. The di-
�erence between the energies of dark-light states is de�-
ned by the exchange interaction. Also in works [8�11],
the dielectric mismatch and polarization charges at QD-
matrix interfaces are taken into account. In [10], it was
shown that if the dielectric permittivity of the matrix is
larger than in the QD one, the energy of the electron�
hole exchange interaction decreases compared with the
case when the dielectric permittivity of the matrix is
smaller than in the QD. But in [10] only the singleband
model for holes was used, which has some inaccuracies
compared with the multiband model. Therefore, in this
article we will use the multiband model, which improves

the obtained results. As a rule, InAs QDs are obtained
by heteroepitaxial growth in the Frank-van der Merwe
regime or the Volmer�Weber regime or the Stranski�
Krastanow regime. Due to the lattice mismatch of InAs
and GaAs during the heteroepitaxial growth on a crystal
substrate, the strained InAs QDs are formed [12]. So
the deformation of the QD has an e�ect on the optical
properties and electron�hole exchange interaction too.
There are many reports where the e�ect of the lattice
deformation of the InAs QD is considered, for example
[13�16]. In our work [16] it has been shown that polari-
zation and deformation caused an opposite e�ect on
the energy of the electron and the hole spectrum of
InAs/GaAs QDs. Therefore, we assume that deformati-
on and polarization have to in�uence the electron�hole
exchange interaction too. Thus the aim of this paper is to
determine the electron�hole exchange interaction in the
QD InAs/GaAs heterosystem with regard to deformati-
on and polarization e�ects and compare it in singleband
and multiband models.

II. HETEROSYSTEM MODEL

Let us consider the InAs/GaAs heterosystem with a
coherent strained spherical InAs QD of the radius a. The
QD is assumed to be an elastic dilatational sphere. It is
inserted into a spherical void in the GaAs matrix (the
volume of the void is smaller than that of the nanoinclusi-
on by ∆V ) [13�15]. Electrons and holes are con�ned by
the rectangular potential well

Uconf(rj) =

0, rj ≤ a,

U0;j rj > a,
, j = e, h. (1)

In this and other equations, the index j takes the values
e, h (electron and hole) For holes, the energy axis in
the valence band is directed �downward�. The change
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of the renormalized potential energy by the hydrostatic
deformation is presented by

∆U
(i)
j = D

(i)
j ε(i), (2)

where ε(i) = Sp(ε̃̃ε̃ε(i)); ε̃̃ε̃ε(i) is the deformation tensor; D
(i)
j

are constants of the hydrostatic deformation potenti-
al of the conduction band and the valence band, i =
1 (InAs), 2 (GaAs). Therefore, the potential energies of
the hole and the electron caused by deformation are de�-
ned as

Ud(rj) =

0, rj ≤ a,

U0,d;j rj > a,
(3)

where U0,d;j = −|D(1)
j ε(1)| − |D(2)

j ε(2)|. ε(i) are de�ned
as in [14, 15, 18, 19] and do not depend on r⃗. The
mediums are described by their own dielectric permitti-
vity (χ1, χ2). According to [17], we obtain the potenti-
al energy of the interaction of the charge particle with
polarization charges as follows:

Up(rj) =
γ0

4χ(rj)

∞∫
0

dr0
tanh(w(r0)) + r0/L · sech(w(r0))

r20 − r2j
,

(4)

χ(rj) =
χ1 + χ2

2

[
1− γ0 tanh (w(rj))

]
, (5)

γ0 =
χ1 − χ2

χ1 + χ2
, w(rj) =

rj − a

L
, (6)

L ≈ a
(1)
0 /4, where a

(1)
0 is the lattice constant of InAs.

In all formulas we use the Hartree system of units
(ℏ = 1, e = 1,m0 = 1). Therefore, the total potential
energy consists of the con�nement potential Uconf (1),
deformation potential Ud (2), and polarization potential
Up (4).

U = Uconf + Ud + Up. (7)

In the next chapter, we solve the Schr�odinger equation
for the electron and the hole in a potential �eld (7).

III. ELECTRONS AND HOLES SPECTRA

In the singleband e�ective mass approximation, the
electron Hamiltonian has the form

Ĥe = −1

2
∇ 1

me
∇+ U(re)

= −1

2
∇ 1

me
∇+ Uconf(re) + Ud(re) + Up(re) (8)

= Ĥ0
e + Ud(re) + Up(re),

where

me =

m
(1)
e , re ≤ a,

m
(2)
e re > a.

If Ud = 0 and Up = 0, polarization and deformation
e�ects are neglected. The Schr�odinger equation with and
without taking into account the QD deformation can be
solved exactly. For the ground state, it has a solution
expressed by the wave function:

ψe;ms
(r⃗e) =

1√
4π
Se;ms

r−1
e

A
(1)
e sin(kre), re ≤ a,

A
(2)
e exp(−ηre) re > a,

(9)

where Se;ms
is a spin function, ms = ±1/2, k =

√
2m

(1)
e E. When the QD deformation is neglected, η =√

2m
(2)
e (U0;e − E), and η =

√
2m

(2)
e (U0;e + U0,d;e − E), if the QD deformation is taken into account. From the

Ben Daniel�Duke boundary conditions and normalization condition, coe�cients A
(1)
e , A

(2)
e and the electron energy

can be de�ned with and without taking into account the QD deformation. To calculate (4), the Ritz variational
method has been used. The trial function has been chosen in the form:

ψ(V )
e;ms

(r⃗e) =
1√
4π
Se;msR

(V )
e (re) =

1√
4π
Se;msr

−1
e

A
(1,V )
e sin(αre), re ≤ a,

A
(2,V )
e exp(−βre) re > a.

(10)

From the boundary conditions, we got:

A(1,V )
e = A(2,V )

e exp(−aβ) sec(αa), (11)

β =
m

(1)
e −m

(2)
e +m

(2)
e αa cot(αa)

am
(1)
e

, β > 0. (12)

So the trial function has two parameters A
(2,V )
e and α.
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Variational parameter α and the electron ground state
energy have been de�ned by the minimization of the
functional

Ge(α) =

〈
ψ
(V )
e;ms(r⃗e)|Ĥe|ψ(V )

e;ms(r⃗e)
〉

〈
ψ
(V )
e;ms(r⃗e)|ψ

(V )
e;ms(r⃗e)

〉 . (13)

A
(2,V )
e has been de�ned from the normalized conditi-

on. Hamiltonian (8) does not depend on spin variables;
thus, the electron energy does not depend on spin too.
Therefore, we de�ned the ground electron state with
and without taking into account both deformation and
polarization e�ects. In the same manner, the hole ground
state can be de�ned in the singleband model. To improve
quantitative results for the hole states, the multiband
model of the valence band should be used. We use the
multiband model with a strong spin-orbit interaction to
calculate the hole states [20�23]. The hole (light and
heavy holes) e�ective masses in every environment are

m
(1)
lh ,m

(1)
hh and m

(2)
lh ,m

(2)
hh respectively. The energy axis

in the valence band is directed �downward� (the maxi-
mum of the valence band transforms into the minimum).
If we neglect the corrugation of the isoenergetic surfaces
in the k-space, the Hamiltonian of the hole is given by

Ĥh =
1

2

(
γ1 +

5

2
γ

)
p̂2 − γ

(
⃗̂p · ⃗̂J

)2

+ U(rh), (14)

where p⃗ is the momentum operator,
⃗̂
J = i⃗Ĵx+ j⃗Ĵy+ k⃗Ĵz

is the spin operator (j = 3/2), γ1 and γ are the Luttinger
parameters which are connected with the heavy and light
hole e�ective masses

mhh =
1

γ1 − 2γ
, mlh =

1

γ1 + 2γ
. (15)

The solution of the Schr�odinger equation with Hamiltoni-
an (14) for the hole ground state (if we assume, that
Up(rh) = 0) has the form [7, 8, 16, 24]:

ψh;M (rh, θh, φh) = 2
∑
l=0,2

(−1)M−3/2Rl(rh)
∑

ml,mj

(
l 3/2 3/2
ml mj −M

)
Yl,ml

(θh, φh)Sh;mj

= R0(rh) |l = 0, j = 3/2, f = 3/2,M⟩+R2(rh) |l = 2, j = 3/2, f = 3/2,M⟩ . (16)

⃗̂
F =

⃗̂
L +

⃗̂
J is the total angular momentum, f(f +1), l(l+1), M,m,mj in this system of units are the eigenvalues of

operators F̂2, L̂2, F̂z, L̂z, Ĵz, respectively; Sh;mj
are the spin functions; Yl,ml

are the spherical harmonic functions,

which are the eigenfunctions of L̂2;
(

l 3/2 3/2
ml mj −M

)
are the 3-j symbols. If rh ≤ a (the QD region), radial functions

can be expressed by the sum of the Bessel functions of the �rst kind [24]

R
(1)
0 (rh) = A

(1)
1;h

−J1/2(k
(1)
hh rh)√
rh

+A
(1)
2;h

J1/2(k
(1)
lh rh)√
rh

, (17)

R
(1)
2 (rh) = A

(1)
1;h

J5/2(k
(1)
hh rh)√
rh

+A
(1)
2;h

J5/2(k
(1)
lh rh)√
rh

, (18)

where k
(1)
hh =

√
2m

(1)
hhE, k

(1)
lh =

√
2m

(1)
lh E. If rh > a (the matrix region), radial functions can be expressed in terms

of the modi�ed Bessel functions of the second kind

R
(2)
0 (rh) = A

(2)
1;h

K1/2(k
(2)
hh rh)√
rh

+A
(2)
2;h

−K1/2(k
(2)
lh rh)√

rh
, (19)

R
(2)
2 (rh) = A

(2)
1;h

K5/2(k
(2)
hh rh)√
rh

+A
(2)
2;h

K5/2(k
(2)
lh rh)√
rh

, (20)

where k
(2)
hh =

√
2m

(2)
hh (U0;h − E), k

(2)
lh =

√
2m

(2)
lh (U0;h − E), if the deformation is neglected, and k

(2)
hh =√

2m
(2)
hh (U0;h + U0,d;h − E), k

(2)
lh =

√
2m

(2)
lh (U0;h + U0,d;h − E), if the deformation is taken into account. The radial

solution, boundary conditions [16, 24, 25] and normalization conditions were applied to determine the energy levels
with and without taking into account the deformation e�ect. To calculate (4) for the hole states within the multiband
approximation, the Ritz variational method has been used. Trial radial functions have been chosen in the form:

R
(1,V )
0 (rh) = A

(1,V )
1;h

−J1/2(α
√
m

(1)
hh rh)√

rh
+A

(1,V )
2;h

J1/2(α

√
m

(1)
lh rh)√

rh
, (21)
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R
(1,V )
2 (rh) = A

(1,V )
1;h

J5/2(α

√
m

(1)
hh rh)√

rh
+A

(1,V )
2;h

J5/2(α

√
m

(1)
lh rh)√

rh
, (22)

if rh ≤ a. If rh > a:

R
(2,V )
0 (rh) = A

(1,V )
2;h

K1/2(β

√
m

(2)
hh rh)√

rh
+A

(2,V )
2;h

−K1/2(β

√
m

(2)
lh rh)√

rh
, (23)

R
(2,V )
2 (rh) = A

(1,V )
2;h

K5/2(β

√
m

(2)
hh rh)√

rh
+A

(2,V )
2;h

K5/2(β

√
m

(2)
lh rh)√

rh
. (24)

Boundary conditions for the multiband model [16, 24, 25]
give four equations. From those equations we de�ned:

A
(1,V )
2;h = g1(α,A

(1,V )
1;h ),

A
(2,V )
1;h = g2(α,A

(1,V )
1;h ),

A
(2,V )
2;h = g3(α,A

(1,V )
1;h ),

β = g4(α,A
(1,V )
1;h ).

Those parameters have been substituted into (21)�(24).

Thus the total trial wave function depends on α,A
(1,V )
1;h :

ψ
(V )
h;M (r⃗h) = R

(V )
0 (rh;α,A

(1,V )
1;h ) |l = 0, j = 3/2, f = 3/2,M⟩+ (25)

+R
(V )
2 (rh;α,A

(1,V )
1;h ) |l = 2, j = 3/2, f = 3/2,M⟩ .

The hole energy and parameter α have been de�ned by
the minimization of the variational functional:

Gh(α) =

〈
ψ
(V )
h;M (r⃗h)|Ĥh|ψ(V )

h;M (r⃗h)
〉

〈
ψ
(V )
h;M (r⃗h)|ψ(V )

h;M (r⃗h)
〉 (26)

Due to the spherical symmetry, the hole energy does not

depend on M . A
(1)
1;h has been de�ned from the normali-

zed condition. For calculation we use the parameters as
in [15]. Therefore we de�ned the ground hole states wi-
thin the multiband model with and without taking into
account both deformation and polarization e�ects. A si-
milar calculation was done in our previous work [16].
But there we used the perturbation theory to account
for polarization. The obtained ground state energies (in
this work and in [16]) are very close. The di�efences do
not exceed 2%.

IV. EXCITON MODEL

In the proposed models, the exciton Hamiltonian has
the form:

Ĥexciton = Ĥe + Ĥh + Ĥex +W (r⃗e, r⃗h) + Eg, (27)

where Eg is the band gap, Ĥex the electron�hole
exchange interaction Hamiltonian. W (r⃗e, r⃗h) is the

expression of the electron�hole interaction [27]. It can
be divided into two terms (see appendix):

W (r⃗e, r⃗h) =Wp(r⃗e, r⃗h) +We�h(r⃗e, r⃗h), (28)

where Wp(r⃗e, r⃗h) (it is proportional to (χ2 − χ1)) is
the potential energy which includes the interaction
between the hole and the polazition charges (induced by
the electon), and the interaction between the electron
and the polazition charges (inducted by the hole);
We�h(r⃗e, r⃗h) is the direct Coulumb interaction (see
Appendix). Therefore, Up (4) describes the interaction
between the charge particle and its �own� polarization
charges, andWp(r⃗e, r⃗h) describes the interaction between
the charge particle and �foreign� polarization charges.
The interaction between the charge particle (electron

or hole) and its �own� polarization charges has been
taken into account in the previous section in the vari-
ational functions of the hole and the electron.
To take into account the Wp(r⃗e, r⃗h) and We�h(r⃗e, r⃗h),

the self-consistent problem should be solved for

a) the singleband model of both the valence band and
the conduction band;

b) the singleband model of the conduction band and
the multiband model of the valence band.

As an example, we present the iterative method for the
b) case.
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First iteration. First of all, we de�ne:

W (1)(r⃗e) =
〈
ψ
(V )
h;M (r⃗h)|W (r⃗e, r⃗h)|ψ(V )

h;M (r⃗h)
〉
. (29)

Then we solve the Schr�odinger equation:

(Ĥe +W (1)(r⃗e))ψ
(V,1)
e;ms

(r⃗e) = E(1)
e ψ(V,1)

e;ms
(r⃗e) (30)

using the variational method as in (9)�(13). In the next
step we de�ne

W (1)(r⃗h) =
〈
ψ(V,1)
e;ms

(r⃗e)|W (r⃗e, r⃗h)|ψ(V,1)
e;ms

(r⃗e)
〉

(31)

and solve the Schr�odinger equation:

(Ĥh +W (1)(r⃗h))ψ
(V,1)
h;M (r⃗h) = E

(1)
h ψ

(V,1)
h;M (r⃗h) (32)

using the variational method as in (21)�(26).
Second iteration. In this step, we de�ne

W (2)(r⃗e) =
〈
ψ
(V,1)
h;M (r⃗h)|W (r⃗e, r⃗h)|ψ(V,1)

h;M (r⃗h)
〉

(33)

and solve the equation as in (30)�(32). The iteration
procedure is convergent after 4 iteration steps, when

(E(i)
e − E(i−1)

e /E(i)
e ) · 100% < 5%

and

(E
(i)
h − E

(i−1)
h /E

(i)
h ) · 100% < 5 %.

After that, we got the electon and the hole wave functions
which take into account all potential energies: For a) case

ψ
(conv)

h;m
(h)
s

= ψ
(V,4)

h;m
(h)
s

; (34)

ψ
(conv)

e;m
(e)
s

= ψ
(V,4)

e;m
(e)
s

. (35)

For b) case

ψ
(conv)
h;M (r⃗h) = ψ

(V,4)
h;M (r⃗h); (36)

ψ
(conv)

e;m
(e)
s

= ψ
(V,4)

e;m
(e)
s

. (37)

V. ELECTRON�HOLE EXCHANGE
INTERACTION

According to the general theory, the electron�hole
exchange interaction Hamiltonian has the form [7]:

Ĥex = −(2/3)Eex(a
(1)
0 )3δ(r⃗e − r⃗h)(⃗̂σ ×

−→
Ĵ )

= −Kδ(r⃗e − r⃗h)(⃗̂σ ×
−→
Ĵ ), (38)

where Eex is the exchange strength constant, which can
be de�ned from equation [4, 7]:

ℏωst = (8/3π)(a
(1)
0 /aex)

3Eex,

where a
(1)
0 is the QD lattice parameter, ℏωst =

0.0025 meV [1], aex is the exciton radius, ⃗̂σ is the electron

Pauli spin-1/2 matrix,
⃗̂
J is the hole spin matrix (1/2 in

the singleband model of the valence band and 3/2 in the
multiband model of the valence band).

Let us consider a singleband model for the valence
band and conduction band. Within those models, the
electron and the hole have spin 1/2. To de�ne the
exchange interaction, we use the electron�hole wave
function in the form

ψe�h =

1/2∑
m

(e)
s =−1/2

1/2∑
m

(h)
s =−1/2

C
m

(e)
s ,m

(h)
s
ψ
(conv)

e;m
(e)
s

(r⃗e)ψ
(conv)

h;m
(h)
s

(r⃗h), (39)

where ψ
(conv)

e;m
(e)
s

(r⃗e) and ψ
(conv)

h;m
(h)
s

(r⃗h) are de�ned by (34). So the matrix of the electron�hole exchange interaction with

the use of (39) has the form 
Z 0 0 0

0 −Z 2Z 0

0 2Z −Z 0

0 0 0 Z

 , (40)

where

Z = K
1

4π

∫ ∞

0

∣∣∣R(conv)
e (r)

∣∣∣2 ∣∣∣R(conv)
h (r)

∣∣∣2 r2 dr
= (2/3)Eex

(
a
(1)
0

)3
∫ ∞

0

∣∣∣R(conv)
e (r)

∣∣∣2 ∣∣∣R(conv)
h (r)

∣∣∣2 r2 dr = EexIsb (41)

is an overlap integral. The eigenvalues of (40) de�ne the electron�hole exchange interaction in the singleband model.
Therefore, we get four eigenvalues. Three of them are Z. It corresponds to an optically active state with the total
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electron�hole spin momentum 1. One eigenvalue is equal to −3Z. It corresponds to an optically passive state with the
total electron�hole spin momentum 0 (so called dark state). Therefore, in the singleband model of the valence band
and couduction band, the 4-fold degenerate electron�hole energy level splits into two levels. The splitting energy is

Esp = 4Z = 4EexIsb. (42)

In the multiband model of the valence band, the hole spin is equal to 3/2. To de�ne the exchange interaction in this
case, we use the electron�hole wave function in the form

ψe�h =

1/2∑
m

(e)
s =−1/2

3/2∑
M=−3/2

C
m

(e)
s ,M

ψ
(conv)

e;m
(e)
s

(r⃗e)ψ
(conv)
h;M (r⃗h), (43)

where ψ
(conv)

e;m
(e)
s

(r⃗e) and ψ
(conv)
h;M (r⃗h) are de�ned by (36). So the matrix of the electron�hole exchange interaction with

the use of (43) has the form

−3/2X 0 0 0 0 0 0 0

0 3/2X −
√
3X 0 0 0 0 0

0 −
√
3X −X/2 0 0 0 0 0

0 0 0 X/2 −2X 0 0 0

0 0 0 −2X X/2 0 0 0

0 0 0 0 0 −X/2 −
√
3X 0

0 0 0 0 0 −
√
3X 3X/2 0

0 0 0 0 0 0 −3/2X


, (44)

where

X = K
1

40π

∫ ∞

0

∣∣∣R(conv)
el (r)

∣∣∣2 (10 ∣∣∣R(conv)
0 (r)

∣∣∣2 + 2
∣∣∣R(conv)

2 (r)
∣∣∣2) r2dr

=
2

3
Eex(a

(1)
0 )3

1

4π

∫ ∞

0

∣∣∣R(conv)
el (r)

∣∣∣2 (∣∣∣R(conv)
0 (r)

∣∣∣2 + 0.2
∣∣∣R(conv)

2 (r)
∣∣∣2) r2dr == EexImb. (45)

The eigenvalues of (44) de�ne the energy of the electron�
hole exchange interaction. Therefore, we get eight eigen-
values. Three of them are 5/2X. It corresponds to an
optically active state with the total electron�hole spin
momentum 1. Five eigenvalues are equal to −3/2X.
It corresponds to an optically passive state with the
total electron�hole spin momentum 2 (the so called dark
state). Therefore, in the multiband model of the valence
band and in the singleband model of the conduction band
the 8-fold degenerate electron�hole energy level splits
into two levels. The splitting energy which de�nes the
Stokes shift is

Esp = 4X = 4EexImb. (46)

Therefore, in both models the electron�hole exchange
interaction causes the energy levels splitting. After
calculation, we de�ned the partial contribution of polari-
zation and deformation to the exchange electron�hole
interaction and to the splitting energy. For the calculati-

on, we used the same parameters as in our previous arti-
cle [16].

In the singleband model of the valence band, we get
Esp as the function of the QD radius (Fig. 1). During
the calculation, we assumed that the hole masses are

equal to the heavy hole mass m
(1)
hh and m

(2)
hh (the si-

ngleband heavy hole model). From Fig. 1 one can see that
polarization and deformation cause opposite dependenci-
es. The QD-matrix deformation causes a decrease in
the splitting energy. The reason for that dependence
is the decrease in the overlap integral of the hole and
electron functions (41). It can also be explained by di-
�erent values of constants of the hydrostatic deformation

potential. For the electron, its value is D
(1)
e = −5.08 eV,

D
(2)
e = −7.17 eV, and for the hole, D

(1)
h = 1 eV,

D
(2)
h = 1.16 eV [15]. Therefore, the deformation potential

a�ects the electron and the hole with a di�erent strength.
As a result, the spatial location of the electron and hole
wave function is more shifted. That is why the overlap
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integral decreases and the splitting energy decreases too
(curve 2 in Fig. 1). The polarization charges which are
collected on the QD-matrix boundary form the polari-
zation potential (4). It has the same form for the hole
and the electron. But if we take into account the polari-
zation potential, we get an opposite e�ect: the splitting
energy increases (curve 3 in Fig. 1). It can be explained
by the coordinate dependence of the polarization potenti-
al (4) (see Fig. 2 in [26]). Although in [26] another QD
heterosystem is considered, the qualitative dependence
of the polarization potential is the same, because the
dielectric permittivity of the QD is larger then the
matrix dielectric permittivity. Potential (4) �pushes� the
wave functions of the hole and the electron to the QD
boundary from both sides. Therefore, the overlap integral

increases and the splitting energy increases too (curve 3
in Fig. 1) compared with the case when we do not take
into account the polarization charges. This result is in
good qualitative agreement with the other work [10] on
the cubic QD. In that work (Fig. 5 in [10]), the curve 2
shows the electron�hole exchange energy without taki-
ng into account the polarization, and the curve 3 shows
the electron�hole exchange energy taking into account
polarization in the case when the dielectric permittivity
of the QD is larger then the matrix dielectric permitti-
vity. Since polarization and deformation have opposite
e�ects, their total e�ect is partially compensated (curve 4
in Fig. 1). But in this case, the splitting energy is smaller
then in the case when both e�ects of the polarization and
deformation are neglected (curve 1 in Fig. 1).

Fig. 1. A) The splitting energy of dark and light exciton states in the singleband model. 1 � without taking into account
polarization and deformation e�ects; 2 � taking into account only QD-matrix deformation; 3 � taking into account only
polarization charges; 4 � taking into account both polarization and deformation. B) Partial contributions of: only polarization

(∆Esp;pol), only deformation (∆Esp;def) and also both polarization and deformation (∆Esp;total) to the splitting energy

Fig. 2. The splitting energy of dark and light exciton states in the multiband model. 1 � without taking into account
polarization and deformation e�ects; 2 � taking into account only QD-matrix deformation; 3 � taking into account only
polarization charges; 4 � taking into account both polarization and deformation. B) Partial contributions of: only polarization

(∆Esp;pol), only deformation (∆Esp;def) and also both polarization and deformation (∆Esp;total) to the splitting energy

For the multiband model of the valence band for
holes, we got the same qualitative dependence of the
splitting energy (Fig. 2) on the QD radius as for the

singleband model. All reasons for the polarization and
deformation dependences are the same as in the single-
band model. But from Fig. 2 one can see that the spli-
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tting energy in the multiband model is smaller than in
the singleband one. This dependence is connected with
overlap integrals in (45). It has a product of two Bessel

functions of the same order
∣∣∣R(conv)

el (r)
∣∣∣2 ∣∣∣R(conv)

0 (r)
∣∣∣2

as in the singleband model. Also, the overlap integral
has a product of two Bessel functions of the di�erent

order
∣∣∣R(conv)

el (r)
∣∣∣2 ∣∣∣R(conv)

2 (r)
∣∣∣2. It decreases the overlap

integral. That is why in this model the splitting energy
is smaller than in the singleband model. In addition, the
di�erence between the two models is the number of light
and dark exciton states. In the singleband model, there
is one dark state, and in the multiband model there are
�ve of them. The number of light exciton states it both
models is three.

VI. CONCLUSION

In this work, we have proposed the singleband
model for the conduction band and the multi-
band model for the valence band. In those models,

we calculated the electron�hole exchange interaction
which accounts for the polarization charges on the QD
surface and the deformation of the QD and the matrix.
For the InAs/GaAs heterosystem, we have shown that
deformation leads to a decrease in the splitting energy.
If polarization is taken into account, the splitting energy
increases in both singleband and multiband models.
These two opposite e�ects partially o�set each other. We
got that the total e�ect decreases the splitting energy by
0.12 meV for the QD radius 30 �A and 0.02 meV for the
QD radius 50 �A (in the multiband model of the valence
band). For the larger QD radii, this diference vanishes.
The reason for this dependence is the spatial changes
in the electron and hole wave functions. The obtained
results can be useful for the theoretical explanation of
the Stokes shift value in InAs/GaAs heterosystem. Also,
our results for InAs/GaAs are in good aggrement with
[1] (when polarization and deformation are neglected).
The proposed models can be applied to other QDs
which can be described by the multiband model with
a strong spin-orbit interaction. Also, our model can be
expanded for models with a small and intermediate spin-
orbit interaction.

APPENDIX

Potential energy of the electron�hole interaction:

W (r⃗e, r⃗h) = −



χ1−χ2

χ1

∞∑
n=0

n+1
χ1n+χ2(n+1)

rne rnh
a2n+1Pn (cos (θ))

+ 1
χ1

∞∑
n=0

rnh
rn+1
e

Pn (cos (θ)), re < a, rh < a, rh < re,

χ1−χ2

χ1

∞∑
n=0

n+1
χ1n+χ2(n+1)

rne rnh
a2n+1Pn (cos (θ))

+ 1
χ1

∞∑
n=0

rne
rn+1
h

Pn (cos (θ)), re < a, rh < a, re < rh,

∞∑
n=0

2n+1
χ1n+χ2(n+1)

rne
rn+1
h

Pn (cos (θ)) , re < a, rh > a,

∞∑
n=0

2n+1
χ1n+χ2(n+1)

rnh
rn+1
e

Pn (cos (θ)) , re > a, rh < a,

χ2−χ1

χ2

∞∑
n=0

n
χ1n+χ2(n+1)

a2n+1

rn+1
e rn+1

h

Pn (cos (θ))

+ 1
χ2

∞∑
n=0

rnh
rn+1
e

Pn (cos (θ)), re > a, rh > a, rh < re,

χ2−χ1

χ2

∞∑
n=0

n
χ1n+χ2(n+1)

a2n+1

rn+1
e rn+1

h

Pn (cos (θ))

+ 1
χ2

∞∑
n=0

rne
rn+1
h

Pn (cos (θ)), re > a, rh > a, re < rh,

where Pn (x) are the Legendre polynomials, r⃗e, r⃗h are the electron and hole coordinates, respectively.
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1Êàôåäðà ôiçèêè Äðîãîáèöüêîãî äåðæàâíîãî ïåäàãîãi÷íîãî óíiâåðñèòåòó iìåíi Iâàíà Ôðàíêà,

âóë. Ñòðèéñüêà, 3, Äðîãîáè÷, 82100, Óêðà¨íà,
2Êàôåäðà ôiçèêè Êðèâîðiçüêîãî äåðæàâíîãî ïåäàãîãi÷íîãî óíiâåðñèòåòó,

ïðîñïåêò Ãàãàðiíà, 54, Êðèâèé Ðiã, 50086, Óêðà¨íà

Ðîçãëÿíóòî íàïðóæåíi ñôåðè÷íi êâàíòîâi òî÷êè ãåòåðîñèñòåìè InAs/GaAs. Âèçíà÷åíî åíåð iþ
åëåêòðîí-äiðêîâî¨ îáìiííî¨ âçà¹ìîäi¨. Åëåêòðîííi ñòàíè âðàõîâàíî â ìåæàõ ïðîñòî¨ ïàðàáîëi÷íî¨ çî-
íè ïðîâiäíîñòi (êîëè ìîæíà ââåñòè içîòðîïíó åôåêòèâíó ìàñó), à äiðêîâi - ÿê ç óðàõóâàííÿì çîíè
ëåãêèõ òà âàæêèõ äiðîê îäíî÷àñíî (áàãàòîçîííà ìîäåëü), òàê òiëüêè ç óðàõóâàííÿì çîíè âàæêèõ
äiðîê (ïðîñòà çîííà ìîäåëü). Â îáîõ ìîäåëÿõ óðàõîâàíî âïëèâ âñåñòîðîííüî¨ äåôîðìàöi¨ êâàíòîâî¨
òî÷êè âíàñëiäîê íåóçãîäæåííÿ ñòàëèõ  ðàòêè êâàíòîâî¨ òî÷êè é ìàòðèöi ââåäåííÿì äåôîðìàöiéíîãî
ïîòåíöiàëó. Òàêîæ âèçíà÷åíî âïëèâ ïîëÿðèçàöiéíèõ çàðÿäiâ, ùî âèíèêàþòü íà ãåòåðîìåæi êâàíòî-
âà òî÷êà-ìàòðèöÿ âíàñëiäîê ðiçíèõ çíà÷åíü äiåëåêòðè÷íî¨ ïðîíèêíîñòi êâàíòîâî¨ òî÷êè é ìàòðèöi.
Óâåäåíî ïîëÿðèçàöiéíi ïîòåíöiàëè, ùî îïèñóþòü âçà¹ìîäiþ çàðÿäæåíèõ ÷àñòèíîê iç ïîëÿðèçàöié-
íèìè çàðÿäàìè, ÿêi âîíè ñàìi ñòâîðèëè íà ãåòåðîìåæi êâàíòîâà òî÷êà-ìàòðèöÿ. Ïîêàçàíî ÷àñòêîâi
âíåñêè ïîëÿðèçàöi¨ é äåôîðìàöi¨ òà ¨õíié ñïiëüíèé âïëèâ íà åíåð iþ åëåêòðîí-äiðêîâî¨ îáìiííî¨ âçà-
¹ìîäi¨ ó êâàíòîâié òî÷öi. Çàâäÿêè îáìiííié âçà¹ìîäi¨ âiäáóâà¹òüñÿ ðîçùåïëåííÿ åêñèòîííèõ ñòàíiâ
íà òåìíi òà ñâiòëi. Âèçíà÷åíî åíåð iþ ðîçùåïëåííÿ ìiæ öèìè åêñèòîííèìè ñòàíàìè â ïðîñòié îäíî-
çîííié òà áàãàòîçîííié ìîäåëÿõ ÿê ôóíêöiþ ðàäióñà êâàíòîâî¨ òî÷êè. Ïîêàçàíî, ùî ïîëÿðèçàöiÿ
òà äåôîðìàöiÿ ÷èíÿòü ïðîòèëåæíi âèïëèâè íà åíåð iþ ðîçùåïëåííÿ òåìíèõ i ñâiòëèõ åêñèòîííèõ
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ñòàíiâ: ïîëÿðèçàöiÿ çáiëüøó¹ åíåð iþ ðîçùåïëåííÿ, à äåôîðìàöiÿ ¨¨ çìåíøó¹. Öå çóìîâëþ¹ ÷àñòêî-
âó âçà¹ìíó êîìïåíñàöiþ öèõ åôåêòiâ. Îäíàê ñóìàðíèé ¨õ âïëèâ íå íóëüîâèé (õî÷à é íåçíà÷íèé).
Öå ïîâ'ÿçàíî ç òèì, ùî ïîëÿðèçàöiÿ êâàíòîâî¨ òî÷êè áiëüøå çìiíþ¹ åíåð iþ ðîçùåïëåííÿ, íiæ ¨¨
äåôîðìàöiÿ. Çîêðåìà, öåé ñóìàðíèé âïëèâ çìåíøó¹òüñÿ çi çáiëüøåííÿì ðàäióñà êâàíòîâî¨ òî÷êè.
Íàïðèêëàä, äëÿ ðàäióñà êâàíòîâî¨ òî÷êè 3 íì åíåð iÿ ðîçùåïëåííÿ òåìíèõ i ñâiòëèõ åêñèòîííèõ
ñòàíiâ ñòàíîâèòü 0.12 ìåÂ, à äëÿ 5 íì � 0.02 ìåÂ.

Êëþ÷îâi ñëîâà: îáìiííà âçà¹ìîäiÿ, äåôîðìàöiÿ, áàãàòîçîííà ìîäåëü, íàïðóæåíà êâàíòîâà
òî÷êà, ïîëÿðèçàöiéíi çàðÿäè.
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