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We approximately solve the deformed Dirac equation for a new improved Hulth�en plus a class of
Yukawa potential including a Coulomb-like tensor interaction (IHCYPCTI for short) in the context
of extended relativistic quantum mechanics ERQM symmetries including an improved Coulomb-like
tensor interaction with an arbitrary spin-orbit coupling quantum number k. Within the framework
of the spin and pseudospin (p-spin) symmetry, we obtain the global new energy eigenvalue which
equals the energy eigenvalue in usual relativistic QM plus the corrected energy induced by three
in�nitesimal additive parts of the Hamiltonian corresponding to the spin-orbit interaction, the new
modi�ed Zeeman and the rotational Fermi term by using the parametric of Bopp's shift method
and standard perturbation theory with an approximation to the centrifugal term. The new values

that we got appeared sensitive to the quantum numbers (j, k, l, l̃, s, s̃,m, m̃), the mixed potential
depths (A,B), the range of the potential δ, and noncommutativity parameters (Θ, σ, χ). The mixed
potential which in some particular cases gives solutions of di�erent potentials: the improved Hulth�en,
the improved Yukawa potential and the improved Coulomb-like problem along with their bound state
energies are obtained.
Key words: Dirac equation, Hulth�en plus a class of Yukawa potential, noncommutative geometry,

Bopp's shift method and star products.
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I. INTRODUCTION

The relativistic Dirac equation DE is an e�ective tool
that researchers use to study various high-energy physi-
cal systems that have spin-1/2 especially in nuclear,
atomic physics, and hadronic physics. This equation
plays a signi�cant role in various �elds of physics. It
expands to include very important physical symmetries
under various potentials. The solutions of these potenti-
als in 3D and multidimensional space have attracted
attention since the beginning of the study of relativistic
quantum mechanics RQM. The Hulth�en and inversely
quadratic Yukawa potentials are the most important
potentials in the �eld of strong quantum physics. The
�rst potential is considered a short-range potential,
extensively used to study the bound states of the
interaction systems such as atomic, nuclear and parti-
cle physics, while the second potential studies the strong
interactions between nucleons. We have noticed many
works that deal with the study of the two potentials
in relativistic and nonrelativistic regimes. Hamzavi and
Rajabi obtained the approximate analytical bound states
of the DE for scalar-vector-tensor Hulth�en potentials in
the presence of spin and pseudospin (p-spin) symmet-
ries (s(p)pin-sy) with any arbitrary spin-orbit coupl-
ing number ASOCN-k, using the Pekeris approximation
and the generalized parametric Nikiforov-Uvarov method

(NUM), and obtained both energy eigenvalues and
corresponding wave functions in their closed forms [1].
In 2013, Aydo�gdu et al. obtained solutions of the relati-
vistic DE for the scalar and vector Hulth�en potentials
with the Yukawa-type tensor potential using the NUM
for s(p)pin-sy with the Yukawa-type tensor potential for
an ASOCN-k, and they deduced the energy eigenvalue
equations and corresponding upper and lower spinor
wave functions in both s(p)pin-sy cases [2]. Ikhdair et al.

solved the DE approximately for the attractive scalar and
repulsive vector Hulth�en potentials including a Coulomb-
like tensor potential with ASOCN-j and obtained the
analytic energy spectrum and the corresponding two-
component upper and lower spinors of the two Dirac
particles through the NUM within the framework of the
s(p)pin-sy concept [3]. Ikhdair and Falaye obtained the
approximate relativistic bound state of a spin-1/2 parti-
cle in the �eld of the Yukawa potential and a Coulomb-
like tensor interaction with ASOCN k under the s(p)pin-
sy using the asymptotic iteration method and obtained
energy eigenvalues and the corresponding wave functi-
ons [4]. Ikhdair and Hamzavi solved approximately the
DE for a generalized inversely quadratic Yukawa potenti-
al IQYP including a Coulomb-like tensor interaction
with ASOCN-k within the framework of the s(p)pin-
sy and obtained the energy eigenvalue equation and the
corresponding eigenfunctions, in a closed form with the
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help of the parametric NUM [5]. Ikot et al. solved the
DE for the energy-dependent Yukawa potential includ-
ing a tensor interaction term within the framework of
the s(p)pin-sy limits with ASOCN-k and obtained expli-
citly the energy eigenvalues and the corresponding wave
function using the NUM [6].
Recently, the phenomenon of combining di�erent

potentials has appeared, as it has become a source of
interesting research inspiration for researchers. The real
goal is to search for more applications in various physi-
cal and chemical �elds alike. We will con�ne ourselves
to mentioning three models of paramount importance.
Magu et al. solved the DE for Manning�Rosen plus
a class of Yukawa potential including a Coulomb-like
tensor potential with ASOCN-k within the framework of
the spin and p-spin symmetry and obtained the energy
eigenvalue equation and the corresponding eigenfuncti-
ons in a closed form by using the NUM [7]. Ikot et

al. presented the DE for the Mobius square-Yukawa
potentials including the tensor interaction term within
the framework of s(p)pin-sy limit with ASOCN-k and
obtained the energy eigenvalues and the corresponding
wave functions using the supersymmetry method [8].
Ahmadov et al. examined the bound state solutions of
the DE under the s(p)pin-sy for Hulth�en plus a class
of Yukawa potential including a Coulomb-like tensor
interaction, they employed an improved scheme to deal
with the centrifugal (pseudo centrifugal) term and obtai-
ned the relativistic energy eigenvalues and associated Di-
rac spinor components of wave functions using the NUM
and SUSYQM methods [9]. In our current research, we
will focus on the latter to shed more light on it. We
will process it in a space that includes wider symmetri-
es in order to discover more applications and powers.
This space is known to researchers as noncommutati-
ve quantum mechanics or extended quantum mechanics
EQM and deformation quantum mechanics DQM. Why
do we resort to the option of conducting the study in
this expanded space? Considering the successes achieved
by adopting the principles of quantum mechanics known
in the literature, there are still many problems without
solutions such as the quantum gravity, string theory and
the divergence problem of the standard model. There are

promising indications that it is possible to �nd solutions
to these problems [10�19]. In addition to the well-known
postulate [x̂µ

∗,p̂ν ] ̸= 0, physicists have extended the
symmetries of quantum mechanics QM to include more
new postulates such as [x̂µ

∗,x̂ν ] ̸= 0 and [p̂µ∗,p̂ν ] ̸= 0. The
idea of DQM is old and dates to the early years of QM,
where the idea was proposed by Snyder [20] in 1947 and
its geometric analysis was introduced by Connes in 1991
and 1994 [21, 22]. Seiberg and Witten extended earlier
ideas about the appearance of NC geometry in string
theory with a nonzero B-�eld and obtained a new versi-
on of gauge �elds on noncommutative gauge theory[23].
In the context of some deformed canonical commutation
relations leading to isotropic nonzero minimal uncertai-
nties in the position coordinates, Quesne and Tkachuk
(2005) solved exactly the DE for the Dirac oscillator
using supersymmetric quantum mechanical and shape-
invariance methods to derive both the energy spectrum
and wavefunctions in the momentum representation [24].
In the next year, the same authors generalized the
D-dimensional (β, β′)-two-parameter deformed algebra
with minimal length, which was introduced by Kempf
to a Lorentz-covariant algebra in a (D + 1)-dimensional
quantized spacetime that reproduces the Snyder algebra
case for D = 3 and β = 0 [25]. There were multi-
ple contributions to the study of the Hulth�en potential
or Yukawa potential singly or combined with another
potential in relativistic and nonrelativistic regimes in
the symmetries of deformation quantum mechanics
[26�31], but as regards the combination of Hulth�en
with IQYP in the symmetries of deformed Dirac theory
DDT, no researcher has yet addressed it, to the best of
my knowledge. I hope that this study will help to di-
scover more investigations in the sub-atomic scales and
gain more scienti�c knowledge of elementary particles
in the �eld of Nano-scales. The research reported in
the present paper was motivated by the fact that the
study of the improved Hulth�en plus a class of Yukawa
potential including a Coulomb-like tensor interaction
(IHCYPCTI, in short) in the DDT symmetries has not
been reported in the available literature. In this work, the
vector and scalar IHCYPCTI model (Vhcy (r̂), Shcy (r̂))
to be employed is de�ned as:

Vhcy (r̂) = Vhcy (r)−
1

2r

Vhcy (r)

∂r

 LΘ+O
(
Θ2
)
= V s

ts (r) for spin-sy,

L̃Θ+O
(
Θ2
)
= V p

hcy (r) for pspin-sy,
(1.1)

and

Shcy (r̂) = Shcy (r)−
1

2r

Shcy (r)

∂r

{
LΘ+O

(
Θ2
)
= Ss

hcy (r) for spin-sy,

L̃Θ+O
(
Θ2
)
= Sp

ts (r) for pspin-sy,
(1.2)

where (Vhcy (r) , Shcy (r)) are the vector and scalar potentials [9] according to the view of RQM known in the literature:
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Vhcy (r) = −Ze2δ exp (−δr)

1− exp (−δr)
− Ae−δr

r
− Be−2δr

r2
,

Shcy (r) = −Zse
2δ exp (−δr)

1− exp (−δr)
− Ase

−δr

r
− Bse

−2δr

r2
,

(2)

where A/As and B/Bs are the depths of the studied potential, δ is the screening parameter, (r̂ and r) is the distance
between the two particles in deformation of the Dirac theory symmetries and QM symmetries, respectively. The

two couplings LΘ and L̃Θ are the scalar product of the usual components of the angular momentum operators

(L (Lx, Ly, Lz) or L̃
(
L̃x, L̃y, L̃z

)
) and the modi�ed noncommutativity vector Θ(θ12, θ23, θ13) /2 which presents the

noncommutativity elements parameter. The modi�ed algebraic structure of covariant canonical commutation relations
MASCCCRs, Lie structure and quantum plane in the DDT in the representations of Schr�odinger, Heisenberg, and
interactions pictures, as follows (we have used the natural units ℏ = c = 1) [32�42]:

[
x
(S,H,I)
µ , p

(S,H,I)
ν

]
= iℏδµν =⇒

[
x̂
(S,H,I)
µ

∗, p̂
(S,H,I)
ν

]
= iℏeffδµν (3)

and

[
x
(S,H,I)
µ , x

(S,H,I)
ν

]
= 0 =⇒

[
x̂
(S,H,I)
µ

∗,x̂
(S,H,I)
ν

]

=


iθµν with θµν ∈ IC, Canonical_structure,

ifα
µν x̂

(S,H,I)
α with fα

µν ∈ IC, Lie_structure,

iCαβ
µν x̂

(S,H,I)
α x̂

(S,H,I)
β with Cαβ

µν ∈ IC, Quantum_plane

(4)

with x̂
(S,H,I)
µ =

(
x̂S
µ, x̂

H
µ , x̂

I
ncµ

)
and p̂

(S,H,I)
µ =(

p̂Sµ, p̂
H
µ , p̂

I
µ

)
are the generalized coordinates and the

corresponding generalizing coordinates in the DDT
symmetries while IC denotes the complex number �-
eld. The uncertsainty relations will be changed to the
following formula in the new symmetries as follows:

∣∣∣∆x(S,H,I)
µ ∆p(S,H,I)

ν

∣∣∣ ⩾ ℏδµν/2

=⇒


∣∣∣∆x̂

(S,H,I)
µ ∆p̂

(S,H,I)
ν

∣∣∣ ⩾ ℏeffδµν/2,∣∣∣∆x̂
(S,H,I)
µ ∆p̂

(S,H,I)
ν

∣∣∣ ⩾ |θµν | /2.
(5)

It is important to note that Eqs. (3) and (4) are covari-

ant equations (the same behavior of x̂
(S,H,I)
µ ) under the

Lorentz transformation, which includes boosts and/or
rotations of the observer's inertial frame. We have
extended the MASCCCRs to include the Heisenberg and
interaction pictures in DDT. Here ℏeff ∼= ℏ is the e�ective
Planck constant, θµν = ϵµνθ (θ is the non-commutative
parameter, and ϵµν is just an antisymmetric number, for
example ϵ12 = ϵ13 = ϵ23 = −ϵ32 = −ϵ21 = −ϵ31
= 1, ϵ11 = ϵ22 = ϵ33 = 0) which is an in�nitesimal
parameter if compared to the energy values and elements
of antisymmetric (3× 3) real matrices, and δµν is the
Kronecker symbol. The symbol ∗ denotes the Weyl�

Moyal star product, which is generalized between two
ordinary functions h(x)g(x) to the new deformed form
∧
h(x̂)

∧
g(x̂) which is expressed with the Weyl�Moyal star

product h(x) ∗ g(x) in the symmetries of deformation of
the Dirac theory symmetries as follows [43�53]:

h(x) ∗ g(x)

=



exp
(
iϵµνθ∂x

µ∂
x
ν

)
(hg) (x) ,

canonical_structure,

exp
(

i
2x

(S,H,I)
ncµ gk

(
i∂x

µ, i∂
x
ν

))
(hg) (x) ,

Lie_structure,

iqG(u,v,∂
u
µ ,∂v

ν)h (u, v) g (u′, v′)⌋v′→v
u′→u ,

quantum_plane

(6)

with

gα (k, p) = −kµpνf
νν
k +

1

6
kµpν (pα − kα) f

νν
l f lα

m + . . . .

In the current paper, we apply the modi�ed algebraic
structure of covariant canonical commutation relations
MASCCCRs in the DDT, which allows us to rewri-
te to the following simple form at the �rst order of
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noncommutativity parameter ϵµνθ as follows [49�53]:

(h ∗ g) (x)

≈ (hg) (x)− iϵµνθ

2
∂x
µh∂

x
ν g⌋xµ=xν +O

(
θ2
)
. (7)

The indices (µ, ν = 1, 2, 3) and O
(
θ2
)
stand for the

second and higher-order terms of the NC parameter.
Physically, the second term in the last equation
presents the e�ects of space-space noncommutativity.
The purpose of this paper is to investigate the (k, l)-
states solution of the deformed Dirac equation within
Bopp's shift and standard perturbation theory methods
to generate an accurate new energy spectrum in the
deformation of the Dirac theory symmetries and the
deformation of the Schr�odinger theory symmetries. Our
current work is structured into �ve sections. The �rst
section includes the scope and purpose of our investi-
gation, while the remaining parts of the paper are
structured as follows. A review of the DE with Hulth�en
plus a class of Yukawa potential including a Coulomb-
like tensor interaction is presented in Sect. II. Section III
is devoted to studying the deformed Dirac equation by
applying the usual Bopp's shift method and the like
Greene and Aldrich approximation for the centrifugal
term to obtain the e�ective potential of the improved
Hulth�en plus a class of Yukawa potential including a
Coulomb-like tensor interaction in DDT symmetries.
Furthermore, via standard perturbation theory, we �nd
the expectation values of some radial terms to calculate
the corrected relativistic energy generated by the e�ect of
the perturbed e�ective potential of the improved Hulth�en
plus a class of Yukawa potential including a Coulomb-
like tensor interaction, we derive the global corrected
energy with the improved Hulth�en plus a class of Yukawa
potential including a Coulomb-like tensor interaction in
the deformed Dirac symmetries. We will also treat some
important special cases, including the study of nonrelati-

vistic cases as a nonrelativistic limit. The last section is
devoted to a summary and conclusion.

II. REVISED DE UNDER HCYP INCLUDING A
COULOMB-LIKE TENSOR INTERACTION

This section is devoted to a brief review of a physical
system that interacted with the Hulth�en plus a class of
Yukawa potential HCYP including a Coulomb-like tensor
interaction; this system can be described by the following
equation: α̂p+ β̂ (M + Shcy (r))− iβ̂r̂U (r)

− (Enk − Vhcy (r))

Ψnk (r,Ω) = 0.

(8)
The vector potential Vhcy (r) due to the four-vector
linear momentum operator Aµ (Vhcy (r), A = 0) and
the space-time scalar potential Shcy (r) due to the
mass, Enk represents the relativistic eigenvalues,
(n, k) represent the principal and spin-orbit coupli-
ng terms, respectively. U (r) is the tensor interacti-

on, α̂i =

(
0 σi

σi 0

)
, β̂ =

(
I2×2 0

0 −I2×2

)
and

σi are the usual Pauli matrices. Since the Hulth�en
plus a class of Yukawa potential have spherical
symmetry, allowing the solutions of the known form

Ψnk (r,Ω) = 1
r

(
Fnk (r)Y

l
jm (Ω) iGnk (r)Y

l̃
jm (Ω)

)
,

Fnk (r) and Gnk (r) that represent the upper and lower
components of the Dirac spinors Ψnk (r,Ω) while Y

l
jm (Ω)

and Y l̃
jm (Ω) are the spin and pseudospin spherical

harmonics and m is the projection on the z-axis. The
upper and lower components Fnk (r) and Gnk (r) satisfy
the following second-order di�erential equations:

[
d2

dr2 − k (k + 1) r−2 + U ct
eff (r)− (M + Enk −∆hcy (r)) (M − Enk +Σhcy (r)) +

d∆hcy(r)

dr ( d
dr+

k
r −U(r))

M+Enk−∆hcy(r)

]
Fnk (r) = 0,

(9)

[
d2

dr2 − k (k − 1) r−2 + U ct
eff (r)− (M + Enk −∆hcy (r)) (M − Enk +Σhcy (r)) +

dΣhcy(r)

dr ( d
dr−

k
r +U(r))

M+Enk+Σhcy(r)

]
Gnk (r) = 0.

(10)

Here U ct
eff (r) = 2kU(r)

r − dU(r)
dr − U2 (r) and U (r) = −H

r , H = ZaZb

4πϵ0
, Σhcy (r) and ∆hcy (r) are determined by:



Σhcy (r) = Vhcy (r) + Shcy (r) = −Ze2δ exp(−δr)
1−exp(−αδr) − Ae−δr

r − Be−2δr

r2

and
d∆hcy(r)

dr = 0 (∆ = Csp) for spin sy limit,

∆hcy (r) = Vhcy (r)− Shcy (r) = −Ze2δ exp(−δr)
1−exp(−αδr) − Ae−δr

r − Be−2δr

r2

and
dΣhcy(r)

dr = 0 (Σ = Cps) for p-spin sy limit.

. (11.1)

We obtain the following second-order Schr�odinger-like equation in RQM symmetries, respectively:
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[
d2

dr2
− k (k + 1) r−2 + U ct

eff (r)− (M + Esp
nk − Csp) (M − Esp

nk +Σhcy (r))

]
Fnk (r) = 0, (11.2)

[
d2

dr2
− k (k − 1) r−2 + U ct

eff (r)− (M + Eps
nk −∆hcy (r)) (M − Eps

nk + Cps)

]
Gnk (r) = 0, (11.3)

with k (k − 1) and k (k + 1) equal to l̃
(
l̃ − 1

)
and l (l + 1), respectively. The authors of Refs. [9] use the NU and

SUSYQM methods and the Greene�Aldrich approximation for the centrifugal term to obtain the expressions for the
wave function as hypergeometric polynomials 2F1

(
−n, 2βnk + 2ζnk + n; 1 + 2βnk; s

)
in RQM symmetries as follows:

Fnk (s) = Dsp
nks

βnk

(1− s)
ζnk

2F1

(
−n, 2βnk + 2ζnk + n; 1 + 2βnk; s

)
, (12)

Gnk (s) = D̃ps
nks

β̃nk

(1− s)
ζ̃nk

2F1

(
−n, 2β̃nk + 2ζ̃nk + n; 1 + 2β̃nk; s

)
(13)

with Dsp
nk =

Γ(n+2βnk−+1)
n!Γ(2βnk−+1)

Csp
nk , D̃ps

nk =
Γ(n+2β̃nk−+1)
n!Γ(2β̃nk−+1)

C̃ps
nk , s = exp (−2δr) and:



4βnk2 =
(
M2 − Esp2

nk − Csp (M − Esp
nk)
)
δ−2,

4 β̃nk2 =
(
M2 − Eps2

nk + Cps (M + Eps
nk)
)
δ−2,

2ζnk =
√

1/4−B (M + Esp
nk − Csp) + (k +H) (k +H + 1),

2ζ̃nk =
√

1/4 +B (M − Eps
nk + Cps) + (k +H) (k +H − 1),

(14)

where Csp
nk and C̃ps

nk are the normalization constants:



Csp
nk =

√
2δn! (n+ ζnk + βnk−) Γ (2βnk− + 1)Γ (n+ 2βnk− + 2ζnk)

(n+ ζnk) Γ (2βnk−) Γ (n+ 2βnk− + 1)Γ (n+ 2ζnk)
,

C̃sp
nk =

√√√√√2δn!
(
n+ ζ̃nk + β̃nk−

)
Γ
(
2β̃nk− + 1

)
Γ
(
n+ 2β̃nk− + 2ζ̃nk

)
(
n+ ζ̃nk

)
Γ
(
2β̃nk−

)
Γ
(
n+ 2β̃nk− + 1

)
Γ
(
n+ 2ζ̃nk

) .

(15)

For the spin symmetry and the p-spin symmetry, the equations of energy are given by:

M2 − Esp2
nk − Csp (M − Esp

nk) = −
[
α2 + (k +H) (k +H + 1)

n+ 1/2 + 2ζnk
− 2 (2n+ 1) ζnk

n+ 1/2 + 2ζnk

]2
, (16)

M2 − Eps2
nk + Cps (M + Eps

nk) = −

[
α2 + (k +H) (k +H − 1)

n+ 1/2 + 2ζ̃nk
− 2 (2n+ 1) ζ̃nk

n+ 1/2 + 2ζ̃nk

]2
(17)

with α2 =
(2δZe2+2Aδ)(M+Esp

nk−Csp)
4δ2 and α̃2 = − (2δZe2+2Aδ)(M−Eps

nk+Cps)
4δ2 .
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III. THE NEW SOLUTIONS OF DDE UNDER IHCYPCTI IN THE DDT SYMMETRIES

A. Review of Bopp's shift method

Let us begin this subsection by �nding the DDE in the symmetries of extended RQM under IHCYPCTI. Our
objective is achieved by applying the new principles which we described in the introduction, Eqs. (4) and (7),
summarized in new relationships MASCCCRs, and the notion of the Weyl�Moyal star product. These data allow us
to rewrite the usual radial Dirac equations in Eq. (8) in the DDT symmetries as follows:

(α̂p+ β̂ (M + Shcy (r))− iβ̂r̂U (r)− (Enk − Vhcy (r))) ∗Ψnk (r,Ω) = 0. (18)

Thus, the upper and lower components Fnk (r) and Gnk (r) satisfy the following second-order di�erential equations
in the DDT symmetries:

(
d2

dr2
− k (k + 1) r−2 + U ct

eff (r)− (M + Esp
nk − Csp) (M − Esp

nk +Σhcy (r))

)
∗ Fnk (r) = 0 (19)

and

(
d2

dr2
− k (k − 1) r−2 + U ct

eff (r)− (M + Eps
nk −∆hcy (r)) (M − Eps

nk + Cps)

)
∗Gnk (r) = 0. (20)

Among the possible paths to �nding solutions to Eqs.
(19) and (20) is the application of the Connes method
[21, 22], or the Seiberg and Witten map [23, 54]. Speci-
alists know that the star product can be translated
into an ordinary product known in the literature
using what is called Bopp's shift method. Bopp was
the �rst to consider pseudo-di�erential operators obtai-
ned from a symbol by the quantization rules (x,p)
→
(
x̂ = x− i

2∂p, p̂ = p+ i
2∂x
)
instead of the ordinary

correspondence (x, p) →
(
x̂ = x, p̂ = p+ i

2∂x
)
, respecti-

vely. This procedure is known as Bopp's shifts and
this quantization procedure is known as Bopp's quanti-
zation [55�58]. This method has achieved considerable
success in recent years. For illustrations of its applicati-
on in treating the nonrelativistic deformed Schr�odinger
equation NR-DSE over a signi�cant number of typical
potentials, see references [27, 51, 59�64]. The success
of this method was not limited to the DSE, but
extended to the study of various relativistic physics
problems, for example the deformed Klein�Gordon
equation DKGE (see references [28�32, 65�73]), for the
DDE (see references [26, 50, 52, 53, 74]) and the deformed
Du�n�Kemmer�Petiau equation DDKPE [75, 76]. Thus,
Bopp's shift method BSM is based on reducing second-
order linear di�erential equations of the DSE, DKG,
DDE and DDKPE with the Weyl�Moyal star product
to second-order linear di�erential equations of SE, KGE,
DE, and DKPE without the Weyl�Moyal star product
with simultaneous translation in the space-space. It is
worth motioning that BSM permutes to reduce the above

equations to the simplest form:(
d2

dr2 − k (k + 1) r̂−2 + U ct
eff (r̂)

− (M + Esp
nk − Csp) (M − Esp

nk +Σhcy (r̂))

)
Fnk (r) = 0

(21)
and(

d2

dr2 − k (k − 1) r̂−2 + U ct
eff (r̂)

− (M + Eps
nk −∆hcy (r̂)) (M − Eps

nk + Cps)

)
Gnk (r) = 0.

(22)
The MASCCCRs with the notion of the Weyl�Moyal star
product in Eqs. (4) become new MASCCCRs with an
ordinary product known in literature as follows (see, e. g.,
[55�58]): 

[
x̂
(S,H,I)
µ , p̂

(S,H,I)
ν

]
= iℏeffδµν ,[

x̂
(S,H,I)
µ , x̂

(S,H,I)
ν

]
= iθµν .

(23)

The generalized positions and momentum coordinates

x̂
(S,H,I)
µ and p̂

(S,H,I)
µ in the symmetries of extended RQM

are de�ned as [63�66]: x̂
(S,H,I)
µ = x

(S,H,I)
µ −

3∑
ν=1

iθµν

2 p
(S,H,I)
ν ,

p̂
(S,H,I)
µ = p

(S,H,I)
µ ,

(24)
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here x
(S,H,I)
µ =

(
xS
µ, x

H
µ , x

I
µ

)
and p

(S,H,I)
µ =

(
pSµ, p

H
µ , p

I
µ

)
are corresponding coordinates in the RQM symmetries.
This allows us to �nd the operator r̂2 equal (r2 − LΘ,

r2− L̃Θ) for spin symmetry and p-spin, respectively [26,
50, 52, 53, 74] while the new operators Vhcy (r̂), U

ct
eff (r̂),

k (k + 1) r̂−2and k (k − 1) r̂−2 in the DDT symmetries,
are expressed as:



V s
hcy (r̂) = V (r)− ∂Vhcy(r)

∂r
LΘ
2r +O

(
Θ2
)
,

V p
hcy (r̂) = V (r)− ∂Vhcy(r)

∂r
L̃Θ
2r +O

(
Θ2
)
,

U ct-s
eff (r̂) = U ct

eff (r)− ∂Uct
eff (r)
∂r

LΘ
2r +O

(
Θ2
)
,

U ct-p
eff (r̂) = U ct

eff (r)− ∂Uct
eff (r)
∂r

L̃Θ
2r +O

(
Θ2
)
,

k (k + 1) r̂−2 = k (k + 1) r−2 + k (k + 1) r−4LΘ+O
(
Θ2
)
,

k (k − 1) r̂−2 = k (k − 1) r−2 + k (k − 1) r−4L̃Θ+O
(
Θ2
)
.

(25)

Substituting Eqs. (25) into Eqs. (21) and (22), we obtain the following two Shr�odinger-like equations:

[
d2

dr2
− k (k + 1)

r2
+ U ct-s

eff (r)− (M + Esp
nk − Csp) (M − Esp

nk +Σhcy (r))− Σpert
hcy (r)

]
Fnk (r) = 0 (26)

and

[
d2

dr2
− k (k − 1)

r2
+ U ct-p

eff (r)− (M + Eps
nk −∆hcy (r)) (M − Eps

nk + Cps)−∆pert
hcy (r)

]
Gnk (r) = 0 (27)

with

Σpert
hcy (r) = −∂U ct-s

eff (r)

∂r

LΘ

2r
+

k (k + 1)

r4
LΘ− (M + Esp

nk − Csp)
∂V (r)

∂r

LΘ

2r
(28)

and

∆pert
hcy (r) = −

∂U ct-p
eff (r)

∂r

L̃Θ

2r
+

k (k − 1)

r4
L̃Θ− (M − Eps

nk + Cps)
∂V (r)

∂r

L̃Θ

2r
. (29)

By comparing Eqs. (11.1) and (11.2) and Eqs. (26) and (27), we observe two additive potentials Σpert
hcy (r) and

∆pert
hcy (r). Moreover, these terms are proportional to the in�nitesimal noncommutativity parameter Θ. From a physical

point of view, this means that these two spontaneously generated terms Σpert
hcy (r) and ∆pert

hcy (r) as a result of the
topological properties of deformation space�space can be considered very small compared to the fundamental terms

Σhcy (r) and ∆hcy (r), respectively. A direct calculation gives
∂Vhcy(r)

∂r and
∂Uyu

eff (r)

∂r as follows:

∂Vhcy (r)

∂r
=

4Ze2δ2 exp (−2δr)

(1− exp (−2δr))
+

Ze2δ2 exp (−4δr)

(1− exp (−2δr))
2 − 2Aδe−2δr

r
+

Ae−2δr

r2
+

4Bδe−4δr

r2
+

2Be−4δr

r3
, (30)

∂Uyu
eff (r)

∂r
=

H

r2
. (31)

It should be noted that for convenience, we substitute δ → 2δ in the Hulth�en potential. Substituting Eq. (30) and

(31) into Eqs. (28) and (29), we obtain spontaneously generated terms Σpert
hcy (r) and ∆pert

hcy (r) as follows:

Σpert
hcy (r) = − (M + Esp

nk − Csp)

 2Ze2δ2 exp(−2δr)
r(1−exp(−2δr)) + 2Ze2δ2 exp(−4δr)

r(1−exp(−2δr))2

−Aδe−2δr

r2 + Ae−2δr

2r3 + Bδe−4δr

r3 + Be−4δr

r4

LΘ+

(
k (k + 1)

r4
− H

2r3

)
LΘ+O

(
Θ2
)

(32)

2001-7



A. MAIRECHE

and

∆pert
hcy (r) = − (M − Eps

nk + Cps)

 2Ze2δ2 exp(−2δr)
r(1−exp(−2δr)) + 2Ze2δ2 exp(−4δr)

r(1−exp(−2δr))2

−Aδe−2δr

r2 + Ae−2δr

2r3 + Bδe−4δr

r3 + Be−4δr

r4

 L̃Θ+

(
k (k − 1)

r4
− H

2r3

)
L̃Θ+O

(
Θ2
)
.

(33)
For spin symmetry, we �rst consider Eq. (26), which contains the improved Hulth�en plus a class of Yukawa and also

an improved Coulomb-like tensor potential in the deformation of Dirac theory symmetries. It can be solved exactly
only for k = 0 and k = −1 in the absence of tensor interaction H = 0, since the two centrifugal terms (proportional
to k (k + 1) r−2 and k (k + 1) r−4) vanished. In the case of arbitrary k, an appropriate approximation needs to be
employed on the centrifugal terms. We apply the following improved approximation which was applied by Greene
and Aldrich [77]:

1

r2
≈ 4δ2e−2δr

(1− e−2δr)
2 =

4δ2s

(1− s)
2 =⇒ 1

r
=

2δs1/2

1− s
. (34)

For p-spin symmetry, we now consider Eq. (27) and will follow similar steps with the spin symmetry case in the
deformation of the Dirac theory symmetries. In a similar way as mentioned earlier, Eq. (27) cannot be solved exactly
for k = 0 and k = 1 without tensor interaction, since the two centrifugal terms (proportional to k (k − 1) r−2 and
k (k − 1) r−4) vanish. Applying the approximations Eq. (34) to the centrifugal terms of Eqs.(32) and (33), the general

form of the additive potentials Σpert
hcy (r) and ∆pert

hcy (r) will be as follows:

Σpert
hcy (r) = (

L1sp
nk s3/2

(1− s)
2 +

L2sp
nk s5/2

(1− s)
3 +

L3sp
nk δs3

(1− s)
2 +

L4sp
nk s7/2

(1− s)
3 +

L5sp
nk s4

(1− s)
4

+
L6sp
nk s2

(1− s)
4 +

Lsp
nks

3/2

(1− s)
3 )LΘ+O

(
Θ2
)

(35)

and

∆pert
hcy (r) = (

L1sp
nk s3/2

(1− s)
2 +

L2sp
nk s5/2

(1− s)
3 +

L3sp
nk δs3

(1− s)
2 +

L4sp
nk s7/2

(1− s)
3 +

L5sp
nk s4

(1− s)
4

+
L6sp
nk s2

(1− s)
4 +

Lsp
nks

3/2

(1− s)
3 )L̃Θ+O

(
Θ2
)

(36)

with 

L1sp
nk = −4Ze2δ3 (M + Esp

nk − Csp) ,

L2sp
nk = −4δ3

(
Ze2 +A

)
(M + Esp

nk − Csp) ,

L3sp
nk = 8Aδ3 (M + Esp

nk − Csp) ,

L4sp
nk = −8Bδ4 (M + Esp

nk − Csp) ,

L5sp
nk = −16Bδ4 (M + Esp

nk − Csp) ,

L6sp
nk = 16k (k + 1) δ4,

Lsp
nk = L7ps

nk = −4δ3H.

(37)

while



L1ps
nk = −4Ze2δ3 (M − Eps

nk + Cps) ,

L2ps
nk = −4δ3

(
Ze2 +A

)
(M − Eps

nk + Cps) ,

L3ps
nk = 8Aδ3 (M − Eps

nk + Cps) ,

L4ps
nk = −8Bδ4 (M − Eps

nk + Cps) ,

L5ps
nk = −16Bδ4 (M − Eps

nk + Cps) ,

L6ps
nk = 16k (k − 1) δ4.

(38)
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It is important to mention here that the above approxi-
mations are valid in short when δr ≪ 1 is satis�ed. We
have replaced the term k (k + 1) r−4 and k (k − 1) r−4

with the approximation in Eq. (34). The Hulth�en plus
a class of Yukawa potential including a Coulomb-like
tensor interaction is extended by including new terms

proportional to the radial terms s3/2

(1−s)2
, s5/2

(1−s)3
, s3

(1−s)2
,

s7/2

(1−s)3
, s4

(1−s)4
, s2

(1−s)4
and s3/2

(1−s)3
to become the improved

Hulth�en plus a class of Yukawa potential including an
improved Coulomb-like tensor interaction in extended
RQM symmetries. The generated new e�ective potenti-
als Σpert

hcy (r) and ∆pert
hcy (r) are also proportional to

the in�nitesimal vector Θ. This allows us to consi-
der the new additive parts of the e�ective potenti-
al Σpert

hcy (r) and ∆pert
hcy (r) as a perturbation potential

compared with the main potentials Σhcy (r) and ∆hcy (r)
(the parent potential operator in the symmetries of
extended RQM, that is, the inequality has become achi-
eved Σpert

hcy (r) ≪ Σhcy (r) and ∆pert
hcy (r) ≪ ∆hcy (r)).

That is all physical justi�cations for applying the
time-independent perturbation theory become satis�ed.
This allows us to give a complete prescription for

determining the energy level of the generalized nth exci-
ted states.

B. The expectation values under IHCYPCTI in
the DDT for spin symmetry

In this subsection, we want to apply the perturbati-
ve theory. In the case of extended RQM symmetries, we

�nd the expectation values M sp-hcy
1(nlm) ≡

〈
s3/2

(1−s)2

〉sp-hcy
(nlm)

,

M sp-hcy
2(nlm) ≡

〈
s5/2

(1−s)3

〉sp-hcy
(nlm)

, M sp-hcy
3(nlm) ≡

〈
s3

(1−s)2

〉sp-hcy
(nlm)

,

M sp-hcy
4(nlm) ≡

〈
s7/2

(1−s)3

〉sp-hcy
(nlm)

, M sp-hcy
5(nlm) ≡

〈
s4

(1−s)4

〉sp-hcy
(nlm)

,

M sp-hcy
6(nlm) ≡

〈
s2

(1−s)4

〉sp-hcy
(nlm)

and M sp-hcy
7(nlm) ≡

〈
s3/2

(1−s)3

〉sp-hcy
(nlm)

for the spin symmetry taking into account the wave
function which we have seen previously in Eq. (12). Thus,
after straightforward calculations, we obtain the follow-
ing results:

M sp-hcy
1(nlm) = Dsp2

nk

+∞∫
0

s2β
nk+3/2 (1− s)

2ζnk−2 [
2F1

(
−n, 2βnk− + 2ζnk + n; 1 + 2βnk−; s

)]2
dr, (39.1)

M sp-hcy
2(nlm) = Dsp2

nk

+∞∫
0

s2β
nk+5/2 (1− s)

2ζnk−3 [
2F1

(
−n, 2βnk− + 2ζnk + n; 1 + 2βnk−; s

)]2
dr, (39.2)

M sp-hcy
3(nlm) = Dsp2

nk

+∞∫
0

s2β
nk+3 (1− s)

2ζnk−2 [
2F1

(
−n, 2βnk + 2ζnk + n; 1 + 2βnk−; s

)]2
dr, (39.3)

M sp-hcy
4(nlm) = Dsp2

nk

+∞∫
0

s2β
nk+7/2 (1− s)

2ζnk−3 [
2F1

(
−n, 2βnk + 2ζnk + n; 1 + 2βnk−; s

)]2
dr, (39.4)

M sp-hcy
5(nlm) = Dsp2

nk

+∞∫
0

s2β
nk+4 (1− s)

2ζnk−4 [
2F1

(
−n, 2βnk + 2ζnk + n; 1 + 2βnk−; s

)]2
dr, (39.5)

M sp-hcy
6(nlm) = Dsp2

nk

+∞∫
0

s2β
nk+2 (1− s)

2ζnk−4 [
2F1

(
−n, 2βnk + 2ζnk + n; 1 + 2βnk−; s

)]2
dr, (39.6)

and

M sp-hcy
7(nlm) = Dsp2

nk

+∞∫
0

s2β
nk+3/2 (1− s)

2ζnk−3 [
2F1

(
−n, 2βnk + 2ζnk + n; 1 + 2βnk−; s

)]2
dr. (39.7)

We have used useful abbreviations ⟨R⟩sp-hcy(nlm) = ⟨n, l,m R n, l,m⟩ to avoid the extra burden of writing equations.

Furthermore, we have applied the property of the spherical harmonics, which has the form
∫
Y m
l (Ω′)Y m′

l′ (Ω) d2Ω =
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δll′δmm′ . We have s = exp (−2δr), this allows us to obtain dr = −1/2ds
δs . From the asymptotic behavior of s when

(r → 0) (y → +1)and when (r → +∞) (y → 0), this allows us to reformulate Eqs. (39, i = 1, 7) as follows:

M sp-hcy
1(nlm) =

Dsp2
nk

2δ

+1∫
0

s2β
nk+3/2−1 (1− s)

2ζnk−1−1 [
2F1

(
−n, 2βnk− + 2ζnk + n; 1 + 2βnk−; s

)]2
ds, (40.1)

M sp-hcy
2(nlm) =

Dsp2
nk

2δ

+1∫
0

s2β
nk+5/2−1 (1− s)

2ζnk−2−1 [
2F1

(
−n, 2βnk− + 2ζnk + n; 1 + 2βnk−; s

)]2
ds, (40.2)

M sp-hcy
3(nlm) =

Dsp2
nk

2δ

+1∫
0

s2β
nk+3−1 (1− s)

2ζnk−1−1 [
2F1

(
−n, 2βnk− + 2ζnk + n; 1 + 2βnk−; s

)]2
ds, (40.3)

M sp-hcy
4(nlm) =

Dsp2
nk

2δ

+1∫
0

s2β
nk+7/2−1 (1− s)

2ζnk−2−1 [
2F1

(
−n, 2βnk− + 2ζnk + n; 1 + 2βnk−; s

)]2
ds, (40.4)

M sp-hcy
5(nlm) =

Dsp2
nk

2δ

+1∫
0

s2β
nk+4−1 (1− s)

2ζnk−3−1 [
2F1

(
−n, 2βnk− + 2ζnk + n; 1 + 2βnk−; s

)]2
ds, (40.5)

M sp-hcy
6(nlm) =

Dsp2
nk

2δ

+1∫
0

s2β
nk+2−1 (1− s)

2ζnk−4 [
2F1

(
−n, 2βnk− + 2ζnk + n; 1 + 2βnk−; s

)]2
ds, (40.6)

and

M sp-hcy
7(nlm) =

Dsp2
nk

2δ

+1∫
0

s2β
nk+3/2−1 (1− s)

2ζnk−2−1 [
2F1

(
−n, 2βnk− + 2ζnk + n; 1 + 2βnk−; s

)]2
ds. (40.7)

We can evaluate the above integrals either in a recurrence way through the physical values of the principal quantum
number (n = 0, 1, . . .) and then generalize the result to the general nth excited state, or we use the method proposed
by Dong et al. [78] and applied by Zhang [79], to obtain the general excited state directly. We calculate the integrals
in Eqs. (40, i = 1, 7) with the help of the special integral formula:

+1∫
0

zα−1 (1− y)
β−1

[2F1 (c1, c2; c3; z)]
2
dz =

Γ (α) Γ (β)

Γ (α+ β)
3F2 (c1, c2, β; c3, β + α; 1) , (41)

here 2F1 (c1, c2; c3; y) is the generalized hypergeometric function and 3F2 (c1, c2, β; c3, β + α; 1) is determined from

3F2 (c1, c2, σ; c3, σ + ξ; 1) =
+∞∑
n=0

(c1)n(c2)n(σ)n
(c3)n(σ+ξ)n! while Γ (α) denotes the usual Gamma function. By identi�ed Eq. (41)

with the integrals, we obtain the following results:

M sp-hcy
1(nlm) =

Dsp2
nk

2δ

Γ
(
2βnk + 3/2

)
Γ
(
2ζnk − 1

)
Γ (Dsp

nk + 1/2)
3F2

(
−n,Qsp

nk, 2ζ
nk − 1; 1 + 2βnk, Dsp

nk + 1/2; 1
)
, (42.1)

M sp-hcy
2(nlm) =

Dsp2
nk

2δ

Γ
(
2βnk + 5/2

)
Γ
(
2ζnk − 2

)
Γ (Dsp

nk + 1/2)
3F2

(
−n,Qsp

nk, 2ζ
nk − 2; 1 + 2βnk, Dsp

nk + 1/2; 1
)
, (42.2)

M sp-hcy
3(nlm) =

Dsp2
nk

2δ

Γ
(
2βnk + 3

)
Γ
(
2ζnk − 1

)
Γ (Dsp

nk + 2)
3F2

(
−n,Qsp

nk, 2ζ
nk − 1; 1 + 2βnk, Dsp

nk + 2; 1
)
, (42.3)
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M sp-hcy
4(nlm) =

Dsp2
nk

2δ

Γ
(
2βnk + 7/2

)
Γ
(
2ζnk − 2

)
Γ (Dsp

nk + 3/2)
3F2

(
−n,Qsp

nk, 2ζ
nk − 2; 1 + 2βnk, Dsp

nk + 3/2; 1
)
, (42.4)

M sp-hcy
5(nlm) =

Dsp2
nk

2δ

Γ
(
2βnk + 4

)
Γ
(
2ζnk − 3

)
Γ (Dsp

nk + 1)
3F2

(
−n,Qsp

nk, 2ζ
nk − 3; 1 + 2βnk, Dsp

nk + 1; 1
)
, (42.5)

M sp-hcy
6(nlm) =

Dsp2
nk

2δ

Γ
(
2βnk + 2

)
Γ
(
2ζnk − 4

)
Γ (Dsp

nk − 2)
3F2

(
−n,Qsp

nk, 2ζ
nk − 4; 1 + 2βnk, Dsp

nk; 1
)
, (42.6)

and

M sp-hcy
7(nlm) =

Dsp2
nk

2δ

Γ
(
2βnk + 3/2

)
Γ
(
2ζnk − 2

)
Γ (Dsp

nk + 1/2)
3F2

(
−n,Qsp

nk, 2ζ
nk − 2; 1 + 2βnk, Dsp

nk + 1/2; 1
)

(42.7)

with Qsp
nk = 2βnk + 2ζnk + n and Dsp

nk = 2βnk + 2ζnk.

C. The expectation values under IHCYPCTI in
the DDT for p-spin symmetry

In this subsection, we want to apply the
perturbative theory. In the case of extended
RQM symmetries, we �nd the expectation values

Mps-hcy

1(nl̃m̃)
≡
〈

s3/2

(1−s)2

〉ps-hcy
(nl̃m̃)

, Mps-hcy

2(nl̃m̃)
≡
〈

s5/2

(1−s)3

〉ps-hcy
(nl̃m̃)

,

Mps-hcy

3(nl̃m̃)
≡
〈

s3

(1−s)2

〉ps-hcy
(nl̃m̃)

, Mps-hcy

4(nl̃m̃)
≡
〈

s7/2

(1−s)3

〉ps-hcy
(nl̃m̃)

,

Mps-hcy

5(nl̃m̃)
≡
〈

s4

(1−s)4

〉ps-hcy
(nl̃m̃)

, Mps-hcy

6(nl̃m̃)
≡
〈

s2

(1−s)4

〉sp-hcy
(nlm)

and Mps-hcy

7(nl̃m̃)
≡
〈

s3/2

(1−s)3

〉ps-hcy
(nl̃m̃)

for p-spin symmetry with

tensor interaction taking into account the wave function
which we have seen previously in Eq. (13). By examining
the two expressions of the two wave functions shown in
Eqs. (12) and (13), we note that there is a possibility
of moving from the upper wave function Fnk (r) to
the other lower wave function Gnk (r) by making the
following substitutions:

Dsp
nk ⇐⇒ D̃ps

nk, β
nk ⇔ β̃nkand ζnk ⇔ ζ̃nk (43)

which allows us to obtain the expectation values for
p-spin symmetry from Eqs. (42, i = 1, 7) without re-
calculation, as follows

Mps-hcy

1(nl̃m̃)
=

D̃sp2
nk

2δ

Γ
(
2β̃nk + 3/2

)
Γ
(
2ζnk − 1

)
Γ
(
D̃sp

nk + 1/2
) 3F2

(
−n, Q̃sp

nk, 2ζ̃
nk − 1; 1 + 2β̃nk, D̃sp

nk + 1/2; 1
)
, (44.1)

Mps-hcy

2(nl̃m̃)
=

D̃sp2
nk

2δ

Γ
(
2β̃nk + 5/2

)
Γ
(
2ζ̃nk − 2

)
Γ
(
D̃sp

nk + 1/2
) 3F2

(
−n, Q̃sp

nk, 2ζ̃
nk − 2; 1 + 2β̃nk, D̃sp

nk + 1/2; 1
)
, (44.2)

Mps-hcy

3(nl̃m̃)
=

D̃sp2
nk

2δ

Γ
(
2β̃nk + 3

)
Γ
(
2ζ̃nk − 1

)
Γ
(
D̃sp

nk + 2
) 3F2

(
−n, Q̃sp

nk, 2ζ̃
nk − 1; 1 + 2β̃nk, D̃sp

nk + 2; 1
)
, (44.3)
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Mps-hcy

4(nl̃m̃)
=

D̃sp2
nk

2δ

Γ
(
2β̃nk + 7/2

)
Γ
(
2ζ̃nk − 2

)
Γ
(
D̃sp

nk + 3/2
) 3F2

(
−n, Q̃sp

nk, 2ζ̃
nk − 2; 1 + 2β̃nk, D̃sp

nk + 3/2; 1
)
, (44.4)

Mps-hcy

5(nl̃m̃)
=

D̃sp2
nk

2δ

Γ
(
2β̃nk + 4

)
Γ
(
2ζ̃nk − 3

)
Γ
(
D̃sp

nk + 1
) 3F2

(
−n, Q̃sp

nk, 2ζ̃
nk − 3; 1 + 2β̃nk, D̃sp

nk + 1; 1
)
, (44.5)

Mps-hcy

6(nl̃m̃)
=

D̃sp2
nk

2δ

Γ
(
2β̃nk + 2

)
Γ
(
2ζ̃nk − 4

)
Γ
(
D̃sp

nk − 2
) 3F2

(
−n, Q̃sp

nk, 2ζ̃
nk − 4; 1 + 2β̃nk, D̃sp

nk; 1
)
, (44.6)

and

Mps-hcy

7(nl̃m̃)
=

D̃sp2
nk

2δ

Γ
(
2β̃nk + 3/2

)
Γ
(
2ζ̃nk − 2

)
Γ
(
D̃sp

nk + 1/2
) 3F2

(
−n, Q̃sp

nk, 2ζ̃
nk − 2; 1 + 2β̃nk, Dsp

nk + 1/2; 1
)

(44.7)

with Q̃sp
nk and D̃sp

nk are taken the values 2β̃nk +2ζ̃nk + n

and 2β̃nk + 2ζ̃nk, respectively.

D. The corrected energy for the IHCYPCTI in
extended RQM symmetries

The global corrected relativistic energy for the
IHCYPCTI model in extended RQM symmetries is
composed of three principal parts. The �rst one is
generated from the e�ect of the perturbed spin-orbit
e�ective potentials Σpert

hcy (r) and ∆pert
hcy (r) corresponds

to spin symmetry and pseudospin symmetry. These
perturbed e�ective potentials are obtained by replaci-
ng the coupling of the angular momentums (L and

L̃ ) operators and the NC vector Θ with the new

equivalent couplings ΘLS and ΘL̃S̃ for spin-symmetry
and p-spin-symmetry, respectively(with Θ2 = Θ2

12 +
Θ2

23 + Θ2
13). This degree of freedom is possible consi-

dering that the in�nitesimal NC vector Θ is arbi-

trary. We have oriented the spins-
(
S,S̃
)
of the fermi-

onic particles to become parallel to the vector Θ whi-
ch interacted with the improved Hulth�en plus a class
of Yukawa potential including a Coulomb-like tensor
interaction. Moreover, we replace the new spin-orbit

couplings ΘLS and ΘL̃S̃ with the corresponding physi-

cal form (Θ/2)G2 and (Θ/2) G̃2, with G2 = J2 − L2 −
S2 and G̃2 = J2 − L̃2 − S̃2 for spin-symmetry and
p-spin-symmetry, respectively. Furthermore, in RQM,

the operators (Ĥhcy
rnc , J2, L2, S2 and Jz ) form a

complete set of conserved physics quantities, the ei-

genvalues of the operators G2 and G̃2 are equal to
the values 𭟋 (j, l, y) = [j(j + 1)− l(l + 1)− 3/4)] /2

and 𭟋
(
j, l̃, y

)
=
[
j(j + 1)− l̃(l̃ − 1)− 3/4)

]
/2, with

|l − 1/2| ≤ j ≤ |l + 1/2| and
∣∣∣l̃ − 1/2

∣∣∣ ≤ j ≤
∣∣∣l̃ + 1/2

∣∣∣
for spin-symmetry and p-spin-symmetry, respectively.
As a direct consequence, the partially corrected
energies ∆Eso-sp

hcy (n, δ, A,B,H,Θ, j, l, s) ≡ ∆Eso-sp
hcy and

∆Eso-ps
hcy

(
n, δ, A,B,H,Θ, j, l̃, s̃

)
≡ ∆Eso-ps

hcy due to the

perturbed e�ective potentials Σpert
hcy (r) and ∆pert

hcy (r)

produced for the nth excited state, in extended RQM
symmetries are as follows:



∆Eso-sp
hcy = Θ

(
j(j + 1)− k(k + 1)− 3

4

)
⟨Z⟩rhcy(nlm) (n, δ, A,B,H) ,

∆Eso-ps
hcy = Θ

(
j(j + 1)− k(k − 1)− 3

4

)〈
Z̃
〉rhcy
(nlm)

(n, δ, A,B,H) .

(45)

The global two expectation values

⟨Z⟩hcy(nlm) (n, δ, A,B,H) and
〈
Z̃
〉hcy
(nl̃m̃)

(n, δ, A,B,H)

for spin-symmetry and p-spin-symmetry, respectively
are determined from the following expressions:


⟨Z⟩hcy(nlm) (n, δ, A,B,H) =

7∑
µ=1

Lµsp
nk M sp-hcy

µ(nlm),〈
Z̃
〉hcy
(nl̃m̃)

(n, δ, A,B,H) =
7∑

µ=1
Lµps
nk Mps-hcy

µ(nl̃m̃)
,

(46)

where Lµsp
nk and Lµps

nk are determined from Eqs. (37)

and (38), while M sp-hcy
µ(nlm) and Mps-hcy

µ(nlm̃)

(
µ = 1, 7

)
are

determined from Eqs. (42, i = 1, 7) and Eqs. (44, i =
1, 7 ), respectively. The second main part is obtained
from the magnetic e�ect of the perturbative e�ective
potentials Σpert

hcy (r) and ∆pert
hcy (r) under the IHCYPCTI
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model in the deformation of the Dirac theory symmetri-
es. These e�ective potentials are achieved when we
replace both (LΘ and Θ12) with (σℵLz and σℵ),
respectively; here (ℵ and σ) symbolize the intensi-
ty of the magnetic �eld induced by the e�ect of the
deformation of space-space geometry and a new in�ni-
tesimal noncommutativity parameter, so that the physi-
cal unit of the original noncommutativity parameter
Θ12 (length)2 is the same unit of σℵ. We also need
to apply ⟨n′, l′,m′ Lz n, l,m⟩ = mδm′mδl′lδn′n and〈
n′, l̃′, m̃′ L̃z n, l̃, m̃

〉
= m̃δ

m̃′m̃
δl̃′ l̃δn′n (−l̃ ≤ m̃ ≤ l̃ and

−l ≤ m ≤ l) for spin-symmetry and p-spin-symmetry,
respectively. All of these data allow for the discovery
of the new energy shift ∆Emg-sp

hcy (n, δ, A,B,H, σ,m)

and ∆Emg-ps
hcy (n, δ, A,B,H, σ, m̃) due to the perturbed

Zeeman e�ect created by the in�uence of the improved
Hulth�en plus a class of Yukawa potential model for
the nth excited state in extended RQM symmetries as
follows: 

∆Emg-sp
hcy (n, δ, A,B,H, σ,m)

= σℵ ⟨Z⟩hcy(nlm) (n, δ, A,B,H)m,

∆Emg-ps
hcy (n, δ, A,B,H, σ, m̃)

= σℵ
〈
Z̃
〉hcy
(nlm̃)

(n, δ, A,B,H) m̃.

(47)

Now, for our purposes, we are interested in �nding a
new third automatically important symmetry under the
IHCYPCTI model in DDT symmetries. This physical
phenomenon is induced automatically from the in�uence
of perturbed e�ective potentials Σpert

hcy (r) and ∆pert
hcy (r),

which we have seen in Eqs. (36) and (37). We consi-
der that the fermionic particles undergo rotation wi-
th angular velocity Ω if we make the following two si-
multaneous transformations to ensure that the previous
calculations are not repeated:

(
LΘ

L̃Θ

)
will be replace by:

χ

(
LΩ: for spin-sy

L̃Ω: for p-spin-sy

)
. (48)

Here χ is just an in�nitesimal real proportional constant.
We can express the e�ective potential Σsp-rot

pert (s) and

∆ps-rot
pert (s) which induced the rotational movements of

the fermionic particles as follows:

 Σsp-rot
pert (s)

∆ps-rot
pert (s)



=


χ

(
7∑

µ=1
Lµsp
nk M sp-hcy

µ(nlm)

)
LΩ

χ

(
7∑

µ=1
Lµsp
nk Mps-hcy

µ(nlm)

)
L̃Ω

 . (49)

To simplify the calculations without compromising
physical content, we choose the rotational velocity Ω
parallel to the (Oz) axis. Then we transform the spin-
orbit coupling to the new physical phenomena as follows:

(
Σsp-rot

pert (s)LΩ

∆ps-rot
pert (s) L̃Ω

)
= χΩ

(
Σsp-rot

pert (s)Lz

∆ps-rot
pert (s) L̃z

)
. (50)

All of these data allow for the discovery of the
new corrected energy ∆Erot-sp

hcy (n, δ, A,B,H, χ,m) and

∆Erot-sp
hcy (n, δ, A,B,H, χ, m̃) due to the perturbed

e�ective potentials Σsp-rot
pert (s) and ∆ps-rot

pert (s), which is
generated automatically by the in�uence of the improved
Hulth�en plus a class of Yukawa potential for the nth exci-
ted state in DDT symmetries as follows:

 ∆Erot-sp
hcy (n, δ, A,B,H, χ,m)

∆Erot-sp
hcy (n, δ, A,B,H, χ, m̃)



= χΩ

 ⟨Z⟩hcy(nlm) (nn, δ, A,B,H)m〈
Z̃
〉hcy
(nl̃m̃)

(n, δ, A,B,H) m̃

 . (51)

It is worth mentioning that the authors in Ref. [80]
studied rotating isotropic and anisotropic harmonically
con�ned ultra-cold Fermi gas in a two and three-
dimensional space at zero temperature, but in this
study, the rotational term was added to the Hamiltoni-
an operator, in contrast to our case, where this rotati-

on term Σsp-rot
pert (s)LΩ and ∆ps-rot

pert (s) L̃Ω automatically
appears due to the large symmetries resulting from the
deformation of space-space.
We have seen that the eigenvalues of the operators

G2 = J2−L2−S2 and G̃2 = J2−L̃2−S̃2 are equal to
the values 𭟋 (j, l, s) = [j(j + 1)− l(l + 1)− 3/4] /2 and

𭟋
(
j, l̃, s̃

)
=
[
j(j + 1)− l̃(l̃ − 1)− 3/4

]
/2; thus, for the

case of spin-1/2, the possible values of j are l ± 1/2

and l̃ ± 1/2 for spin symmetry 𭟋 (j, l, s) and pseudospin

symmetry 𭟋
(
j, l̃, s̃

)
, which allows us to get their values

as follows:

𭟋 (j = l ± 1/2, s = 1/2)

=
1

2

{
l Up polarity: j = l + 1/2

− (l + 1) Down polarity: j = l − 1/2
(52)

and

𭟋
(
j = l̃ ± 1/2, s̃ = 1/2

)
=

1

2


l̃ Up polarity: j = l̃ + 1/2

−
(
l̃ + 1

)
Down polarity: j = l̃ − 1/2.

(53)
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The new relativistic energy Esp
nc(n, δ, A,B,Θ, σ, χ,

j, l, s,m) and Eps
nc(n, δ, A,B,Θ, σ, χ, j, l̃, s̃, m̃) for the case

of spin-1/2 with the improved Hulth�en plus a class of

Yukawa potential, in the DDT symmetries, correspond-
ing to the generalized nth excited states is:

Esp
nc (n, δ, A,B,H,Θ, σ, χ, j, l, s,m) = ⟨Z⟩hcy(nlm) (n, δ, A,B,H) (σℵ+ χΩ)m

+ ⟨Z⟩sp(nlm) (n, δ, A,B,H)
Θ

2

{
l Up polarity: j = l + 1/2

− (l + 1) Down polarity: j = l − 1/2
+ Esp

nk (54)

and

Eps
nc

(
n, δ, A,B,H,Θ, σ, χ, j, l̃, s̃, m̃

)
=
〈
Z̃
〉ps
(nl̃m̃)

(n, δ, A,B,H) (σℵ+ χΩ) m̃

+
〈
Z̃
〉ps
(nl̃m̃)

(n, δ, A,B,H)
Θ

2


l̃ Up polarity: j = l̃ + 1/2

−
(
l̃ + 1

)
Down polarity: j = l̃ − 1/2

+ Eps
nk, (55)

where Esp
nk and Eps

nk are usual relativistic energies under
the Hulth�en plus a class of Yukawa potential includ-
ing a Coulomb-like tensor interaction obtained from the

equations of energy in Eqs. (16) and (17), while k and k̃
are determined from the following relations:

k =



k1 = − (l + 1) = l + 1/2
For s1/2, p3/2. . . , etc.
j = l + 1/2 Aligned spin k < 0,

k1 = − (l + 1) = l + 1/2
For s1/2, p3/2. . . , etc.
j = l − 1/2 Aligned spin k > 0,

(56.1)

and

k̃ =



k1 = −l̃ = −j − 1/2
For s1/2, p3/2. . . , etc.

j = l̃ − 1/2 Aligned spin k̃ < 0,

k1 = −l − 1 = l + 1/2
For s1/2, p3/2. . . , etc.

j = l̃ − 1/2 Un aligned spin k̃ > 0.

(56.2)

E. Study of relativistic particular cases:

In this section, we are about to examine some parti-
cular cases regarding the new bound state energy ei-
genvalues in Eqs. (54) and (55). We could derive some
particular potentials, useful for other physical systems,
by adjusting relevant parameters of the IHCYPCTI

model in the deformation of the Dirac theory symmetri-
es in both cases, such as the improved Dirac�Hulth�en
problem model, the improved Hulth�en potential, the
improved Dirac�Yukawa problem, the improved Dirac�
Coulomb-like problem, the improved Dirac�inversely
quadratic Yukawa problem, and the improved Dirac�
Kratzer�Fues problem.

F. Deformed Dirac�improved Hulth�en potential

For A = B = 0, the IHCYPCTI model turns into the
improved Hulth�en potential Vihp (r) in the deformation
of theory symmetries:

Vihp (r) = −Ze2δ exp (−δr)

1− exp (−δr)

−

 4Ze2δ2 exp(−2δr)
(1−exp(−2δr))

+Ze2δ2 exp(−4δr)

(1−exp(−2δr))2

 LΘ

2r
+O

(
Θ2
)
. (57)

It should be noted that the �rst term denotes the
Hulth�en potential in usual relativistic QM symmetri-
es which are used in atomic physics, chemical physi-
cs, and solid-state physics [81]. Using Eqs. (54) and
(55), we make the corresponding parameter replacements
and obtain the energy equation for the improved
Hulth�en potential including the improved Yukawa tensor
interaction in the spin and p-spin symmetries of the
deformed Dirac theory as:

Esp-ihp
nc (n, δ,H,Θ, σ, χ, j, l, s,m) = ⟨Z⟩sp(nlm) (n, δ,H) (σℵ+ χΩ)m

+ ⟨Z⟩sp-hp(nlm) (n, δ,H)
Θ

2

{
l Up polarity: j = l + 1/2

− (l + 1) Down polarity: j = l − 1/2
+ Esp-hp

nk (58)
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and

Eps-ihp
nc

(
n, δ,H,Θ, σ, χ, j, l̃, s̃, m̃

)
=
〈
Z̃
〉ps
(nl̃m̃)

(n, δ,H) (σℵ+ χΩ) m̃

+
〈
Z̃
〉ps-ihp
(nl̃m̃)

(n, δ,H)
Θ

2


l̃ Up polarity: j = l̃ + 1/2

−
(
l̃ + 1

)
Down polarity: j = l̃ − 1/2

+ Eps-hp
nk , (59)

where Esp-hp
nk and Eps-hp

nk are the energy equations for
the Hulth�en potential including the Yukawa tensor
interaction in the spin and p-spin symmetries of the
Dirac theory as obtained from Eqs. (16) and (17) by
replacing each A = B = 0 from[9] and directly from
[1]. The new expectation values ⟨Z⟩sp(nlm) (n, δ,H) and〈
Z̃
〉ps
(nl̃m̃)

(n, δ,H) are determined from Eqs. (49) and

(50) by applying the compensation referred to above at
the beginning of the current subsection as follows:


⟨Z⟩sp-hp(nlm) (n, δ,H) =

7∑
µ=1

Bµsp
nk M sp-hp

µ(nlm) ,〈
Z̃
〉ps-hp
(nl̃m̃)

(n, δ,H) =
7∑

µ=1
Aµps

nk Mps-hp

µ(nl̃m̃)

with B1sp
nk = −4Ze2δ3 (M + Esp

nk − Csp),

B2sp
nk = −4δ3Ze2 (M + Esp

nk − Csp), B3sp
nk =

8Aδ3 (M + Esp
nk − Csp),B

4sp
nk = B5sp

nk = B4ps
nk = B5ps

nk = 0,

B6sp
nk = 16k (k + 1) δ4, Bsp

nk = B7ps
nk = −4δ3H

while 1ps
nk = −4Ze2δ3 (M − Eps

nk + Cps), B2ps
nk =

−4δ3Ze2 (M − Eps
nk + Cps) and B6ps

nk = 16k (k − 1) δ4.

G. Deformed Dirac-improved Yukawa problem

If we replace B = 0, the IHCYPCTI model turns into
the improved Yukawa potential Vihp (r) in the deformati-
on of the Dirac theory symmetries:

Viyp (r) = −Ae−δr

r

−A

[
e−2δr

r2
− 2δe−2δr

r

]
LΘ

2r
+O

(
Θ2
)
. (61)

It should be noted that the �rst term denotes the
Yukawa potential in usual QM symmetries used in
nuclear physics, atomic physics, solid-state physics, and
astrophysics[82]. Using Eqs. (54) and (55), we make
the corresponding parameter replacements and obtain
the energy equation for the improved Yukawa potenti-
al including the improved Yukawa tensor interaction in
the spin and p-spin symmetries of the deformed Dirac
theory as:

Esp-iyp
nc (n, δ, A,H,Θ, σ, χ, j, l, s,m) = ⟨Z⟩sp(nlm) (n, δ, A,H) (σℵ+ χΩ)m

+ ⟨Z⟩sp(nlm) (n, δ, A,H)
Θ

2

{
l Up polarity: j = l + 1/2
− (l + 1) Down polarity: j = l − 1/2

+ Esp-yp
nk (62)

and

Eps-iyp
nc

(
n, δ, A,H,Θ, σ, χ, j, l̃, s̃, m̃

)
=
〈
Z̃
〉ps
(nl̃m̃)

(n, δ, A,H) (σℵ+ χΩ) m̃

+
〈
Z̃
〉ps
(nl̃m̃)

(n, δ, A,H)
Θ

2

{
l̃ Up polarity: j = l̃ + 1/2

−
(
l̃ + 1

)
Down polarity: j = l̃ − 1/2

+ Eps-hp
nk , (63)

where Esp-yp
nk and Eps-yp

nk are the energy equation for the
Yukawa potential including the Yukawa tensor interacti-
on in the spin and p-spin symmetries of the Dirac
theory as obtained from Eqs. (16) and (17) by replac-
ing each B = 0; it is detailed in the two Eqs. (4.9)

and (4.10) in Refs. [81, 82], while the new expectati-

on values ⟨Z⟩sp-yp(nlm) (n, δ, A,H) and
〈
Z̃
〉ps-yp
(nl̃m̃)

(n, δ, A,H)

are determined from Eqs. (49) and (50) by applying the
compensation referred to above at the beginning of the
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current subsection as follows:
⟨Z⟩hcy(nlm) (n, δ, A,H) =

7∑
µ=1

Bµsp
nk M sp-yp

µ(nlm),

〈
Z̃
〉hp
(nl̃m̃)

(n, δ, A,H) =
7∑

µ=1
Bµps

nk Mps-hp

µ(nl̃m̃)

(64)

with A1sp
nk = −4Ze2δ3 (M + Esp

nk − Csp),

A2sp
nk = −4δ3

(
Ze2 +A

)
(M + Esp

nk − Csp),

A3sp
nk = L4sp

nk = L5sp
nk = A3ps

nk = A4ps
nk =

A5ps
nk = 0, A6sp

nk = 16k (k + 1) δ4 and Asp
nk =

L7ps
nk = −4δ3H while A1ps

nk = −4Ze2δ3 (M − Eps
nk + Cps),

A2ps
nk = −4δ3

(
Ze2 +A

)
(M − Eps

nk + Cps) and L6ps
nk =

16k (k − 1) δ4.

H. Deformed Dirac-improved Coulomb-like
problem

If we replace B = 0, we ignore the Hulth�en potential,
and taking the limit δ → 0, the IHCYPCTI model turns
into the improved Coulomb-like potential Vicp (r) in the
deformation of the Dirac theory symmetries:

Viyp (r) = −A

r
− A

2r3
LΘ+O

(
Θ2
)
. (65)

It should be noted that the �rst term denotes
the Coulomb-like potential in usual QM symmetries.
Using Eqs. (54) and (55), we make the corresponding
parameter replacements and obtain the energy equation
for the improved Coulomb-like potential including the
improved Yukawa tensor interaction in the spin and p-
spin symmetries of the deformed Dirac theory as:

Esp-icp
nc = ⟨Z⟩sp-cp(nlm) (n, δ, A,H)

Θ

2

{
l Up polarity: j = l + 1/2
− (l + 1) Down polarity: j = l − 1/2

+ ⟨Z⟩sp-cp(nlm) (n, δ, A,H) (σℵ+ χΩ)m+
A2 (Csp −me) + 4me (n+ k +H + 1)

2

A2 + 4 (n+ k +H + 1)
2 (66)

and

Eps-icp
nc =

〈
Z̃
〉ps-cp
(nl̃m̃)

(n, δ, A,H)
Θ

2

{
l̃ Up polarity: j = l̃ + 1/2

−
(
l̃ + 1

)
Down polarity: j = l̃ − 1/2

+
〈
Z̃
〉ps-cp
(nl̃m̃)

(n, δ, A,H) (σℵ+ χΩ) m̃+
A2 (Cps +me)− 4me (n+ k +H + 1)

2

A2 − 4 (n+ k +H + 1)
2 . (67)

The last two terms in Eqs. (66) and (67) are the
energy equation for the Coulomb-like potential includ-
ing the Yukawa tensor interaction in the spin and p-spin
symmetries of the Dirac theory obtained from Eqs. (16)
and (17) by replacing each B = 0. It is detailed in the two
Eqs. (4.9) and (4.10) in Ref. [85] while the new expectati-

on values ⟨Z⟩sp-yp(nlm) (n, δ, A,H)and
〈
Z̃
〉ps-yp
(nl̃m̃)

(n, δ, A,H)

are determined from Eqs. (49) and (50) by applying the
compensation referred to above at the beginning of the
current subsection as follows:


⟨Z⟩hcy(nlm) (n, δ, A,H) =

7∑
µ=1

Bµsp
nk M sp-yp

µ(nlm),〈
Z̃
〉hp
(nl̃m̃)

(n, δ, A,H) =
7∑

µ=1
Bµps

nk Mps-hp

µ(nl̃m̃)

(68)

with B1sp
nk = −4Ze2δ3 (M + Esp

nk − Csp),

B2sp
nk = −4δ3

(
Ze2 +A

)
(M + Esp

nk − Csp), B3sp
nk =

B4sp
nk = B5sp

nk = B3ps
nk = B4ps

nk = B5ps
nk = 0,

B6sp
nk = 16k (k + 1) δ4 and Bsp

nk = B7ps
nk =

−4δ3H while B1ps
nk = −4Ze2δ3 (M − Eps

nk + Cps),

B2ps
nk = −4δ3

(
Ze2 +A

)
(M − Eps

nk + Cps) and B6ps
nk =

16k (k − 1) δ4.

I. Deformed Schr�odinger equation for improved
Hulth�en plus a class of Yukawa potential problems

in NREQM symmetries

To realize a study of the nonrelativistic limit, in
extended nonrelativistic quantum mechanics of the
improved Hulth�en plus a class of Yukawa potential, two
steps must be made. The �rst step corresponds to the
nonrelativistic limit, in usual nonrelativistic quantum
energy which is indicated in Ref. [9]. This is done by
taking the following steps: we replace H, Csp, E

ps
nk + µ,

Eps
nk−µ, 2A, 2B, k(k+1), Fnk (r) by0, 0, 2µ, E

nr
nl , A, B,

l(l + 1), Rnk (r), respectively, which allows us to obtain
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the nonrelativistic energy levels as [9]:

Ehcy
nl = − 1

2µ

[
−µA+Ze2

δ + (2n+ 1)λnl + γnl

n+ 1/2 + λnl

]2
(69)

with λnl (B) =
√

l2 + l + 1/4− 2µB and γnl =
l (l + 1) + n (n+ 1) + 1/2. Now, the second step

corresponds to the coe�cients Lisp
nk

(
i = 1, 7

)
in relativi-

stic spin symmetry, those that convert to the new formula
Rinr

nk by applying the data we referred to as:



R1nr
nk = −8Ze2δ3µ,

R2nr
nk = −8δ3

(
Ze2 +A

)
µ,

R3nr
nk = 16Aδ3µ,

R4nr
nk = −16Bδµ,

R5nr
nk = −32Bδ4µ,

R6nr
nk = 16l (l + 1) δ4 and Rsp

nk = 0.

(70)

We can reexport the relativistic expectation values

⟨Z⟩hcy(nlm) (n, δ, A,B,H) of spin symmetry in Eq. (46)

from the corresponding nonrelativistic expectation

values ⟨Z⟩hcy-nr(nlm) (n, δ, A,B,H) as:

⟨Z⟩hcy-nr(nlm) (n, δ, A,B,H) =

7∑
µ=1

Rµsp
nk M sp-hcy

µ(nlm). (71)

This permuted expressing the nonrelativistic correction
energy ∆Ehcy

nc-nr (n, δ, A,B,H,Θ, σ, χ, j, l, s,m) produced
by the improved Hulth�en plus a class of Yukawa potential
problems is:

∆Ehcy
nc-nr (n, δ, A,B,H,Θ, σ, χ, j, l, s,m) =

⟨Z⟩hcy-nr(nlm) (n, δ, A,B,H) (σℵ+ χΩ)m

+ ⟨Z⟩hcy-nr(nlm) (n, δ, A,B,H)
Θ

2{
l Up polarity: j = l + 1/2,

− (l + 1) Down polarity: j = l − 1/2.
(72)

The global nonrelativistic energy
Ehcy
nc-nr (n, δ, A,B,H,Θ, σ, χ, j, l, s,m) produced with

the improved Hulth�en plus a class of Yukawa potential
in ENRQM symmetries as a result of the topological
properties of deformation space-space is the sum of usual

energy Ehcy
nl in Eq. (69) under the Hulth�en plus a class of

Yukawa potential in NRQM symmetries and the obtai-
ned correction ∆Ehcy

nc-nr (n, δ, A,B,H,Θ, σ, χ, j, l, s,m) in
Eq. (72) as follows:

Ehcy
nc-nr (n, δ, A,B,H,Θ, σ, χ, j, l, s,m) = − 1

2µ

(
−µA+Ze2

δ + (2n+ 1)λnl + γnl

n+ 1/2 + λnl

)2

+ ⟨Z⟩hcy-nr(nlm)

[
(σℵ+ χΩ)m+

Θ

2

{
l Up polarity: j = l + 1/2
− (l + 1) Down polarity: j = l − 1/2

]
. (73)

It should be noted that the corrected energy ∆Ehcy
nc-nr

expressed in Eq. (72) is due to the e�ect of the perturbed

potential V hcy
nr-pert (r):

V hcy
nr-pert (r) =

(
l (l + 1) r−4 − 1

2r

∂Vhcy (r)

∂r

)
× LΘ+O

(
Θ2
)
. (74)

The �rst term in Eq. (74) is due to the centrifuge term
l (l + 1) r̂−2 in ENRQM symmetries which equals the
usual centrifuge term l (l + 1) r−2 plus the perturbative
centrifuge term l (l + 1) r−4LΘ, while the second term
is produced with the e�ect of the improved Hulth�en
plus a class of Yukawa potential. This is one of the
most important new results of this research. It is worth-

while to mention that for the three simultaneous limits
(Θ, σ, χ) → (0, 0, 0), we recover the results in Ref. [9].

IV. SUMMARY AND CONCLUSIONS

In this work, we have solved the deformed Dirac
equation of a spin-1/2 particle in the �eld of the
improved Hulth�en plus a class of Yukawa potential
including a Coulomb-like tensor interaction within the
framework of the parametric of Bopp's shift method
and standard perturbation theory with an approxi-
mation to the centrifugal term. By using a suitable
approximation scheme, we have presented in detail
the corrected energy eigenvalues for both the spin
symmetry and pseudospin symmetry. The corrected
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eigenvalue appeared sensitive to the quantum numbers

(j, k, l, l̃, s, s̃,m, m̃), the potential depths (A,B) of the
studied potential, the range of the potential δ, and
noncommutativity parameters(Θ, σ, χ) under the condi-
tion of spin and pseudospin symmetry. Special cases
of the potential are also reported. Our results could
�nd usefulness in both atomic and molecular physics.
Finally, the new relativistic spin symmetry in the
absence of tensor interaction is reduced to the deformed
Schr�odinger solutions for the improved Hulth�en plus

a class of Yukawa potential. The present results are
in excellent agreement with the previous result. It is
worth mentioning that, for all cases, to make the three
simultaneous limits (Θ, σ, χ) → (0, 0, 0), the ordinary
physical quantities are recovered in refs. [9]. Finally,
given the e�ectiveness of the methods that we used in
achieving our goal in this research, we advise researchers
to apply the same methods in other studies, whether in
the relativ[-6pt]istic or nonrelativistic regimes for other
potentials.
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Ìè íàáëèæåíî ðîçâ'ÿçó¹ìî äåôîðìîâàíå ðiâíÿííÿ Äiðàêà äëÿ íîâîãî çàïðîïîíîâàíîãî ïîêðàùå-
íîãî ïîòåíöiàëó Ãþëüòåíà ïëþñ êëàñ ïîòåíöiàëiâ Þêàâè ç êóëîíîïîäiáíîþ òåíçîðíîþ âçà¹ìîäi¹þ (ç
äîâiëüíèì ñïií-îðáiòàëüíèì êâàíòîâèì ÷èñëîì k) ó êîíòåêñòi ñèìåòðié ðîçøèðåíî¨ ðåëÿòèâiñòñüêî¨
êâàíòîâî¨ ìåõàíiêè. Ó ìåæàõ ñïiíîâî¨ òà ïñåâäîñïiíîâî¨ ñèìåòði¨ ìè îòðèìó¹ìî  ëîáàëüíå íîâå âëà-
ñíå çíà÷åííÿ åíåð i¨, ÿêå äîðiâíþ¹ âëàñíîìó çíà÷åííþ åíåð i¨ ó çâè÷àéíié ðåëÿòèâiñòñüêié êâàíòîâié
ìåõàíiöi ïëþñ ïîïðàâêà, iíäóêîâàíà òðüîìà íåñêií÷åííî ìàëèìè àäèòèâíèìè ÷àñòèíàìè ãàìiëüòîíi-
àíà, ÿêi âiäïîâiäàþòü ñïií-îðáiòàëüíié âçà¹ìîäi¨, íîâîìó ìîäèôiêîâàíîìó çå¹ìàíiâñüêîìó äîäàíêîâi
é îáåðòàëüíîìó äîäàíêîâi Ôåðìi. Äëÿ îòðèìàííÿ öi¹¨ ïîïðàâêè âèêîðèñòàíî ìåòîäó çñóâó Áîïïà
é ñòàíäàðòíó òåîðiþ çáóðåíü iç íàáëèæåííÿì äëÿ âiäöåíòðîâîãî ÷ëåíà. Îòðèìàíi íîâi çíà÷åííÿ

âèÿâèëèñü ÷óòëèâèìè äî êâàíòîâèõ ÷èñåë (j, k, l, l̃, s, s̃,m, m̃), çìiøàíi ãëèáèíè ïîòåíöiàëiâ (A,B),
äiàïàçîí ïîòåíöiàëó δ òà ïàðàìåòðè íåêîììóòàòèâíîñòi (Θ, σ, χ). Îòðèìàíî çìiøàíèé ïîòåíöiàë,
ÿêèé ó äåÿêèõ êîíêðåòíèõ âèïàäêàõ äà¹ ðîçâ'ÿçêè äëÿ ðiçíèõ ïîòåíöiàëiâ, ïîêðàùåíîãî ïîòåíöiàëó
Ãþëüòåíà, ïîêðàùåíîãî ïîòåíöiàëó Þêàâè òà ïîêðàùåíî¨ êóëîíîïîäiáíî¨ çàäà÷i ðàçîì ç åíåð iÿìè
âiäïîâiäíèõ çâ'ÿçàíèõ ñòàíiâ.

Êëþ÷îâi ñëîâà: ðiâíÿííÿ Äiðàêà, ïîòåíöiàë Ãþëüòåíà ïëþñ êëàñ ïîòåíöiàëiâ Þêàâè, íåêîìó-
òàòèâíà ãåîìåòðiÿ, ìåòîä çñóâó Áîïïà òà çiðêîâi äîáóòêè.
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