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A di�raction grating based on polyaniline �bers was used to study the e�ects that occur during the
oblique incidence of light rays. Di�ractograms of conical di�raction were experimentally obtained
for an optical system containing a di�raction grating and a laser. The set of experimental data
was approximated using the least squares method. The coe�cients of the second-order curves were
calculated and the spatial position of the di�raction grating was determined.
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I. INTRODUCTION

A conical di�raction (CD) of light (or of-plane di-
�raction) causes the distortion of the di�raction pattern
(di�racted rays spread along to the surface of a cone)
when the laser beam is obliquely incident on the di-
�raction grating (DG) [1�7]. In this case the position of
the individual di�raction maxima (or a band formed by
intersection of the di�raction maxima) will be in general
described by a second order curve on the screen projecti-
on of the resulting di�ractogram. As a result the shape
of this curve (i.e. ellipse, parabola or hyperbola) signi�-
cantly depends on the angular position of the laser (or
on the orientation of the grating in space if the positi-
on of the laser is �xed). This e�ect is observed for both
transmission and re�ection DG, in particular, for phase
gratings with a spatially modulated refractive index (see
e.g., [4]). Furthermore, the problem of rays di�raction
for an arbitrary space orientation of DG is important
not only for visible radiation, but, for example, in the
design of X-ray spectrometers [8], etc.

As a matter of fact, an important and promising appli-
cation of the CD e�ect is the construction of technologi-
cally simple and low-priced sensors, which can be used
to determine the spatial position of the source of optical
radiation [9]. The polyaniline �bers DG (refractive index
n ≃ 1.5) can be easily integrated into various materials.
The CD e�ects will be observed when the laser radiation
is incident obliquely on such a system and, as a result,
the geometric parameters (i.e., curve shape, curvature,
etc.) of the di�raction curves can be easily determined
using regression methods (see e.g., [10, 12, 13]).

The purpose of this article is to determine the spati-
al position of the polyaniline �bers DG (or laser beam
propagation direction), based on the analysis of the
shape and geometric parameters of the di�raction curves.

II. MEASURING METHOD

The experiment was carried out according to the
scheme depicted in Fig. 1. The He�Ne laser (wavelength
λ = 632.8 nm) was used as the source of light. The
laser beam propagated through a grating consisting of
two layers of polyaniline �ber (the diameter of �ber
was ≃ 0.16 mm). The distance between the layers was
equal to 1 mm. The DG was placed on a rotary table wi-
th the angle measuring scale (the accuracy was no worth
than ±1◦).

The di�raction pattern was projected onto a screen
and after that recorded using a Canon 80d digital camera
(CMOS-matrix with ∼24 MP resolution). Di�raction
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Fig. 1. The scheme of the experiment

curves were stored for each �xed position of the DG (see
Fig. 2, 3). The rotation angle of the grating φ0 was varied
with a step of 5◦ from 50◦ to 80◦, respectively. The obtai-
ned images were digitized using the program GetData
Graph Digitizer 2.26 (trial version).

The images of the di�raction curves obtained for vari-
ous grating orientation angles are presented in Figs. 2, 3.
As can be seen from these �gures, the obtained second-
order curves have an elliptical shape and this feature is
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typical of the given orientation angles of the di�raction
element (see analysis [9]).
We applied a general method of the data approximati-

on using a second-order curve:

F (x̃, ỹ) = ax̃2 + bx̃ỹ + cỹ2 + dx̃+ eỹ + f = 0. (1)

The a, b, c, d, e, f coe�cients were determined using
a Python program after applying the functions of the
lsq-ellipse 2.2.1 library [11] (this library was created
using the method described in [13]).

j0 = 80° j0 = 75°

j0 = 70° j0 = 65°

Fig. 2. The di�raction patterns obtained for φ0 = 80◦, 75◦,
70◦, 65◦ orientations of DG

j0 = 60° j0 = 55° j0 = 50°

Fig. 3. The di�raction patterns obtained for φ0 = 60◦, 55◦,
50◦ orientations of the DG

III. RESULTS AND DISCUSSION

It is well known that in the case of the light beam
propagation at an angle θ0 relatively to the normal of
the DG (in the plane perpendicular to the grating plane
and perpendicular to the direction of the grooves), the
position of the di�raction maxima is determined by the
following equation [14, 15]:

sin θ0 ∓ sin θm = ∓mλ
d
, m = 0,±1,±2, . . . (2)

where θm denotes the angle at which the m order di-
�raction maximum is observed, λ is the wavelength of
light, d is the grating period. The sign �+ ” corresponds
to the re�ection and �− ” to the transmission di�raction
grating, respectively.
Let us consider the problem of di�raction when a laser

beam is obliquely incident on a DG. In this case, the di-
�ractogram will have the form of a second-order curve.
As a result, the di�raction equations in the direction cosi-
ne approximation for an arbitrary space orientation of
the grating are expressed as follows [1�3]:

αi ∓ αm = ∓mλ
d

sinψ, βi ∓ βm = ∓mλ
d

cosψ, (3)

where the index i corresponds to the incident beam with
the direction cosines which are described by the following
equations:

αi = − sin θ0 cosφ0, βi = − sinφ0. (4)

In contrast, both αm and βm can be expressed in terms
of the coordinates of the mth order di�raction maximum
for the di�racted beam:

αm =
xm√

x2m + y2m + z2m
, βm =

ym√
x2m + y2m + z2m

. (5)

Accordingly, ψ is the angle between the direction of the
grooves and the X axis, φ0 corresponds to the angle of
DG rotation (the angle between the beam propagati-
on direction, e.i. Z axis, and the z axis, see Fig. 1).
Furthermore, for our experiment, ψ = π/2 and θ0 = 0.
Therefore, substituting both (4) and (5) into the equati-
on (3) we obtained:

x2m + z2m − y2m ctg2 φ0 = 0. (6)

This equation describes a cone with the axis along
the y direction (parallel to the grooves of the grating)
and with a circular section with radius: R = ym ctgφ0.
Furthermore, the cross-section of the di�raction cone (6)
will be described by a second-order curve [9] on the plane
of the screen placed perpendicular to the Z axis at a di-
stance of l:

x2m cos4 φ+ z2m cos 2φ+ 2zml sin
3 φ− l2 sin2 φ = 0, (7)

were φ = π/2− φ0.
As can be seen from equation (7), there is an ellipse

curve with the di�raction maxima for angles φ < π/4. In
contrast, there are a hyperbola and a parabola observed
for φ > π/4 and φ = π/4, respectively. It is necessary
to note, that there is a possibility to transform the di-
screte coordinates of maxima {xm, zm} into continuous
{x, z} ones in equation (7) taking into account the di-
�raction phenomena on individual �bers and unfocusing
e�ects (polymer �ber can be considered as a cylindri-
cal lens). In addition, there is a su�ciently large period
of our DG (the linear distance between the di�raction
maxima on the screen is inversely proportional to the
grating period [1]). Therefore, the di�ractograms have
the form of solid curves, and there are no separeted di-
�raction maxima on the screen in our experiment. It is
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necessary to note that the position of the main di�racti-
on maximum for di�erent orientations of the grating is

clearly seen on Fig. 2 and 3 (the brightest point), and
there are regions of the geometric shadow from the di-
�raction element (Fig. 2).

y
, 
a
.u

.
~

j0 = 65°

x, a.u.
~

x, a.u.
~

x, a.u.
~

x, a.u.
~

y
, 
a
.u

.
~

j0 = 75°

j0 = 70°

j0 = 80°

l = 0.48

g = 1.50

l = 0.51

g = 1.65

l = 0.53

g = 1.25

l = 0.47

g = 1.38

y
, 
a
.u

.
~

y
, 
a
.u

.
~

Fig. 4. Di�ractograms for φ0 = 80◦, 75◦, 70◦, 65◦ angles of orientation of the DG. • � digitized values; the curves built using
the coe�cients expressed in the table (1) are marked in blue color; the curves built using the equation (8) with the coe�cients

γ and l are marked in green color

φ0 a b c d e f φ01 φ02

50 0.7874 0.1012 0.6081 −0.9235 −1.9503 1.1397 57.9 50.0

55 0.9015 −0.0973 0.4216 −1.0627 −1.4849 1.0207 52.7 53.3

60 0.6675 0.0277 0.7441 −0.7142 −1.4457 0.7485 63.2 53.2

65 0.4836 0.0892 0.8707 −0.5238 −1.3331 0.5819 70.2 65.2

70 −0.4237 0.0230 −0.9055 0.4763 1.2853 −0.5850 72.9 68.1

75 0.3872 −0.0127 0.9219 −0.4314 −1.2522 0.5432 74.4 75.7

80 −0.3317 0.0082 −0.9434 0.3960 1.1169 −0.4490 76.6 78.5

Table 1. The calculated a, b, c, d, e, f parameters of elliptic curves. φ0 is the rotation angle of the DG (in degrees), φ01 , φ02

are the calculated values of the rotation angle (in degrees)

The �nal equation (in the screen (x̃, ỹ) coordinate
system, see Fig. 1) that can be used for the analysis
of the experimental results is expressed as follows (the
transformation xm → x̃, zm → ỹ/ cosφ of the coordi-
nate system was applied):

x̃2 cos4 φ+ ỹ2
cos 2φ

cos2 φ
+ 2ỹl

sin3 φ

cosφ
− l2 sin2 φ = 0. (8)

The results of the approximation of the digitized data
for the whole range of the change of the φ0 grating rotati-

on angle are presented in Fig. 4 and 5, and the calculated
values of a, b, c, d, e, f parameters of the second-order
curves (1) are presented in Table 1. As can be seen from
the obtained results, the absolute value of the coe�ci-
ent c (|c| < 1) increases with respect to the rotation
angle of φ0 (except for the value obtained for φ0 = 55◦).
Therefore, the value of the angle φ0 could be estimated
using the equation: c = cos 2φ/ cos2 φ. By solving this
equation with respect to cosφ = 1/

√
2− c, it is possible

to calculate φ0 (see φ01 in the Table 1).
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Fig. 5. The di�raction patterns for φ0 = 60◦, 55◦, 50◦ ori-
entation angles of the di�raction grating. • � digitized values;
the curves built using the coe�cients of the table (1) are
colored in blue, the curves built using the equation (8) with

the coe�cients γ and l are colored in green

A good agreement between experimental and
calculated data was obtained, although for some values
of φ0 quite a signi�cant deviation is observed.

As a matter of fact, the coe�cients of equation (1)
could be multiplied by an arbitrary parameter (as a
result, the same curve is observed) and, consequently,
there is some imperfection in the respective method of
calculation. Therefore, the normalized coe�cients (e.g.,
c/a, etc) were used for further data analysis. In this case,
an additional coe�cient γ in equation (8) was entered
(by replacing the ỹ → γỹ) to match the geometric
parameters of projected images on the screen and di-
gitized curves. Thus, there are two parameters l and γ,
value of whose can be chosen to best agree the curves
constructed by equation (8) with the experimental data.
Finally, to determine the unknown angle φ, one can use
the equation: c/a = γ2 cos 2φ/ cos6 φ.

The obtained curves and the values of both l and γ
parameters are presented in Figs. 4, 5. The obtained
mean values of the parameters are γ̄ = 1.20 ± 0.35 and
l̄ = 0.59± 0.16 and they may be considered as constants
of the measuring system (sensor). The values of the angle
φ0 calculated using to this method are presented as φ02

in Table 1. As can be seen from the data expressed in
Table 1, the values of the coe�cients l and γ signi�cantly
depend on the angle of rotation of the DG (there is a
considerable variation in the l and γ magnitude). These
particular results may be attributed to the e�ect of a
small change in the distance between the digital camera
and the screen, as well as focusing (to obtain an optimal
image of the di�raction pattern).

CONCLUSIONS

The phenomenon of conical di�raction was studied usi-
ng a di�raction grating based on polyaniline �bers. The
main equations which describe the second order ellipti-
cal shape curves with the given orientation angles of the
di�raction element have been tested.

Based on the obtained experimental di�raction
patterns, the values of the coe�cients a, b, c, d, e, f
of the corresponding curves were calculated. As a result,
the values of the grating rotation angles in the range from
50◦ to 80◦ were determined, which allows identifying the
spatial position of the laser radiation source.
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ÂÈÇÍÀ×ÅÍÍß ÏÎËÎÆÅÍÍß ÄÆÅÐÅËÀ ÂÈÏÐÎÌIÍÞÂÀÍÍß ÌÅÒÎÄÎÌ ÊÎÍI×ÍÎ�
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Çàñòîñóâàííÿ åôåêòó êîíi÷íî¨ äèôðàêöi¨ � âàæëèâå òà ïåðñïåêòèâíå çàâäàííÿ äëÿ âèçíà÷åííÿ
ïðîñòîðîâîãî ïîëîæåííÿ äæåðåë îïòè÷íîãî âèïðîìiíþâàííÿ. Öåé åôåêò ìîæíà ñïîñòåðiãàòè, âèêî-
ðèñòîâóþ÷è ñôîðìîâàíó ç âîëîêîí ïîëiàíiëiíó äèôðàêöiéíó  ðàòêó ÿê ñêëàäîâó ÷àñòèíó îïòè÷íèõ
ñåíñîðíèõ ñèñòåì. Ïiä ÷àñ ïîõèëîãî ïàäiííÿ ëàçåðíîãî ïðîìåíÿ íà òàêó ñèñòåìó ìîæíà âèçíà÷èòè
ãåîìåòðè÷íi ïàðàìåòðè äèôðàêöiéíèõ êðèâèõ, çàñòîñîâóþ÷è àíàëiç çîáðàæåíü òà ðå ðåñiéíi ìåòîäè
îáðîáêè äàíèõ.

Äëÿ äâîøàðîâî¨ ïîëiàíiëiíîâî¨  ðàòêè, îði¹íòîâàíî¨ ïiä êóòàìè âiä 50 äî 80 ãðàäóñiâ, åêñïåðè-
ìåíòàëüíî îäåðæàíî äèôðàêòîãðàìè êîíi÷íî¨ äèôðàêöi¨, à âiäïîâiäíó îïòè÷íó ñèñòåìó ïîáóäîâàíî
íà îñíîâi He�Ne-ëàçåðà. Îòðèìàíi êðèâi äðóãîãî ïîðÿäêó ìàþòü åëiïòè÷íó ôîðìó, ùî òèïîâî äëÿ
çàäàíèõ êóòiâ îði¹íòàöi¨ äèôðàêöiéíîãî åëåìåíòà.

Ó ðîáîòi âèêîðèñòàíî ìåòîä íàéìåíøèõ êâàäðàòiâ, çà äîïîìîãîþ ÿêîãî àïðîêñèìîâàíî íàáið åêñ-
ïåðèìåíòàëüíèõ äàíèõ, îäåðæàíèõ óíàñëiäîê îöèôðóâàííÿ çîáðàæåíü. Äëÿ ðîçâ'ÿçàííÿ öi¹¨ çàäà÷i
çàñòîñîâàíî âiëüíå ïðîãðàìíå çàáåçïå÷åííÿ. Ðîçðàõóíêîâó ïðîãðàìó ñòâîðåíî ìîâîþ ïðîãðàìóâàí-
íÿ Python ç âèêîðèñòàííÿì ôóíêöié òà ìåòîäiâ áiáëiîòåêè lsq-ellipse 2.2.1. Íàâåäåíî ðåçóëüòàòè
àïðîêñèìàöi¨ îöèôðîâàíèõ äàíèõ äëÿ âñüîãî äiàïàçîíó çìiíè êóòà φ0 ïîâîðîòó  ðàòêè òà ðîçðàõî-
âàíî çíà÷åííÿ a, b, c, d, e, f ïàðàìåòðiâ êðèâèõ äðóãîãî ïîðÿäêó. Íà îñíîâi ñïiââiäíîøåíü ìiæ
êîåôiöi¹íòàìè åëiïñà òà êóòîâèì ïîëîæåííÿì äèôðàêöiéíî¨  ðàòêè ðîçðàõîâàíî çíà÷åííÿ êóòà φ0.
Îòðèìàíî äîáðå óçãîäæåííÿ ìiæ åêñïåðèìåíòàëüíèì êóòàìè ïîâîðîòó  ðàòêè òà ðîçðàõîâàíèìè
çíà÷åííÿìè. Âèçíà÷åíî âåëè÷èíó äâîõ êîåôiöi¹íòiâ âèìiðþâàëüíî¨ ñèñòåìè (ñåíñîðà), ÿêi çàçíàþòü
âàðiàöié âiäíîñíî çíà÷åíü γ ≃ 1.20 òà l ≃ 0.6 óíàñëiäîê ìàëî¨ çìiíè âiäñòàíi âiä öèôðîâîãî ôîòî-
àïàðàòà äî åêðàíà.

Ó ðàçi ôiêñàöi¨ äèôðàêöiéíî¨  ðàòêè òàêó îïòè÷íó ñèñòåìó ìîæíà âèêîðèñòàòè, ùîá âèçíà÷èòè
êóòîâå ïîëîæåííÿ äæåðåëà ëàçåðíîãî âèïðîìiíþâàííÿ.

Êëþ÷îâi ñëîâà: êîíi÷íà äèôðàêöiÿ, äèôðàêòîãðàìà, îïòè÷íà ñèñòåìà.
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