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22�23 ãðóäíÿ 2022 ðîêó íà êàôåäði òåîðåòè÷íî¨ ôiçèêè Ëüâiâñüêîãî íàöiîíàëüíîãî óíiâåðñèòåòó
iìåíi Iâàíà Ôðàíêà âiäáóâàëèñÿ 26-i Ðiçäâÿíi íàóêîâi äèñêóñi¨, ïðèñâÿ÷åíi 150-ði÷÷þ êàôåäðè òåî-
ðåòè÷íî¨ ôiçèêè. Òðàäèöiéíî ïðåäìåòîì îáãîâîðåííÿ áóëè ïðîáëåìè êâàíòîâî¨ ìåõàíiêè, ôàçîâèõ
ïåðåõîäiâ, ñòàòèñòè÷íî¨ ôiçèêè, àñòðîôiçèêè, êîñìîëîãi¨, òåîði¨ ñêëàäíèõ ñèñòåì, ôiçèêè òâåðäîãî
òiëà, ìàòåìàòèêè òà iñòîði¨ íàóêè. Óñi äîïîâiäi âèêëèêàëè çàöiêàâëåííÿ àâäèòîði¨ òà ñïðè÷èíèëè
àêòèâíi äèñêóñi¨. Íèæ÷å ïîäà¹ìî àíîòàöi¨ âèãîëîøåíèõ äîïîâiäåé.

COFFEE-RING FORMATION THROUGH THE USE OF THE MULTI-RING MECHANISM
GUIDED BY THE SELF-ASSEMBLY OF MAGNETIC NANOPARTICLES

M. Mar�c, W. Wolak, A. Drzewi�nski, M. R. Dudek
Institute of Physics, University of Zielona G�ora, Poland

The control of the mechanism leading to the appearance of ring-shaped stains from the dried liquid
colloidal droplets has been the subject of intense studies over the last 25 years. This stems from the
immense signi�cance of this e�ect for technological applications. One of the key open topics in this �eld
is the emergence of a regular multi-ring deposit from the dried droplet. Here, we show that magnetic
nanoparticles in a drying magnetic liquid droplet can self-assemble into a multi-ring deposit structure,
and even more importantly, a magnetic �eld can be turned on to control the underlying processes. The
magnetic liquid is prepared as an aqueous suspension of Fe3O4 magnetic nanoparticles stabilized with (3-
Aminopropyl)triethoxysilane (APTES) and its droplets are placed on a low-density polyethylene (LDPE)
�lm. The results of this work are expected to be very promising in the case of multiple applications
including ink-jet printing methods and 2D printed electronics.

[1] M. Mar�c, W. Wolak, A. Drzewi�nski, M. Dudek, Sci. Rep. 12 20131 (2022).

CONCEPT OF THE CONTROLLABLE DUAL AUXETICITY OF THE HIERARCHICAL
MECHANICAL METAMATERIAL CONSISTING OF RE-ENTRANT STRUCTURAL MOTIFS

K. K. Dudek1,2, J. A. Iglesias Mart��nez1, M. Kadic1
1 Institut FEMTO-ST, CNRS, Universit�e Bourgogne Franche-Comt�e, Besan�con 25030, France

2 Institute of Physics, University of Zielona G�ora, Poland

In work [1], a novel hierarchical mechanical metamaterial is proposed that consists of re-entrant truss-
lattice elements. It is demonstrated that this system can deform very di�erently and can exhibit a versatile
extent of the auxetic behavior depending on a small change in the thickness of its hinges. In addition,
depending on which hierarchical level is deforming, the whole structure can exhibit a di�erent type of
auxetic behavior that corresponds to a unique deformation mechanism. This results in a dual auxetic
structure where the interplay between the two auxetic mechanisms determines the evolution of the system.
It is also shown that depending on the speci�c deformation pattern, it is possible to observe a very di�erent
behavior of the structure in terms of the frequencies of the waves that can be transmitted through the
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system. In fact, it is shown that even a very small change in the parametric design of the system may
result in a signi�cantly di�erent bandgap formation, which can be useful in the design of tunable vibration
dampers or sensors. The possibility of controlling the extent of the auxeticity also makes the proposed
metamaterial very appealing from the point of view of protective and biomedical devices.

[1] K. K. Dudek, J. A. Iglesias Mart��nez, M. Kadic, Phys. Status Solidi B 259, 2200404 (2022).

COMPLEXITY AND CRITICALITY OF STRUCTURALLY DISORDERED MAGNETS
M. Dudka1,2, M. Krasnytska1,2,3, J. J. Ruiz-Lorenzo4,5, Yu. Holovatch1,2,6

1Institute for Condensed Matter Physics NASU, Lviv,
2L4 Collaboration & Doctoral College for the Statistical Physics of Complex Systems,

Leipzig�Lorraine�Lviv�Coventry
3Laboratoire de Physique et Chimie Th�eoriques, Universit�e de Lorraine � CNRS,

Vandoeuvre-les-Nancy, France
4Departamento de F��sica and Instituto de Computaci�on Cient���ca Avanzada,

Universidad de Extremadura, Badajoz, Spain
5Instituto de Biocomputaci�on y F��sica de Sistemas Complejos, Zaragoza, Spain
6Centre for Fluid and Complex Systems, Coventry University, United Kingdom

hol@icmp.lviv.ua

We discuss the problem of the in�uence of structural disorder on criticality. As a case study, we consider
the impact of a weak quenched disorder on a magnetic phase transition. Given that this problem itself has
a long history [1], we summarize it in a brief introduction and then we concentrate on our main question
of interest.
Usually, the impact of structural disorder on a magnetic phase transition is analyzed for a solid solution

of a magnet with its non-magnetic isomorph. Classical examples are given by solid solutions FexZn1−xF2,
MnxZn1−xF2. A distinct feature of our analysis is consideration of changes in the magnetic phase transition
when both components are magnets. To this end, we make use of a generalized Ising model suggested
recently [2] in a context of complex systems. We use the �eld theoretical renormalization group approach
to analyze its e�ective and asymptotic critical behavior.
We show that it is the structural disorder itself that causes changes in the universal critical behavior,

regardless of whether it has the form of a random mixture of magnetic and non-magnetic constituents or
of two di�erent magnetic compounds [3].

[1] See e.g. Order, Disorder and Criticality. Advanced Problems of Phase Transition Theory, Vol. 7, edited by
Yu. Holovatch (World Scienti�c, Singapore, 2023), and other volumes of this series: https://doi.org/10.114
2/12968.

[2] M. Krasnytska, B. Berche, Yu. Holovatch, R. Kenna J. Phys.: Complexity 1, 035008 (2020); https://iopsci
ence.iop.org/article/10.1088/2632-072X/abb654/meta; Entropy 23(9), 1175 (2021); https://www.mdpi.c
om/1099-4300/23/9/1175.

[3] M. Dudka, M. Krasnytska, J. Ruiz-Lorenzo, Yu. Holovatch, preprint arXiv:2207.13655; https://arxiv.org/
abs/2207.13655.

PRECISION OF DETECTION OF THE ENERGY LEVELS OF SPIN SYSTEMS ON A QUANTUM
COMPUTER BY PROBE SPIN EVOLUTION

Kh. P. Gnatenko, V. M. Tkachuk
Professor Ivan Vakarchuk Department for Theoretical Physics,

Ivan Franko Lviv National University of Lviv
khrystyna.gnatenko@gmail.com, voltkachuk@gmail.com

A method for detecting the energy levels of a spin system based on studies of the evolution of a probe
spin is considered [1]. The mean value of a probe spin can be detected on a quantum device at �xed
moments of time. We show that the errors of calculating the energy levels related to the �nite step and
the duration of time are very small. In addition, the method gives correct results even in the case of great

1998-2

https://doi.org/10.1142/12968
https://doi.org/10.1142/12968
https://iopscience.iop.org/article/10.1088/2632-072X/abb654/meta
https://iopscience.iop.org/article/10.1088/2632-072X/abb654/meta
https://www.mdpi.com/1099-4300/23/9/1175
https://www.mdpi.com/1099-4300/23/9/1175
https://arxiv.org/abs/2207.13655
https://arxiv.org/abs/2207.13655


quantum errors. Therefore, the detection of energy levels of a spin system based on studies of the evolution
of a probe spin is e�ective even in the case of noisy quantum computers.

[1] Kh. P. Gnatenko, H. P. Laba, V. M. Tkachuk, Eur. Phys. J. Plus. 137, 522 (2022).

FINITE-SIZE SCALING FOR THE ISING MODEL ABOVE THE UPPER CRITICAL DIMENSION

Yu. Honchar1,2,4, B. Berche3,4, Yu. Holovatch1,2,4, R. Kenna2,4
1Institute for Condensed Matter Physics NASU, Lviv,

2Centre for Fluid and Complex Systems, Coventry University, United Kingdom
3Laboratoire de Physique et Chimie Th�eoriques, Universit�e de Lorraine � CNRS,

Vandoeuvre-les-Nancy, France
4L4 Collaboration & Doctoral College for the Statistical Physics of Complex Systems,

Leipzig�Lorraine�Lviv�Coventry

Above the upper critical space dimension, it is widely accepted that the critical scaling exponents assume
their mean �eld values. However, in this case the hyperscaling relation which contains the dimensionality of
space is broken. In addition, the mean �eld exponents do not correspond to the �nite-size scaling (FSS).
One of the theories that aimed to explain the FSS is a Gaussian �xed point (the so-called G-scaling),
in which the interaction in the Landau�Ginzburg�Wilson action is set to zero. Multiple Monte Carlo
simulations of the Ising model on hypercubic lattices (where the upper critical dimension duc = 4) show
that under the periodic boundary conditions, Gaussian �xed point exponents do not correspond to FSS
[1]. Another theoretical approach proposed by Berche and Kenna introduces into the hyperscaling a new
exponent ϙ (�koppa�), which is equal to 1 at dimensions d ≤ duc, and ϙ = d/duc for higher dimensions. Q-
scaling, named after the letter ϙ, is con�rmed for lattices with periodic boundary conditions. We carry out
extensive numerical simulations using the Wol� algorithm to investigate the FSS on the �ve-dimensional
hypercubic lattices with free boundary conditions and show that, unlike systems with PBCs, it is closer
to G-scaling.

[1] B. Berche, T. Ellis, Yu. Holovatch, R. Kenna, SciPost Phys. Lect. Notes, 60 (2022); https://scipost.org/Sc
iPostPhysLectNotes.60

MODELING THE BEHAVIOR OF ANTIBODY FLUID IN A CROWDED ENVIRONMENT:
EFFECTS OF THE OBSTACLE�ANTIBODY ATTRACTION

T. V. Hvozd1, Yu. V. Kalyuzhnyi1, V. Vlachy2
1Institute for Condensed Matter Physics NASU, Lviv,

2Faculty of Chemistry and Chemical Technology, University of Ljubljana, Slovenia

A model antibody �uid in a random hard sphere porous media mimicking the system of antibodies in a
crowded cellular environment is proposed [1]. One of the processes that may take place in such a system,
in particular the attractive interaction between antibody molecules and the porous medium obstacles,
has been studied [2]. The in�uence of such an attractive interaction on the phase behavior of the model,
percolation, cluster size distributions of proteins, and the second virial coe�cient of the model was studied.
An important achievement of this research is that a new mechanism of the re-entrant phase behavior of
such an associating system has been obtained [3]. The reason for such re-entrant phase coexistence, when
the same �uid density occurs at two di�erent temperatures, is the attractive interaction between the �uid
and the porous medium obstacles. Due to the protein�obstacle interaction, a layer of mutually bonded
antibodies around the obstacles is formed and the corresponding network becomes strongly nonuniform,
with the local distribution of antibodies centered on the obstacles. In other words, the distribution of
the antibodies in the network is governed by the distribution of the obstacles. Features described in this
study may open up possibilities of producing equilibrium gels with prede�ned nonuniform distribution
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of particles and indicate how complicated the phase behavior of biological macromolecules in a crowded
cellular environment may be.

[1] T. Hvozd, Yu. V. Kalyuzhnyi, V. Vlachy, Soft Matter 16, 8432 (2020).
[2] T. Hvozd, Yu. V. Kalyuzhnyi, V. Vlachy, Soft Matter 18, 9108 (2022).
[3] T. V. Hvozd, Yu. V. Kalyuzhnyi, V. Vlachy, P. T. Cummings, J. Chem. Phys. 156, 161102 (2022).

APPLICATION OF QUANTUM WAVE IMPEDANCE METHOD TO SYSTEMS WITH
ZERO-RANGE POTENTIALS

Orest Hryhorchak
Professor Ivan Vakarchuk Department for Theoretical Physics,

Ivan Franko Lviv National University of Lviv
Orest.Hryhorchak@lnu.edu.ua

Zero-range potentials, in particular δ-potential, are widely used for modeling real quantum mechani-
cal systems, namely quantum waveguides spectral �lters, in�nitesimally thin sheets, an entanglement of
polymers, Bose�Einstein condensation in a harmonic trap etc. The idea to enrich a δ-potential with its
�rst derivative extended the scope of physical systems which can be modeled using this type of potentials.
One example is multilayer structures, in particular a typical transistor in a zero-thickness limit, in this
case called a �point� transistor.
Our aim is to reformulate the problem of an the investigation of quantum mechanical systems with

zero-range potentials using a quantum wave impedance method. As a result, both the scattering and
bound states problems are solved for systems of δ and δ − δ′ potentials using the quantum mechanical
wave impedance approach. We also demonstrated the advantages of the proposed method, especially in
the area of numerical calculations of quantum-mechanical systems modeled with zero-range potentials.

OPTICAL SPECTROSCOPY OF THE PbI2:Fe, PbI2:Ni, AND PbI2:Mn CRYSTALS
I. I. Kindrat1, A. Drzewiecki1, O. V. Rybak2, B. V. Padlyak1,3

1University of Zielona G�ora, Institute of Physics, Division of Spectroscopy of Functional Materials,
Poland

2Lviv Polytechnic National University, Institute of Applied Mathematics and Fundamental Sciences,
Department of General Physics, Ukraine

3Vlokh Institute of Physical Optics, Department of Optical Materials, Lviv, Ukraine

This work is focused on the studies of optical absorption and photoluminescence spectra of the PbI2:Fe,
PbI2:Ni and PbI2:Mn crystals. Direct-bandgap layered PbI2 semiconductor crystals doped with Fe, Ni, and
Mn were grown from the vapour phase in a closed system under the vapour pressure of over-stoichiometric
iodine under the technological conditions described in [1]. Optical absorption and photoluminescence
spectra were recorded at room temperature (T = 295 K).
The optical absorption spectra of all investigated crystals reveal fundamental absorption edge about

510�530 nm. The PbI2:Fe and PbI2:Mn crystals in the UV-violet spectral range additionally show ligand-
to-metal charge transfer bands related to the FeI4− and MnI42− tetrahedral complexes. Charge transfer
transitions of the FeI4− complex were also observed in the luminescence emission and excitation spectra
of the PbI2:Fe crystal.
The luminescence emission spectra of the PbI2:Ni crystal show a broad emission band with a maximum

about 540 nm ascribed to a fast band-to-band recombination mechanism. The luminescence intensity of
the PbI2:Ni crystal weakly depends on the excitation wavelength.
The luminescence emission spectra of the PbI2:Mn crystal, besides intrinsic luminescence peaked at

530�540 nm, also show a weakly-resolved emission band about 600 nm assigned to the Mn2+ (3d5, 6S5/2)
ions. The excitation spectrum of PbI2:Mn crystal shows several bands ascribed to the 3d - 3d transitions
of Mn2+ ions. Analysis of the crystal �eld splitting for Mn2+ ions in the PbI2:Mn crystal was carried out
as well as the Racah parameters (B, C ) and the crystal �eld strength (Dq) for them were calculated. The
Tanabe�Sugano diagram for Mn2+ ions in the PbI2:Mn crystal was built.

[1] O. V. Rybak, Yu. O. Lun', I. M. Bordun, M. F. Omelyan, Inorgan. Mater. 41, 1124 (2005).
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PHASE TRANSITIONS ON COMPLEX NETWORKS: MODELS, METHODS, FEATURES

Mariana Krasnytska1,2,3
1Institute for Condensed Matter Physics NASU, Lviv,

2L4 Collaboration & Doctoral College for the Statistical Physics of Complex Systems,
Leipzig�Lorraine�Lviv�Coventry

3Laboratoire de Physique et Chimie Th�eoriques, Universit�e de Lorraine � CNRS,
Vandoeuvre-les-Nancy, France

Studies of critical behavior of spin models have already a long history. However, they became even more
relevant with the development of network science and interdisciplinarity. Many natural or man-made
systems are better described by the topology of a network than a regular lattice. To give an example, spin
models may describe processes in social communities if considering spins located on the nodes of a complex
network. In this talk, I will present a brief review of our recent results obtained for classical spin models
(the Potts model [1]) and some of their generalizations (the Ising model with variable spin/agent strengths
[2], the Potts model with invisible states [3]) on graphs of di�erent topology. We quantify our analysis by
calculating di�erent characteristics of critical behavior. Besides critical exponents, scaling functions and
critical amplitude ratios are used to analyze the universality class of a given model [4]. Other features
of critical behavior may be obtained when analyzing the partition function zeros location in a complex
temperature or �eld plane. We have suggested to apply this method to analyze spin models on scale-free
networks [5].

[1] M. Krasnytska, B. Berche, Yu. Holovatch, Condens. Matter Phys. 16, 23602 (2013); http://www.icmp.lviv.
ua/journal/zbirnyk.74/23602/abstract.html.

[2] M. Krasnytska, B. Berche, Yu. Holovatch, R. Kenna, J. Phys.: Complexity 1, 035008 (2020); https://iopsci
ence.iop.org/article/10.1088/2632-072X/abb654/meta; Entropy 23, 1175 (2021); https://www.mdpi.com
/1099-4300/23/9/1175.

[3] M. Krasnytska, P. Sarkanych, B. Berche, Yu. Holovatch, R. Kenna, J. Phys. A: Math. Theor. 49, 255001 (2016);
https://iopscience.iop.org/article/10.1088/1751-8113/49/25/255001; P. Sarkanych, M. Krasnytska,
Phys. Lett. A 383, 125844 (2019); https://www.sciencedirect.com/science/article/abs/pii/S037596011
9306322; Condens. Matter Phys. 1 (2023); https://arxiv.org/abs/2211.14048.

[4] M. Krasnytska, Condens. Matt. Phys. 17, 23602 (2014); http://www.icmp.lviv.ua/journal/zbirnyk.78/23
602/abstract.html.

[5] M. Krasnytska, B. Berche, Yu. Holovatch, R. Kenna, J. Phys. A 39,135001 (2016); https://iopscience.iop
.org/article/10.1088/1751-8113/49/13/135001.

ENTANGLEMENT AND ENTANGLED STATES IN THE DIAMOND SPIN CLUSTER

A. R. Kuzmak
Professor Ivan Vakarchuk Department for Theoretical Physics,

Ivan Franko Lviv National University of Lviv
andrijkuzmak@gmail.com

The entanglement of the diamond spin systems in thermodynamic equilibrium has been studied in
di�erent papers (for, example, [1�4]). However, there are no studies of the entanglement behavior during
the quantum evolution of such systems. We explore the evolution of a diamond spin-1/2 cluster in the
external magnetic �eld, where two central spins are described by the anisotropic Heisenberg model and
interact with two side spins via the Ising interaction. We separately investigate the entanglement of two
central and two side spins. The entanglement between these pairs of spins is also studied. We obtain the
conditions achieving maximally entangled states.

[1] I. Bose, A. Tribedi, Phys. Rev. A 72, 022314 (2005).
[2] A. Tribedi, S. Bose, Phys. Rev. A 74, 012314 (2006).
[3] O. Rojas, M. Rojas, S. M. de Souza, J. Torrico, J. Stre�cka, M. L. Lyra, Physica A 486, 367 (2017).
[4] A. Ghannadan, K. Karl'ova, J. Strecka, Magnetochemistry 8, 11 (2022).
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FORMATION OF THE HYDROGEN ABSORPTION LINE 21-cm IN DARK AGES AND COSMIC
DAWN: SENSITIVITY TO COSMOLOGICAL AND FIRST LIGHT PARAMETERS

B. Novosyadlyj1,2, Yu. Kulinich1, V. Shulga2,3
1Astronomical Observatory of Ivan Franko National University of Lviv,

2International Center of Future Science of Jilin University, China,
3Institute of Radio Astronomy of NAS of Ukraine

We analyze the formation of the redshifted hyper�ne structure 21 cm line of the hydrogen atom in the
cosmological epochs such as Dark Ages (20 < z < 200), Cosmic Dawn (10 < z < 20), and Reionization
(6 < z < 10). In order to study its sensitivity to the values of cosmological parameters, physical conditions
and the composition of the intergalactic medium, the evolution of the sky-averaged di�erential brightness
temperature in the line was calculated in various cosmological models. Variations in the depth of the Dark
Ages absorption line at zmax ∼ 80 (ν ∼ 18 MHz) with variations in the cosmological parameters Ωb, Ωcdm,
ΩΛ, ΩK and H0 in the ΛCDM model are shown. The model with post-Planck parameters predicts a value
of the di�erential brightness temperature in the center of the absorption line ∼ 30−40 mK. It is also shown
that the position and depth of the Cosmic Dawn absorption line at 10 < z < 20 (70 < ν < 130 MHz),
due to the Wouthuysen�Field e�ect, is mainly determined by the spectral energy distribution of the �rst
sources of light (or the model of the �rst light). If reionization occurs at zri = 7 ± 1, then the di�erential
brightness temperature at the center of this absorption line is ∼10�50 mK. During the reionization at
6 < z < 10 (130 < ν < 200 MHz), emission with an amplitude of ∼5 mK is possible. It is also shown that
the temperature, density, and degree of ionization of the baryonic component are decisive in calculating
the intensity of the 21 cm absorption/emission line from these epochs.

NEW EFFECTIVE LUMINESCENT MATERIALS BASED ON THE BORATE GLASSES
CO-DOPED WITH RARE-EARTH IONS AND SILVER (A REVIEW)

B. V. Padlyak1,2, I. I. Kindrat1, V. T. Adamiv2
1University of Zielona G�ora, Institute of Physics,

Division of Spectroscopy of Functional Materials, Poland
2Vlokh Institute of Physical Optics, Department of Optical Materials, Lviv, Ukraine

In this lecture, we present the review of our recent articles devoted to the producing technology,
spectroscopic studies, and potential applications of the borate glasses co-doped with rare-earth (RE) =
Eu, Sm) and silver (Ag) [1�3]. Borate glasses with basic chemical compositions similar to their well-
known crystalline analogies, co-doped with RE (RE = Eu, Sm) and Ag, were studied in detail using
the X-band electron paramagnetic resonance (EPR) and optical spectroscopy techniques (absorption,
photoluminescence, decay kinetics, quantum yield) as well as the Judd�Ofelt theoretical analysis. Ag
impurity was introduced into the glasses as AgNO3 salt and highly-dispersed metallic silver in the amount
2.0 mol.%. Eu and Sm impurities were added to raw materials as Eu2O3 and Sm2O3 oxides of chemical
purity (99.99%) in the amounts 0.5 and 1.0 mol.%.
The EPR spectra of paramagnetic centers (Ag0, Ag2+, and Sm3+) were identi�ed. Optical absorption,

photoluminescence, and decay kinetics of the Ag+, Eu3+, and Sm3+ centers were analysed. A signi-
�cant enhancement of RE3+ photoluminescence intensity in the RE�Ag co-doped borate glasses has
been observed. This enhancement is explained by the excitation energy transfer from the Ag+ ions and
molecular-like Ag nanoclusters to the RE3+ ions as well as local �eld e�ects, induced by the surface
plasmon resonance (SPR) of the Ag0 metallic nanoparticles. In particular, the external quantum yield
(QY) of the Eu3+ luminescence in the Li2B4O7:Eu,Ag glass (QY = 26.1%) is considerably greater (in
2.23 times) than that in Li2B4O7:Eu (QY = 11.7%) [2] and is close to the quantum yield of the Eu3+

luminescence in the well-known Y2O3:Eu3+ commercial phosphor (QY = 29.5%). The absolute quantum
yield of the Li2B4O7:Sm,Ag glass upon excitation at 402 nm signi�cantly grows up to 29.1% in comparison
with Li2B4O7:Sm glass (QY = 20.4%) [1,3]. These results show that Li2B4O7:Eu,Ag and Li2B4O7:Sm,Ag
glasses are promising orange-red luminescent materials for di�erent applications, including UV � visible
conversion layers for solar cells working in cosmic space and regions with intense UV sun radiation.

[1] B. V. Padlyak, I. I. Kindrat, R. Lisiecki, V. T. Adamiv, I. M. Teslyuk, Adv. Mater. Lett. 7, 723 (2017).
[2] I. I. Kindrat, B. V. Padlyak, B. Kukli�nski, A. Drzewiecki, V. T. Adamiv, J. Lumin. 204, 122 (2018).
[3] I. I. Kindrat, B. V. Padlyak, B. Kukli�nski, A. Drzewiecki, V. T. Adamiv, J. Lumin. 213, 290 (2019).
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ÂÎËÎÄÈÌÈÐ ËÅÂÈÖÜÊÈÉ ÒÀ ÌÀÒÅÌÀÒÈ×ÍÎ-ÏÐÈÐÎÄÎÏÈÑÍÎ-ËIÊÀÐÑÜÊÀ ÑÅÊÖIß
ÍÀÓÊÎÂÎÃÎ ÒÎÂÀÐÈÑÒÂÀ IÌÅÍI ØÅÂ×ÅÍÊÀ

Î. Ïåòðóê
Iíñòèòóò ïðèêëàäíèõ ïðîáëåì ìåõàíiêè i ìàòåìàòèêè iì. ß. Ñ. Ïiäñòðèãà÷à

ÍÀÍ Óêðà¨íè, Ëüâiâ

31 ãðóäíÿ 2022 ðîêó ìèíà¹ 150 ðîêiâ âiä óðîäèí Âîëîäèìèðà Ëåâèöüêîãî, ÿêèé êåðóâàâ
Ìàòåìàòè÷íî-ïðèðîäîïèñíî-ëiêàðñüêîþ ñåêöi¹þ Íàóêîâîãî òîâàðèñòâà iìåíi Øåâ÷åíêà. Äî 1939 ðî-
êó öÿ ñòðóêòóðíà îäèíèöÿ ÍÒØ êîîðäèíóâàëà íàóêîâi ñòóäi¨ óêðà¨íöiâ ó ãàëóçi òî÷íèõ òà ïðèðî-
äíè÷èõ íàóê. Ñåêöiÿ áóëà ñòâîðåíà 11 òðàâíÿ 1893 ðîêó, òîæ íàâåñíi 2023 ìèíå 130 ðîêiâ âiä öi¹¨
ïîäi¨. Ó ñâî¨é äîïîâiäi ç íàãîäè öèõ äâîõ þâiëå¨â õîòiâ áè âèñâiòëèòè îêðåìi àñïåêòè äiÿëüíîñòi ñåêöi¨
òà ¨¨ î÷iëüíèêà Âîëîäèìèðà Ëåâèöüêîãî.

ÏÐÎ ÍÎÂÈÉ ÊËÀÑ ÓÍIÂÅÐÑÀËÜÍÎÑÒI Â ÑÒÐÓÊÒÓÐÍÎ ÍÅÂÏÎÐßÄÊÎÂÀÍIÉ
n-ÂÅÊÒÎÐÍIÉ ÌÎÄÅËI Ç ÄÀËÅÊÎÑßÆÍÎÞ ÂÇÀ�ÌÎÄI�Þ

Ä. Øàïîâàë1,2, Ì. Äóäêà1,2, Þ. Ãîëîâà÷1,2,3
1 Iíñòèòóò ôiçèêè êîíäåíñîâàíèõ ñèñòåì ÍÀÍ Óêðà¨íè, Ëüâiâ, Óêðà¨íà

2 Ñïiâïðàöÿ L4, Äîêòîðñüêèé êîëåäæ iç ñòàòèñòè÷íî¨ ôiçèêè ñêëàäíèõ ñèñòåì,
Ëÿéïöi �Ëîòàðèí iÿ�Ëüâiâ�Êîâåíòði, �âðîïà

3 Öåíòð äîñëiäæåííÿ ïëèííèõ i ñêëàäíèõ ñèñòåì, Óíiâåðñèòåò Êîâåíòði,
Êîâåíòði, CV1 5FB, Âåëèêà Áðèòàíiÿ

Ïðîàíàëiçîâàíî ìîæëèâi çìiíè êðèòè÷íî¨ ïîâåäiíêè áàãàòî÷àñòèíêîâî¨ ìàãíiòíî¨ ñèñòåìè, âèêëè-
êàíi âçà¹ìíèìè åôåêòàìè äàëåêîñÿæíî¨ âçà¹ìîäi¨ òà ñòðóêòóðíîãî áåçëàäó. Çîêðåìà, äîñëiäæåíî
ìåæó ñòiéêîñòi äiëÿíêè, äå íåòðèâiàëüíà êðèòè÷íà ïîâåäiíêà n-âåêòîðíî¨ ìîäåëi ç äàëåêîñÿæíîþ
ñòåïåíåâî çàãàñàþ÷îþ âçà¹ìîäi¹þ J(x) ∼ x−d−σ (äå d � âèìiðíiñòü ïðîñòîðó, σ > 0 � êîíòðî-
ëþâàëüíèé ïàðàìåòð çàãàñàííÿ âçà¹ìîäi¨) çóìîâëåíà íàÿâíiñòþ ñëàáêîãî çàìîðîæåíîãî ðîçâåäåííÿ
(ôiêñîâàíà ÷àñòèíà âèïàäêîâî âèáðàíèõ âóçëiâ  ðàòêè íå çàéíÿòà ìàãíiòíèìè ìîìåíòàìè). Öÿ ìåæà
âèçíà÷à¹òüñÿ ãðàíè÷íîþ âèìiðíiñòþ nc = nc(d, σ), ÿêà äëÿ çàäàíî¨ âèìiðíîñòi ïðîñòîðó d ðîçäiëÿ¹
ðiçíi êëàñè óíiâåðñàëüíîñòi: âèùå âiä öi¹¨ ìåæi óíiâåðñàëüíi êðèòè÷íi ïîêàçíèêè ðîçâåäåíî¨ ìîäåëi
çáiãàþòüñÿ ç ÷èñòîþ ìîäåëëþ, à íèæ÷å � ìîäåëü íàëåæèòü äî íîâîãî êëàñó óíiâåðñàëüíîñòi, ÿêèé
çóìîâëåíèé íàÿâíiñòþ ñëàáêîãî çàìîðîæåíîãî ðîçâåäåííÿ. Âèêîðèñòîâóþ÷è êðèòåðié Ãàððiñà, ÿêèé
âèçíà÷à¹ ìåæó êëàñó óíiâåðñàëüíîñòi, êîíòðîëüîâàíîãî áåçëàäîì iç êðèòè÷íèõ ïîêàçíèêiâ ÷èñòî¨
(íåðîçâåäåíî¨) ìîäåëi [1], òà íåùîäàâíi ðåçóëüòàòè òåîðåòèêî-ïîëüîâî¨ ðåíîðìàëiçàöiéíî¨ ãðóïè äëÿ
÷èñòî¨ ìîäåëi ç äàëåêîñÿæíîþ âçà¹ìîäi¹þ [2], ìè îòðèìàëè nc ó âèãëÿäi ðîçêëàäó çà ϵ = 2σ − d ç
òî÷íiñòþ äî O(ϵ3). Îñêiëüêè òàêi ϵ-ðîçêëàäè çàçâè÷àé ¹ ðîçáiæíèìè, ìè çàñòîñîâó¹ìî ìåòîäè ïåðå-
ñóìîâóâàííÿ [3]. Ðîçðàõîâàíî ÷èñëîâi çíà÷åííÿ äëÿ ãðàíè÷íî¨ âèìiðíîñòi nc òà çäiéñíåíî ïîðiâíÿííÿ
ç äàíèìè íà îñíîâi iíøèõ ïiäõîäiâ (íåïåðòóðáàòèâíà ðåíîðìàëiçàöiéíà ãðóïà, NPRG [4]). Äëÿ ðîç-
âåäåíî¨ n-âåêòîðíî¨ ìîäåëi ç äàëåêîñÿæíîþ âçà¹ìîäi¹þ ïîêàçàíî, ùî íå òiëüêè içèí iâñüêi ñèñòåìè
(n = 1) ìîæóòü íàëåæàòè äî íîâîãî êëàñó óíiâåðñàëüíîñòi, ÿêèé çóìîâëåíèé íàÿâíiñòþ ñëàáêîãî
çàìîðîæåíîãî ðîçâåäåííÿ çà çíà÷åíü âèìiðíîñòi ïðîñòîðó d = 2 òà d = 3, àëå é XY ìîäåëü (n = 2)
òà êëàñè÷íà ìîäåëü Ãàéçåíáåð à (n = 3) [5].

[1] A. B. Harris, J. Phys. C: Solid State Phys. 7, 1671 (1974).
[2] D. Benedetti, R. Gurau, S. Harribey, K. Suzuki, J. Phys. A: Math. Theor. 53, 445008 (2020).
[3] G. A. Baker, Jr., P. Graves-Morris, Pad�e Approximants (Addison-Wesley, Reading, Mass., 1981).
[4] N. Defenu, A. Trombettoni, A. Codello, Phys. Rev. E 92, 052113 (2015).
[5] D. Shapoval, M. Dudka, Yu. Holovatch, Low Temp. Phys. 48 1049 (2022).

�QUANTUM WEAK VALUES� OR �WEAK QUANTUM EVOLUTION�?
G. A. Skorobagatko

Institute for Condensed Matter Physics NASU, Lviv,
gleb.a.skor@gmail.com

This talk (as well as the correct answer to the question in its title) is dedicated to the author's recent
paper [1] where it was shown that the Aharonov�Albert�Vaidman concept of quantum weak values [2], in
fact, appears to be a consequence of a more general quantum phenomenon of weak quantum evolution (see
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[1]). The concept of weak quantum evolution has been introduced and discussed for the �rst time by the
author in his paper [1]. As a result, in [1] it has been shown on the level of quantum evolution that there
are certain restrictions on the applicability of weak quantum evolution- and, hence, on the applicability
of the entire weak values concept [2]. These restrictions are determined by the size N of a given quantum
ensemble and by the overlap ⟨f |i⟩ ≠ 0 between pre- and post-selected quantum states |i⟩ and |f⟩. Here the
most important restriction from [1] dictates that both the weak quantum evolution of a given quantum
system and the quantum weak value of a certain observable between �xed pre- and post-selected quantum
states (|i⟩ and |f⟩) of a given quantum system make sense only for �nite and not very large statistical
ensembles of such quantum systems, namely, if the following remarkable condition

N ≪
∣∣∣∣ ⟨i|f̄⟩⟨i|f⟩

∣∣∣∣ (0.1)

is ful�lled (see [1]). Here N is the �size� of the given statistical ensemble (i.e. the total number of identical
quantum systems being each pre- and then post-selected in the same manner during the process of a certain
continuous quantum measurement on the ensemble) and two orthogonal quantum states |f⟩ and |f̄⟩ form
the complete orthogonal basis of those quantum states which can be post-selected in the given continuous
quantum measurement (i.e. the state |f̄⟩ corresponds to all those outcomes of a certain weakly measured
observable which were not post-selected in the process of the given contiuous quantum measurement),
see[1] for details. The particular realization of the latter requirement is ful�lled for the model system, where
the concept of weak values was initially introduced by Aharonov, Albert and Vaidman (see [2] for details).
Moreover, a deep connection between weak quantum evolution concept and the conventional probability
of a quantum transition between two non-orthogonal quantum states has been also established in [1] for
the �rst time. In particular, in [1] it was found that weak quantum evolution of a quantum system between
its two non-orthogonal quantum states is inherently present in the measurement-determined de�nition of
the probability of a quantum transition between these two quantum states.

[1] G. Skorobagatko, Phys. Lett. A 421, 127770 (2022).
[2] Y. Aharonov, D. Z. Albert, L. Vaidman, Phys. Rev. Lett. 60, 1351 (1988).

150 (i òðîõè áiëüøå) ÐÎÊIÂ IÑÒÎÐI� ÒÅÎÐÅÒÈ×ÍÎ� ÔIÇÈÊÈ Ó ËÜÂIÂÑÜÊÎÌÓ
ÓÍIÂÅÐÑÈÒÅÒI
À. Ðîâåí÷àê

Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà,
êàôåäðà òåîðåòè÷íî¨ ôiçèêè iìåíi ïðîôåñîðà Iâàíà Âàêàð÷óêà

Êàôåäðó ôiçèêè ó Ëüâiâñüêîìó óíiâåðñèòåòi ñòâîðåíî 1784 ðîêó, ¨¨ î÷îëèâ ïðîô. I íàö Ìàðòèíî-
âè÷ (Ign�ac Martinovics) Ìàéæå ÷åðåç ñòîëiòòÿ, íà ïî÷àòêó 1870-õ ðîêiâ, âèðiøåíî âiäêðèòè îêðåìó
êàôåäðó ìàòåìàòè÷íî¨ (òåîðåòè÷íî¨) ôiçèêè: ó êâiòíi 1872 íà ïîñàäó ïðèâàò-äîöåíòà ìàòåìàòè÷íî¨
ôiçèêè ïðèéíÿòî Îñêàðà Ôàáiàíà (Oskar Fabian), ÿêèé íàñòóïíîãî ðîêó ñòàâ íàäçâè÷àéíèì ïðîôå-
ñîðîì. Çàçíà÷èìî, ùî äâîìà äåñÿòèëiòòÿìè ðàíiøå, 1850 ðîêó, ó Ëüâiâñüêîìó óíiâåðñèòåòi Âîéö¹õ
Óðáàíñüêèé (Wojciech Urba�nski) çàõèñòèâ ïåðøó â iìïåði¨ Ãàáñáóð iâ ãàáiëiòàöiéíó ïðàöþ ç ìàòåìà-
òè÷íî¨ ôiçèêè. Íàñòóïíèêîì ïðîô. Ôàáiàíà íà ïîñàäi ïðîôåñîðà ìàòåìàòè÷íî¨ ôiçèêè ñòàâ âèäàòíèé
ôiçèê Ìàðiÿí Ñìîëóõîâñüêèé (Marian Smoluchowski), ÿêèé ïðàöþâàâ ó Ëüâîâi äî 1913 ðîêó é ñàìå
òóò îòðèìàâ íèçêó âàæëèâèõ ðåçóëüòàòiâ iç òåîði¨ ôëóêòóàöié i áðàóíiâñüêîãî ðóõó, ùî ç'ÿâèëèñÿ
ïàðàëåëüíî ç ïðàöÿìè Àëüáåðòà Àéíøòàéíà. Çãîäîì êàôåäðó îáiéìàëè Êîíñòàíòè Çàêøåâñüêèé
(Konstanty Zakrzewski, 1913�18) i Ñòàíiñëàâ Ëîðiÿ (Stanis law Loria, 1919�27).
Ïðîòÿãîì 1931�36 êàôåäðó òåîðåòè÷íî¨ ôiçèêè î÷îëþâàâ Ùåïàí Ùåíüîâñüêèé (Szczepan Szczeni-

owski). Ó öåé ïåðiîä òóò òàêîæ ïðàöþâàâ Ëåîïîëüä Iíôåëüä (Leopold Infeld), i ñàìå ó Ëüâiâñüêîìó
óíiâåðñèòåòi âií çàõèñòèâ ãàáiëiòàöiéíó ïðàöþ. Ñïiâðîáiòíèêè êàôåäðè íà òó ïîðó ïðàöþþòü íàä
ðiçíîìàíiòíîþ òåìàòèêîþ â òàêèõ äiëÿíêàõ òåîðåòè÷íî¨ ôiçèêè, ÿê òåîðiÿ âiäíîñíîñòi, êâàíòîâà
ìåõàíiêà, òåîðiÿ ïîëÿ, íåëiíiéíà åëåêòðîäèíàìiêà òîùî.
Íàñòóïíèêîì ïðîô. Ùåíüîâñüêîãî ñòàâ Âîéö¹õ Ðóáiíîâè÷ (Wojciech Rubinowicz, çàâiäóâà÷ ó 1937�

41, 1944�45), ó÷åíü ÿêîãî Âàñèëü Ìiëiÿí÷óê î÷îëèâ êàôåäðó ïiñëÿ Äðóãî¨ ñâiòîâî¨ âiéíè (1945�1958).
Ó 1949�58 íà êàôåäði òåîðåòè÷íî¨ ôiçèêè ïðàöþâàâ Àááà Ãëàóáåðìàí, ïåðøèé äåêàí ôiçè÷íîãî
ôàêóëüòåòó Ëüâiâñüêîãî óíiâåðñèòåòó. Iç âèõîâàíöÿìè éîãî íàóêîâî¨ øêîëè � Iãîðåì Þõíîâñüêèì,
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Iãîðåì Ñòàñþêîì, ßðîñëàâîì Äóò÷àêîì òà ií. � ïîâ'ÿçàíèé ðîçâèòîê ñòàòèñòè÷íî¨ ôiçèêè òà ôiçèêè
òâåðäîãî òiëà ó Ëüâîâi â äðóãié ïîëîâèíi XX ñòîëiòòÿ. Ïiñëÿ ïðîô. Ìiëiÿí÷óêà êàôåäðó òåîðåòè÷íî¨
ôiçèêè î÷îëþâàëè Iãîð Þõíîâñüêèé (1958�1971), Ìèõàéëî Ñåíüêiâ (1971�1973), Ðîìàí �àéäà (1973�
1978), Ëàâðåíòié Áëàæè¹âñüêèé (1978�1984), Iâàí Âàêàð÷óê (1984�2015), Âîëîäèìèð Òêà÷óê (âiä
2015). Öi iìåíà òà ïîâ'ÿçàíi ç íèìè íàóêîâi íàïðÿìêè � öå âæå íîâiòíÿ iñòîðiÿ êàôåäðè.

ÎÁ×ÈÑËÅÍÍß ÃÅÎÌÅÒÐÈ×ÍÎ� ÌIÐÈ ÇÀÏËÓÒÀÍÎÑÒI ÁÀÃÀÒÎÊÓÁIÒÍÈÕ ÃÐÀÔÎÂÈÕ
ÑÒÀÍIÂ ÍÀ ÊÂÀÍÒÎÂÎÌÓ ÊÎÌÏ'ÞÒÅÐI

Í. À. Ñóñóëîâñüêà
Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà,

êàôåäðà òåîðåòè÷íî¨ ôiçèêè iìåíi ïðîôåñîðà Iâàíà Âàêàð÷óêà
n.a.susulovska@gmail.com

Êâàíòîâà çàïëóòàíiñòü âiäiãðà¹ ðîëü íåçàìiííîãî ðåñóðñó â ðiçíîìàíiòíèõ àë îðèòìàõ êâàíòîâèõ
îá÷èñëåíü òà êâàíòîâèõ êîìóíiêàöié, äàþ÷è çìîãó ðîçâ'ÿçàòè çàäà÷i, íåïîñèëüíi äëÿ êëàñè÷íîãî
êîìï'þòåðà. Íà ñüîãîäíi âñå ùå àêòóàëüíi ïðîáëåìè êiëüêiñíî¨ îöiíêè çàïëóòàíîñòi òà ïðèãîòóâàííÿ
áàãàòîêóáiòíèõ êâàíòîâèõ ñòàíiâ iç âåëèêîþ ìiðîþ çàïëóòàíîñòi. Áàãàòî óâàãè ïðèäiëÿþòü äîñëiäæå-
ííÿì ãðàôîâèõ ñòàíiâ, ÿêi ÷àñòî âèêîðèñòîâóþòü ó êâàíòîâié êðèïòîãðàôi¨, êâàíòîâîìó ìàøèííîìó
íàâ÷àííi, à òàêîæ êâàíòîâèõ àë îðèòìàõ êîðåêöi¨ ïîìèëîê.
Ìè âèâ÷à¹ìî øèðîêèé êëàñ áàãàòîêóáiòíèõ ãðàôîâèõ ñòàíiâ, óòâîðåíèõ äi¹þ îïåðàòîðiâ êîíòðî-

ëüîâàíîãî çñóâó ôàçè. Íà âiäìiíó âiä ïîïåðåäíiõ äîñëiäæåíü [1], ðîçãëÿäà¹ìî âèïàäîê, êîëè âñi
êóáiòè ñèñòåìè ïî÷àòêîâî ïåðåáóâàþòü ó äîâiëüíèõ ñòàíàõ, êîæåí ç ÿêèõ õàðàêòåðèçó¹òüñÿ íåçàëå-
æíèì íàáîðîì ïàðàìåòðiâ. Îêðiì öüîãî, îïåðàòîðè êîíòðîëüîâàíîãî çñóâó ôàçè, çà äîïîìîãîþ ÿêèõ
 åíåðó¹òüñÿ ãðàôîâèé ñòàí, òàêîæ õàðàêòåðèçóþòüñÿ ðiçíèìè ïàðàìåòðàìè. Äëÿ êiëüêiñíî¨ îöiíêè
çàïëóòàíîñòi òàêèõ ñòàíiâ ìè îïåðó¹ìî ãåîìåòðè÷íîþ ìiðîþ çàïëóòàíîñòi. Òàêèé âèáið îñîáëèâî
äîöiëüíèé ó êîíòåêñòi êâàíòîâèõ îá÷èñëåíü ç îãëÿäó íà ïðîñòå ñïiââiäíîøåííÿ ãåîìåòðè÷íî¨ ìiðè
çàïëóòàíîñòi ñïiíó ç éîãî ñåðåäíiì çíà÷åííÿì [2].
Ó ìåæàõ íàøî¨ ðîáîòè ãåîìåòðè÷íó ìiðó çàïëóòàíîñòi âèâ÷åíî ÿê íà òåîðåòè÷íîìó ðiâíi, òàê i íà

îñíîâi êâàíòîâèõ îá÷èñëåíü. Çîêðåìà, îòðèìàíî àíàëiòè÷íèé âèðàç äëÿ ãåîìåòðè÷íî¨ ìiðè çàïëóòà-
íîñòi äîâiëüíîãî êóáiòà ç ðåøòîþ ñèñòåìè â ñòàíi, ÿêèé îïèñó¹òüñÿ äîâiëüíèì ãðàôîì.
Óñòàíîâëåíî çàëåæíiñòü öi¹¨ âåëè÷èíè âiä ïàðàìåòðiâ ïî÷àòêîâîãî ôàêòîðèçîâàíîãî ñòàíó ñèñòåìè

òà ïàðàìåòðiâ îïåðàòîðiâ êîíòðîëüîâàíîãî çñóâó ôàçè. Òàêîæ çàïðîïîíîâàíî ïðîòîêîëè ïðèãîòóâà-
ííÿ ãðàôîâèõ ñòàíiâ íà êâàíòîâîìó êîìï'þòåði. Äëÿ îñîáëèâèõ âèïàäêiâ äâîêóáiòíîãî ãðàôîâîãî
ñòàíó çàëåæíiñòü ãåîìåòðè÷íî¨ ìiðè çàïëóòàíîñòi âiä éîãî ïàðàìåòðiâ ðîçðàõîâàíî ç âèêîðèñòàííÿì
ðåçóëüòàòiâ âèìiðþâàíü ñåðåäíüîãî çíà÷åííÿ ñïiíó íà íàäïðîâiäíîìó êâàíòîâîìó ïðîöåñîði êîìïàíi¨
IBM ibmq_lima [3]. Âiäïîâiäíi ðåçóëüòàòè äîáðå óçãîäæóþòüñÿ ç òåîðåòè÷íèìè ïåðåäáà÷åííÿìè.

[1] Kh. P. Gnatenko, N. A. Susulovska, EPL 136, 40003 (2021).
[2] A. M. Frydryszak, M. I. Samar, V. M. Tkachuk, Eur. Phys. J. D 71, 233 (2017).
[3] IBM Q Experience. https://quantum-computing.ibm.com.

TOPOLOGICAL DATA ANALYSIS METHODS IN THE STUDIES OF THE LARGE SCALE
STRUCTURE OF THE UNIVERSE

M. Tsizh1,2, V. Tymchyshyn3
1Ivan Franko National University of Lviv

2Dipartimento di Fisica e Astronomia, Universit�a di Bologna, Italy
3 Bogolyubov Institute for Theoretical Physics, Kyiv

We provide a short review of the application of topological data analysis methods in the studies of
the large scale structure of the Universe. In particular, we will focus on persistent homology methods,
which were widely used during the last decade. Persistent homology exploits a number of notions and
tools to reveal and compare complex networks, to which networks of halos naturally belong. Among them
- Cech complexes, persistent diagrams, Betti numbers and curves, and bottleneck distances. Having such
a toolkit, as we will see, it is possible to study the multiscale nature of the Cosmic Web, to identify large
structures (for example voids) in the matter distribution, to investigate continuous �elds of HI regions,
to probe the Gaussianity of the cosmic perturbations and solve some other problems. Most interesting
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for us is the application of persistent homology to the main problem of modern cosmology - determining
cosmological parameters of the studied Universe. We have used the above mentioned tools to check whether
it is possible to distinguish simulated universes with a di�erent cosmological parameter, namely, σ8 � the
present root-mean-square matter �uctuation averaged over a sphere of radius 8 Mpc. It appears that at
least at some redshifts bottleneck distances between di�erent universes increase with the growth of ∆σ8,
which means that in principle persistent homology can be used as a cosmological test. We will compare
our results to those achieved by other authors and discuss the future prospects of persistent homology in
this �eld.

150 ÐÎÊIÂ ÊÀÔÅÄÐÈ ÂÈÙÎ� ÃÅÎÄÅÇI� ÒÀ ÀÑÒÐÎÍÎÌI� ÒÀ 145 ÐÎÊIÂ ÀÑÒÐÎÍÎÌI×ÍÎ�
ÎÁÑÅÐÂÀÒÎÐI� ËÜÂIÂÑÜÊÎ� ÏÎËIÒÅÕÍIÊÈ

Ë. ßíêiâ-Âiòêîâñüêà
Êàôåäðà âèùî¨ ãåîäåçi¨ òà àñòðîíîìi¨ Íàöiîíàëüíîãî óíiâåðñèòåòó �Ëüâiâñüêà ïîëiòåõíiêà�

Ó äîïîâiäi ïîäàíî âiäîìîñòi ïðî âiäêðèòòÿ ó Ëüâiâñüêié ïîëiòåõíiöi 1871 ðîêó êàôåäðè âèùî¨
ãåîäåçi¨ òà àñòðîíîìi¨ i ñòâîðåííÿ â 1877 ðîöi Àñòðîíîìi÷íî¨ îáñåðâàòîði¨. Ïðîàíàëiçîâàíî ïåðiîä
ñòàíîâëåííÿ ïðèðîäíè÷î¨ íàóêè â Ãàëè÷èíi çà ÷àñiâ Àâñòðiéñüêî¨ ìîíàðõi¨, ç'ÿñîâàíî, ÷îìó ñâî¨ì
ðiçêèì ïðàêòè÷íèì ïiäíåñåííÿì àñòðîíîìiÿ ó Ëüâîâi çîáîâ'ÿçàíà çíà÷íîþ ìiðîþ ãåîäåçi¨ [1]. Ïîäàíî
iíôîðìàöiþ ïðî êåðiâíèêiâ êàôåäðè òà Àñòðîíîìi÷íî¨ îáñåðâàòîði¨ âiä ÷àñó çàñíóâàííÿ äî ñüîãîäíi,
ÿê-îò Äîìiíiê Çáðîæåê, Âàöëàâ Ëàñêà, Ëþöiàí Ãðàáîâñüêèé òà ií. [2].
Îïèñàíî îðãàíiçàöiéíèé õàðàêòåð äiÿëüíîñòi êàôåäðè òà Àñòðîíîìi÷íî¨ îáñåðâàòîði¨, ïiäêðåñëå-

íî âàãîìi ðåçóëüòàòè àñòðîíîìi÷íèõ, ãåîäåçè÷íèõ, ìåòåîðîëîãi÷íèõ òà ñåéñìîãðàôi÷íèõ äîñëiäæåíü
çà âåñü ïåðiîä ôóíêöiîíóâàííÿ.Çà õðîíîëîãi÷íèì ïîðÿäêîì îõàðàêòåðèçîâàíî îñíîâíi iíñòðóìåí-
òè Àñòðîíîìi÷íî¨ îáñåðâàòîði¨, ¨¨ ìåòåîðîëîãi÷íîãî âiääiëåííÿ, ñåéñìîãðàôi÷íî¨ ñòàíöi¨ òà ñó÷àñíèõ
íàóêîâèõ ëàáîðàòîðié, ùî ïðàöþþòü iç âèêîðèñòàííÿì ñó÷àñíèõ êîñìi÷íèõ òåõíîëîãié.
Âèñâiòëåíî ïèòàííÿ ïiäãîòîâêè ñòóäåíòiâ íà êàôåäði â ðiçíi ïåðiîäè, ñòâîðåííÿ ñïåöiàëiçàöié �Êî-

ñìi÷íèé ìîíiòîðèíã Çåìëi� òà �Êîñìi÷íà ãåîäåçiÿ�, íàâ÷àëüíîãî ïðîöåñó é íàóêîâî-äîñëiäíèõ ðîáiò ç
ìîíiòîðèíãó ôiçè÷íî¨ ïîâåðõíi Çåìëi òà ¨¨ àòìîñôåðè íà îñíîâi àíàëiçó ðåçóëüòàòiâ ñó÷àñíèõ íàçåì-
íèõ i ñóïóòíèêîâèõ âèìiðþâàíü [3]. Íàçâàíî îñíîâíi äîñÿãíåííÿ íàóêîâöiâ êàôåäðè òà Àñòðîíîìi÷íî¨
îáñåðâàòîði¨, ÿêi îïóáëiêîâàíi â ïðîâiäíèõ ñâiòîâèõ íàóêîâèõ ÷àñîïèñàõ [4].

[1] Ë. Ì. ßíêiâ-Âiòêîâñüêà, Âiñí. Ëüâiâ. óí-òó. Ñåð. ôiç. 30, 159 (1998).
[2] Ñ. Ñàâ÷óê, Ë. ßíêiâ-Âiòêîâñüêà, ó Leopolis Scienti�ca. Íàóêà ó Ëüâîâi äî ñåðåäèíè XX ñòîëiòòÿ. ×à-

ñòèíà II: Òî÷íi íàóêè, çà çàã. ðåä. Î. Ïåòðóêà (Àðòîñ, Ëüâiâ, 2020), ñ. 357.
[3] L. Yankiv-Vitkovska et al., in Scienti�c and Technical Conference �Our Century. Science for Defense� (Pozna�n,

2018), p. 245.
[4] L. Yankiv-Vitkovska, S. Savchuk. in Knowledge Discovery in Big Data from Astronomy and Earth Observation:

Astrogeoinformatics, edited by P. �Skoda and F. Adam (Elsevier, 2020), p. 385.

ÐÅÀÊÖIß ÂÈÏÐÎÌIÍÞÂÀÍÍß Â ÏÐÎÑÒÎÐI ÄÅ ÑIÒÒÅÐÀ

Þðié ßðåìêî
Iíñòèòóò ôiçèêè êîíäåíñîâàíèõ ñèñòåì ÍÀÍ Óêðà¨íè, Ëüâiâ, Óêðà¨íà

Äîñëiäæåíî ðóõ òî÷êîâîãî åëåêòðè÷íîãî çàðÿäó â ïðîñòîði�÷àñi äå Ñiòòåðà. Òî÷êîâà ÷àñòèíêà ìà-
ñîþ m i çàðÿäîì q, ùî ðóõà¹òüñÿ âçäîâæ ãåîäåçè÷íî¨, ñòâîðþ¹ åëåêòðîìàãíiòíå ïîëå, ùî íåîáìåæåíî
çðîñòà¹ â òî÷öi, äå ¹ ÷àñòèíêà. Ïîëå âèçíà÷à¹òüñÿ åëåêòðîìàãíiòíîþ ôóíêöi¹þ �ðiíà, îòðèìàíîþ
Ãi ó÷i òà Ëi [1]. Âèðàçè äëÿ íàïðóæåíîñòi åëåêòðîìàãíiòíîãî ïîëÿ ÷àñòèíêè ïiäñòàâèìî â çáåðå-
æíi âåëè÷èíè, ÿêi âiäïîâiäàþòü ãðóïi içîìåòði¨ ïðîñòîðó äå Ñiòòåðà. Ðîçêëàäåìî öi âåëè÷èíè íà
ïðè÷àñòèíêîâó (ðîçáiæíó) i ðàäiàöiéíó (ñêií÷åííó) ÷àñòèíè. Ðîçáiæíi ÷ëåíè ïîãëèíàþòüñÿ êiíåìà-
òè÷íèìè õàðàêòåðèñòèêàìè ÷àñòèíêè â ìåæàõ ïðîöåäóðè ïåðåíîðìóâàííÿ. Ðàäiàöiéíi ÷ëåíè ðàçîì
iç óæå ïåðåíîðìîâàíèìè iíäèâiäóàëüíèìè õàðàêòåðèñòèêàìè ÷àñòèíêè âõîäÿòü ó âèðàçè äëÿ çáåðå-
æíèõ âåëè÷èí çàìêíóòî¨ ñèñòåìè ÷àñòèíêà òà ¨¨ ïîëå. �õíi äèôåðåíöiàëüíi íàñëiäêè äàþòü åôåêòèâíi
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ðiâíÿííÿ ðóõó ðàäiàöiéíîãî çàðÿäó â çîâíiøíüîìó åëåêòðîìàãíiòíîìó ïîëi:

m

{
aβ − H2

2
Ω(z)

[
2(z · u)uβ + Ω−2(z)zβ

]}

− 2q2

3
ȧβ +

2q2

3
Ω2(z)(a · a)uβ + q2H2Ω(z)(z · u)aβ

+
q2

3
H2Ω(z)

[
−Ω−2(z) + (z · a) −H2Ω(z)(z · u)2

]
uβ = fβ

ext.

Òóò H � ñòàëà Ãàááëà; Ω(z) =
[
1 + 1

4H
2(z · z)

]−1
� êîíôîðìíèé ìíîæíèê ìåòðèêè äå Ñiòòåðà

gαβ(x) = Ω2(x)ηαβ . Ðiâíÿííÿ îïèñó¹ åâîëþöiþ òî÷êîâî¨ çàðÿäæåíî¨ ÷àñòèíêè ïiä äi¹þ ôîíîâî¨  ðà-
âiòàöi¨, çîâíiøíüîãî åëåêòðîìàãíiòíîãî ïîëÿ fβ

ext = gβµFµνu
ν i âëàñíîãî åëåêòðîìàãíiòíîãî ïîëÿ. Óñi

òåíçîðè âiäíåñåíi äî òî÷êè z(s) íà ñâiòîâié ëiíi¨ ÷àñòèíêè, ïàðàìåòðèçîâàíî¨ âëàñíèì ÷àñîì s.

[1] A. Higuchi, Y. C. Lee, Phys. Rev. D 78, 084031 (2008).
[2] A. Duviryak, J. Phys. Stud. 26, 3002 (2022).

ON UNIVERSAL PROPER METRIC SPACES OF ASYMPTOTIC DIMENSION 1

Mykhailo Zarichnyi
Ivan Franko National University of Lviv

zarichnyi@yahoo.com

Asymptotic topology (coarse geometry) is a part of mathematics which deals with large scale properties
of metric spaces, �nitely generated groups, and more generalized objects (coarse spaces).
One of the most important coarse invariants of metric spaces is the asymptotic dimension introduced

by Gromov [4]. A family A of subsets of a metric space X is called uniformly bounded if there is M > 0
such that diam(A) ≤ M , for every A ∈ A. Given D > 0, we say that a family A is D-discrete if
d(A,B) = inf{d(a, b) | a ∈ A, b ∈ B} ≥ D for every distinct A,B ∈ A.
We say that the asymptotic dimension of X is ≤ n (written asdimX ≤ n) if for every D > 0 there exists

a uniformly bounded cover U of X such that U = ∪n
i=0Ui, where every Ui, i = 0, 1, . . . , n, is D-discrete.

Universal spaces for the asymptotic dimensions ≤ n (we do not provide here a precise de�nition) are
constructed in [3] and [1].
Recall that a metric space X is proper if every closed ball in it is compact.
It is proved in [5, Theorem 7.2] that there exists a countable proper ultrametric space PU such that

any proper metric space X of asymptotic dimension 0 coarsely embeds (see the de�nition below) in PU .
In other words, there is a universal proper metric space of asymptotic dimension 0.
The aim of the talk is to show that there is no universal proper metric space of asymptotic dimension

n, where n ≥ 1. Our construction is based on some properties of coarse embeddings of geodesic metric
spaces proved in [2].

[1] G. C. Bell, A.Nag�orko, Topol. Appl. 160, 159 (2013).
[2] A. Dranishnikov, Uspekhi Mat. Nauk 55(6(336)), 71 (2000).
[3] A. Dranishnikov, M. Zarichnyi, Topol. Appl. 140, 203 (2004).
[4] M. Gromov, in Asymptotic invariants for in�nite groups, in Geometric Group Theory, vol. 2, edited by G.

Niblo, M. Roller (Cambridge University Press, 1993), p. 1.
[5] Y. Ma, J. Siegert, J. Dydak, preprint arXiv:2203.05329 (2022).
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ENTANGLEMENT OF GRAPH STATES OF SPIN SYSTEM WITH HEISENBERG INTERACTION
Sviatoslav Tymyk

Professor Ivan Vakarchuk Department for Theoretical Physics, Ivan Franko National University of Lviv
xsvtsx@gmail.com

Multi-qubit graph states with the Heisenberg interaction are studied. Expressions are found that descri-
be the evolution of the binary tree system and the cycle graph system with time, and analytical expressi-
ons for the geometric measure of entanglement of a spin with other spins for the graph states that are
represented by binary tree graphs and cycle graphs are obtained. The obtained results are compared with
theoretical ones and the corresponding graphs are built. The results obtained for the geometric measure
of entanglement on a quantum computer are in good agreement with theoretical ones.

ÑÏIÂÏÐÀÖß ÊÀÔÅÄÐ ÒÅÎÐÅÒÈ×ÍÎ� ÒÀ ÅÊÑÏÅÐÈÌÅÍÒÀËÜÍÎ� ÔIÇÈÊÈ
À. Ñ. Âîëîøèíîâñüêèé

Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà,
êàôåäðà åêñïåðèìåíòàëüíî¨ ôiçèêè

Êàôåäðè òåîðåòè÷íî¨ òà åêñïåðèìåíòàëüíî¨ ôiçèêè, âèíèêíóâøè îäíî÷àñíî, îñü óæå âïðîäîâæ
150 ðîêiâ ïiäòðèìóþòü òiñíi íàóêîâi êîíòàêòè, ÿêi ñïîíóêàëè êàôåäðó åêñïåðèìåíòàëüíî¨ ôiçèêè
âèêðèñòàëiçóâàòè íàóêîâèé íàïðÿì � îïòèêà òà ñïåêòðîñêîïiÿ. Çàðîäæåííÿ öüîãî àêòóàëüíîãî íà
äåñÿòêè ðîêiâ íàïðÿìó ìîæíà ïðîñòåæèòè â iìåíàõ ó÷åíèõ, ÿêi ïðàöþâàëè âiä ïî÷àòêó 20 ñòîëiòòÿ
[1].
Âàãîìèé âíåñîê ó ðîçâèòîê ñïåêòðîñêîïi÷íèõ äîñëiäæåíü çðîáèâ Ìàðiàí Ñìîëóõîâñüêèé (çàâ. êàô.

òåîð. ôiçèêè, 1898�1913 ðð.), êiìíàòà-ìóçåé ÿêîãî òåïåð â ïðèìiùåííÿõ êàôåäðè åêñïåðèìåíòàëüíî¨
ôiçèêè. Çàêøåâñüêèé Êîíñòàíòié, íàäçâè÷àéíèé ïðîôåñîð êàô. åêñï. ôiçèêè, ïðîôåñîð êàô. òåîð.
ôiçèêè (1908�1918), öiêàâèâñÿ îïòèêîþ ìåòàëiâ, çâ'ÿçêîì ìiæ åëåêòðîííîþ ïiäñèñòåìîþ òà îïòè÷íè-
ìè âëàñòèâîñòÿìè. Ñòàíiñëàâ Ëîðiÿ, ÿêèé ó ðiçíi ïåðiîäè çàâiäóâàâ êàôåäðîþ òåîðåòè÷íî¨ (1918�27
ðð.) òà åêñïåðèìåíòàëüíî¨ ôiçèêè (1927�1941 ðð.), çàïî÷àòêóâàâ äîñëiäæåííÿ ôëóîðåñöåíöi¨, ïîãëè-
íàííÿ â äiëÿíöi àíîìàëüíî¨ äèñïåðñi¨ ñâiòëà. Ùåïàí Ùåíüîâñüêèé (çàâ. êàô. òåîð. ôiçèêè, 1931�
36 ðð.). Éîãî þþþþþþþäèñåðòàöiÿ ä-ðà ôiëîñîôi¨ áóëà ïðèñâÿ÷åíà ôîòîëþìiíåñöåíöi¨ ðîç÷èíiâ.
Çðåøòîþ, ëþìiíåñöåíòíå ìàòåðiàëîçíàâñòâî ñòàëî îäíèì iç âèçíà÷àëüíèõ íàïðÿìiâ äîñëiäæåíü íà
êàô. åêñï. ôiçèêè (Â. Í. Âèøíåâñüêèé, Ì. Ñ. Ïiäçèðàéëî). Âîéöåõ Ðóáiíîâè÷ (çàâ.êàô. òåîð.ôiçèêè,
1937�41 ðð., 44�45 ðð.) çàïî÷àòêóâàâ äîñëiäæåííÿ â ãàëóçi òåîði¨ åëåêòðîìàãíiòíîãî âèïðîìiíþâàííÿ,
ñôîðìóëþâàâ ïðàâèëà âiäáîðó äëÿ äèïîëüíîãî òà êâàäðóïîëüíîãî âèïðîìiíþâàííÿ.
Ìiëiÿí÷óê Âàñèëü Ñòåïàíîâè÷ (çàâ. êàô. òåîð. ôiç., 1945�58 ðð.) � îäèí iç çàñíîâíèêiâ Ëüâiâ-

ñüêî¨ øêîëè ñïåêòðîñêîïi¨. Äîñëiäæåííÿ ç àòîìíî¨ ñïåêòðîñêîïi¨, ïðîâåäåíi íà êàô. åêñïåð. ôiçèêè,
ïiäòâåðäèëè ðîçðàõóíêè Â.Ñ. Ìiëiÿí÷óêà ùîäî íîâèõ ëiíié ìóëüòèïëåòiâ ó íåîäíîðiäíîìó åëåêòðè-
÷íîìó ïîëi (Â. Ñ. Ìiëiÿí÷óê, Ë. Ê. Êëiìîâñüêà, I. Ëàçàð¹â).
Âîëîäèìèð Áðîíiñëàâîâè÷ Êîáèëÿíñüêèé (äîöåíò êàô. òåîð. ôiçèêè 1980�87 ðð.) ðàçîì çi ñïiâ-

ðîáiòíèêàìè êàô. åêñï. ôiç. (Î. Ã. Âëîõîì, Ë. À. Ëàçüêîì, I. Ì. Êëèìiâèì) äîñëiäæóâàëè îïòè÷íi
âëàñòèâîñòi îïòè÷íî àêòèâíèõ êðèñòàëiâ íà îñíîâi ôåíîìåíîëîãi÷íî¨ òåîði¨ ïîøèðåííÿ ñâiòëà â ãi-
ðîòðîïíèõ êðèñòàëàõ, ùî äàëî çìîãó îá ðóíòóâàòè åëåêòðîãiðàöiþ.
Ñòàñþê Iãîð Âàñèëüîâè÷ (êàô. òåîð. ôiçèêè, ÷ë.-êîð. ÍÀÍ Óêðà¨íè) ðàçîì iç Ëåâèöüêèì Ðîìà-

íîì Ðîìàíîâè÷åì, Ïîïåëåì Îëåêñàíäðîì Ìèõàéëîâè÷åì (äîö. êàô. òåîð. ôiçèêè, 1980�2007 ðð.)
çàïî÷àòêóâàëè ðîçâèòîê ìiêðîñêîïi÷íî¨ òåîði¨ iíäóêîâàíèõ îïòè÷íèõ ïåðåõîäiâ ó ñå íåòîåëåêòðè-
÷íèõ êðèñòàëàõ, ùî äàëî çìîãó íàóêîâöÿì êàô. åêñï. ôiçèêè (Ðîìàíþê Ì.Î) óñïiøíî ïîÿñíèòè
òåìïåðàòóðíi çàëåæíîñòi åëåêòðîîïòè÷íèõ òà ï'¹çîåëåêòðè÷íèõ êîåôiöi¹íòiâ ñå íåòîåëåêòðèêiâ.
Âàãîìèé âíåñîê ó ðîçâèòîê äîñëiäæåíü ó ãàëóçi íàíîôiçèêè çðîáèâ ôàêóëüòåòñüêèé íàóêîâèé

ñåìiíàð �Ôiçèêà�10−9�, ÿêèé iíiöiþâàâ 2004 ðîêó ðåêòîð Ëüâiâñüêîãî íàöiîíàëüíîãî óíiâåðñèòåòó
iìåíi Iâàíà Ôðàíêà, çàâiäóâà÷ êàô. òåîð. ôiç. Âàêàð÷óê Iâàí Îëåêñàíäðîâè÷. Ñüîãîäíi êàôåäðà
òåîðåòè÷íî¨ ôiçèêè iìåíi ïðîôåñîðà Iâàíà Âàêàð÷óêà ¹ ïðèêëàäîì äëÿ iíøèõ êàôåäð ôàêóëüòåòó â
iííîâàöiéíèõ ïiäõîäàõ äî îðãàíiçàöi¨ íàâ÷àëüíîãî òà íàóêîâîãî ïðîöåñó, çîêðåìà, iíiöiþâàâøè íîâó
ñïåöiàëüíiñòü �Êâàíòîâi êîìï'þòåðè òà êâàíòîâå ïðîãðàìóâàííÿÿ�.

[1] I. Âàêàð÷óê, Ï. ßêiá÷óê. Î. Ìèêîëàé÷óê, Î. Ïîïåëü, Ôiçè÷íèé ôàêóëüòåò Ëüâiâñüêîãî íàöiîíàëüíîãî
óíiâåðñèòåòó iìåíi Iâàíà Ôðàíêà (1953�2013) (ËÍÓ iìåíi Iâàíà Ôðàíêà, 2013).

1998-12


