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The necessary conditions are established for the thicknesses of two layers of the planar absorbing
structure at which zero re�ectance can be achieved. Using these conditions, a numerical procedure
was developed for �nding the thicknesses of three layers of the structure, which makes it possible
to achieve close to zero values of the re�ectance and transmittance for the chosen wavelength. This
made it possible to propose a method for designing narrow-band absorbers based on such structures.
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I. INTRODUCTION

Most of the developed design methods for narrow- and
broadband absorbers are based on the use of metamateri-
als [1�6] or planar multilayer structures [7�11]. Such
absorbers are widely used as sensors, photodetectors, �l-
ters, solar collectors, etc. A large number of narrowband
and ultra-narrowband absorbers have been designed us-
ing metamaterials. A limitation of this type of absorbers
is their impracticality for many large-scale optical and
optoelectronic devices [7].

In this paper, we have proposed a method for desi-
gning narrow-band absorbers based on plane-parallel
structures. A feature of this method is the use of only
two low absorbing materials for such an absorber. To
ensure selective absorption, we used a method of vary-
ing the thickness of several layers of the structure such
as an interference mirror. This approach was previously
successfully used to design narrow-band �lters based on
two transparent [12,13] or low absorbing materials [14].
A feature of all these methods is the use of analyti-
cal conditions for zero re�ectance. Such conditions were
previously obtained for structures based on transparent
materials [15�17] and structures based on low absorbing
materials [14].

II. NECESSARY CONDITIONS FOR ZERO

REFLECTANCE

It is known that at normal incidence, the amplitude
re�ectance for the k-layer structure bounded by semi-
in�nite media with refractive indices of n0 and nk+1

(Fig. 1) can be written as [18]

r̃0,k+1 =
r̃0,s + r̃s,k+1h̃0,se

−2iδ̃s

1− r̃s,0r̃s,k+1e−2iδ̃s
. (1)

Fig. 1. Parameters of the multilayer structure 0, 1, 2, . . . , k+1

Here, r̃s,k+1 =
r̃s,m+r̃m,k+1h̃s,me−2iδ̃m

1−r̃m,sr̃m,k+1e−2iδ̃m
; s, m are the

numbers of two arbitrary layers (s < m) whose thi-
cknesses ds and dm are to be determined; δ̃j is the
phase thickness of the layer j (j = 1, 2, . . . , k); the
complex value h̃j,p is de�ned as: h̃j,p = χj,pe

iγj,p =
t̃j,pt̃p,j − r̃j,pr̃p,j ; r̃j,p = σj,pe

iϕj,p , t̃j,p = τj,pe
iθj,p are

amplitude re�ectance and transmittance of the part of
the structure j, j + 1, . . . , p − 1, p, when p > j, or
j, j − 1, . . . , p+ 1, p, when p < j; χj,p, σj,p, τj,p and γj,p,
ϕj,p, θj,p are, respectively, moduli and phases of the next
complex quantities: h̃j,p, r̃j,p and t̃j,p. Complex ampli-
tude re�ectance r̃j,p and transmittance t̃j,p are determi-
ned according to the formulae:

r̃j,p =
ñj − ñp

ñj + ñp
, t̃j,p =

2ñj

ñj + ñp
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if |j − p| = 1, or using recurrence relations

r̃j,p =
r̃j,j±1 + r̃j±1,p exp(−i2δ̃j±1)

1 + r̃j,j±1r̃j±1,p exp(−i2δ̃j±1)
,

t̃j,p =
t̃j,j±1t̃j±1,p exp

(
−iδ̃j±1

)
1 + r̃j,j±1r̃j±1,p exp(−i2δ̃j±1)

if |j − p| > 1. Here + in the ± and − in the ∓ refers to
the condition p > j + 1, and − in the ± and + in the ∓
refers to the condition j > p+1. The values r̃j,p and t̃j,p
can also be calculated using the matrix method [19, 16].
Phase thicknesses of layers s and m are:

δ̃s =
2πdsñs

λ
, δ̃m =

2πdmñm

λ
, (2)

where dj is the thickness of layer j and ñj = nj − iκj

(j = 1, 2, . . . , k) is its complex refractive index.
Based on (1), the condition of zero re�ectance

(r̃0,k+1 = 0) for structure 0, 1, . . . , k, k + 1 is

r̃0,s + r̃s,k+1h̃0,se
−2iδ̃s = 0

or

r̃0,s +
r̃s,m + r̃m,k+1h̃s,me−2iδ̃m

1− r̃m,sr̃m,k+1e−2iδ̃m
h̃0,se

−2iδ̃s = 0, (3)

If equation (1) is rewritten as

r̃0,k+1 =
r̃0,m + r̃m,k+1h̃0,me−2iδ̃m

1− r̃m,0r̃m,k+1e−2iδ̃m
,

where

h̃0,m = t̃0,mt̃m,0 − r̃0,mr̃m,0,

t̃0,m =
t̃0,st̃s,me−iδ̃s

1− r̃s,0r̃s,me−2iδ̃s
, t̃m,0 =

t̃m,st̃s,0e
−iδ̃s

1− r̃s,mr̃s,0e−2iδ̃s
,

r̃0,m =
r̃0,s + r̃s,mh̃0,se

−2iδ̃s

1− r̃s,0r̃s,me−2iδ̃s
, r̃m,0 =

r̃m,s + r̃s,0h̃m,se
−2iδ̃s

1− r̃s,mr̃s,0e−2iδ̃s
,

then the condition of zero re�ectance (r̃0,k+1 = 0) for the structure 0, 1, . . . , k, k + 1 is

r̃0,m + r̃m,k+1h̃0,me−2iδ̃m = 0

or

r̃0,s + r̃s,mh̃0,se
−2iδ̃s

1− r̃s,0r̃s,me−2iδ̃s
+ r̃m,k+1

[
t̃0,st̃s,me−iδ̃s(

1− r̃s,0r̃s,me−2iδ̃s

) t̃m,st̃s,0e
−iδ̃s(

1− r̃s,mr̃s,0e−2iδ̃s

) (4)

−

(
r̃0,s + r̃s,mh̃0,se

−2iδ̃s
)

(
1− r̃s,0r̃s,me−2iδ̃s

)
(
r̃m,s + r̃s,0h̃m,se

−2iδ̃s
)

(
1− r̃s,mr̃s,0e−2iδ̃s

) ]
e−2iδ̃m = 0

The solution of the system of equations (3) and (4) can be de�ned as a relation for the phase thicknesses of two
layers:

δ̃s =
1

2i
ln

(
−r̃s,m

h̃0,s

r̃0,s

)
+ πjs, js = 1, 2, . . . ; (5)

δ̃m =
1

2i
ln

(
r̃m,k+1

r̃0,sr̃s,0r̃s,mr̃m,s + h̃0,sh̃s,m

r̃s,mt̃0,st̃s,0

)
+ πjm, jm = 1, 2, . . . ; (6)

The obtained phase thicknesses of layers s and m (5), (6) correspond to complex thicknesses expressions for which
can be written using (2):

d̃±s =
λ

2πñs

[
1

2i
ln

(
−r̃s,m

h̃0,s

r̃0,s

)
+ πjs

]
, js = 1, 2, . . . ; (7)

2401-2



DEFORMED HEISENBERG ALGEBRAS OF DIFFERENT TYPES. . .

d̃±m =
λ

2πñm

[
1

2i
ln

(
r̃m,k+1

r̃0,sr̃s,0r̃s,mr̃m,s + h̃0,sh̃s,m

r̃s,mt̃0,st̃s,0

)
+ πjm

]
, jm = 1, 2, . . . . (8)

For such complex thicknesses, zero re�ectance is
reached, but if Im

(
d̃s,m

)
̸= 0, then they have no physi-

cal meaning. To achieve a close-to-zero re�ectance, the
thickness of another layer dx can be used as a vari-
able parameter. By changing this parameter, you can
choose its value so that the imaginary parts of the
expressions for the complex thicknesses become close
to zero (Im

(
d̃±s,m

)
≈ 0). In this case, the re�ectance

R = r̃0,k+1r̃
∗
0,k+1 calculated for positive thicknesses

d±s,m = Re(d̃±s,m) (9)

takes a value close to zero.

III. NUMERICAL EXAMPLES

Let us analyze the multilayer structure such as a di-
electric mirror on the glass substrate with the refractive
index nk+1 = 1.52 that is in the air (n0 = 1):

1 |(HL)
p |1.52 (10)

Such a structure consists of k layers (k = 2p) of two
low absorbing materials with refractive indices ñH =
nH − iκH and ñL = nL − iκL. First, we choose all layers
to be quarter-wavelengths for the chosen wavelength λ0,
whose thicknesses are equal to dH = λ0

4nH
and dL = λ0

4nL
.

In such structures with a large number of layers, the
transmittance T = nk+1

n0
t̃0,k+1t̃

∗
0,k+1 in a certain spectral

range, which includes λ0, is close to zero. Our task is to
maximize the value of the absorptance

A = 1−R− T (11)

at the wavelength λ0 so that a narrowband absorber can
be obtained. In accordance with the method considered
in Sec. 2, in order to achieve the re�ectance close to zero,
the thicknesses ds and dm of the layers s and m should
be calculated using formulas (9), and the thickness dx of
the layer x should be considered as a variable parameter.

Fig. 2 shows the dependence of the re�ectance R on
dx for the sixteen-layer structure (10), in which ñH =
3.6− i 0.001, ñL = 1.35− i 0.001, s = 5, m = 12, x = 6,
and the thicknesses ds, dm are determined using (9).

Fig. 2. Re�ectance R of the sixteen-layer structure (10) with
changed thicknesses of three layers x, s,m versus thickness dx
(x = 6). The thicknesses ds and dm (s = 5, m = 12), which
depend on dx, are calculated using (9) at ñH = 3.6− i 0.001,

ñL = 1.35− i 0.001, λ0 = 500 nm

Fig. 3. Maximum absorptance Amax (among the absorptances
A of sixteen-layer structures (10) with thicknesses ds,m,x

calculated for all possible numbers x) versus numbers s, m at
ñH = 3.6− i 0.001, ñL = 1.35− i 0.001, λ0 = 500 nm

Here, the layer numbers s, m, x are chosen arbitrarily.
This dependence shows the existence of many solutions
for the thickness dx at which the re�ectance R at the
wavelength λ0 = 500 nm reaches a value close to zero.
In order to determine the optimal numbers of layers s,
m, x, the thicknesses of which must be calculated, it is
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necessary to analyze the dependence of the maximum
absorptance Amax on the numbers s, m at the chosen
wavelength λ0 (Fig. 3). Here, by the value Amax we mean
the maximum value among the absorptances of k-layer
structures with the layer x and two layers s, m with thi-
cknesses ds,m (9) calculated for all possible numbers x.
In turn, the thickness dx, which depends only on the
refractive indices of the layers and numbers s, m, is
determined from the condition R = 0 (Fig. 2). As an
example, consider a multilayer structure (10) consisting
of sixteen layers (k = 16) with complex refractive indices
ñH = 3.6− i 0.001, ñL = 1.35− i 0.001 for λ0 = 500 nm.
From �g. 3, we can conclude that the value of the

absorptance A close to the maximum is achieved for
the structure with numbers s, m, which take the values
s = 5,m = 12 at x = 6. The calculation of all thicknesses
gives the next values: ds = 85.0 nm, dm = 92.9 nm,
dx = 209.7 nm, d2 = d4 = · · · = dL = 92.6 nm,
d1 = d3 = · · · = dH = 34.7 nm.
A feature of such solutions for thicknesses is that they

correspond to the narrow band of low re�ection at λ0

and a much wider band of close to zero transmission
(Fig. 4,a). The existence of two such bands leads to the
appearance of the narrow absorption band (Fig. 4,b) due
to the ful�llment of condition (11). In this case, the maxi-
mum absorptance reaches a value close to 100%.

Fig. 4. Re�ectance R, transmittance T and absorptance A of the sixteen-layer structure (10), in which new values of the
thicknesses of three layers x, s, m are calculated: ds = 85.0 nm, dm = 92.9 nm, dx = 209.7 nm (s = 5, m = 12, x = 6) at

ñH = 3.6− i 0.001, ñL = 1.35− i 0.001, λ0 = 500 nm, d2 = d4 = · · · = dL = 92.6 nm, d1 = d3 = · · · = dH = 34.7 nm

Fig. 5. Absorptance A of two k-layer structures (10), in which new values of the thicknesses of three layers s, m, x are
calculated: a) k = 14, s = 4, m = 12, x = 5, ds = 99.4 nm, dm = 85.7 nm, dx = 172.8 nm at ñH = 4.3 − i 0.001,
ñL = 1.46 − i 0.001, λ0 = 500 nm, d2 = d4 = · · · = dL = 85.6 nm, d1 = d3 = · · · = dH = 29.1 nm; b) k = 6, s = 2, m = 5,
x = 4, ds = 171.8 nm, dm = 30.1 nm, dx = 80.0 nm at ñH = 4.3− i 0.03, ñL = 1.46− i 0.03, λ0 = 500 nm, d6 = dL = 85.6 nm,

d1 = d3 = dH = 29.1 nm
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In the developed method, a high value of the
absorptance is achieved by determining the thicknesses
of three layers of the structure, which depend on the
refractive indices of all layers. Therefore, the proposed
method makes it possible to design a selective absorber
using two arbitrary low absorbing materials with high
and low refractive indices. Fig. 5,a shows the spectral
dependence of the absorptance of the structure designed
using other materials. The same algorithm can be applied
to a thinner structure with fewer layers, but for this it is
necessary to choose layer materials with higher values of
the extinction coe�cient κ. This, in turn, will lead to an
increase in the width of the absorption band (Fig. 5,b),
to a decrease in the absorptance in it, and to an increase
in the absorptance in the rejection band.

IV. CONCLUSIONS

The established conditions for achieving zero
re�ectance of the planar low absorbing structure for the
chosen wavelength λ0 show the need to determine the
thickness of three or more layers. On the other hand,
the use of the same conditions for the structures such
as an interference mirror makes it possible to maintain
low transmittance for a wide wavelength range, which
includes λ0. Thus, the established analytical conditions
made it possible to design narrow-band absorbers using
two arbitrary low-absorbing materials. Such absorbers
are characterized by broadband rejection with close to
zero absorptance, and narrow-band absorption with a
maximum close to 100%, which can be of practical use.
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ÂÈÑÎÊÅ ÑÅËÅÊÒÈÂÍÅ ÏÎÃËÈÍÀÍÍß ÏËÎÑÊÎÞ ÁÀÃÀÒÎØÀÐÎÂÎÞ ÑÒÐÓÊÒÓÐÎÞ

ÍÀ ÎÑÍÎÂI ÄÂÎÕ ÑËÀÁÎÏÎÃËÈÍÀËÜÍÈÕ ÌÀÒÅÐIÀËIÂ

Î. Ï. Êóøíið, Ñ. Â. Ìÿãêîòà
Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò ïðèðîäîêîðèñòóâàííÿ,

êàôåäðà ôiçèêè òà iíæåíåðíî¨ ìåõàíiêè,

âóë. Â. Âåëèêîãî, 1, Äóáëÿíè, Ëüâiâñüêà îáë., 80381, Óêðà¨íà

Óñòàíîâëåíî íåîáõiäíi ñïiââiäíîøåííÿ äëÿ òîâùèí äâîõ øàðiâ ïîãëèíàëüíî¨ ïëîñêîïàðàëåëüíî¨
ñòðóêòóðè, çà ÿêèõ ìîæå äîñÿãàòèñÿ íóëüîâå çíà÷åííÿ êîåôiöi¹íòà âiäáèâàííÿ. Íà îñíîâi öèõ ñïiâ-
âiäíîøåíü ðîçðîáëåíî ÷èñëîâó ïðîöåäóðó ïîøóêó òîâùèí òðüîõ øàðiâ ñòðóêòóðè, ùîá îäåðæàòè
áëèçüêi äî íóëÿ çíà÷åííÿ êîåôiöi¹íòiâ âiäáèâàííÿ òà ïðîïóñêàííÿ äëÿ âèáðàíî¨ äîâæèíè õâèëi. Öå
äàëî çìîãó çàïðîïîíóâàòè ìåòîä ïðî¹êòóâàííÿ âóçüêîñìóãîâîãî ïîãëèíà÷à íà îñíîâi òàêèõ ñòðó-
êòóð. Éîãî îñîáëèâiñòþ ¹ âèêîðèñòàííÿ ëèøå äâîõ ñëàáîïîãëèíàëüíèõ ìàòåðiàëiâ äëÿ ñòâîðåííÿ
òàêîãî ïîãëèíà÷à. Äëÿ îòðèìàííÿ òàêèõ ïîãëèíà÷iâ áóâ âèêîðèñòàíèé ñïîñiá çìiíè òîâùèí äåêiëü-
êîõ øàðiâ ñòðóêòóðè òèïó iíòåðôåðåíöiéíå äçåðêàëî. Òàêèé ïiäõiä ðàíiøå óñïiøíî âèêîðèñòîâóâàëè
äëÿ ïðî¹êòóâàííÿ âóçüêîñìóãîâèõ ôiëüòðiâ iç ïîòðiáíîþ êiëüêiñòþ ñìóã ïðîïóñêàííÿ, ðîçðîáëåíèõ
íà îñíîâi äâîõ ïðîçîðèõ àáî ñëàáîïîãëèíàëüíèõ ìàòåðiàëiâ. Îñîáëèâiñòþ âñiõ öèõ ìåòîäiâ ¹ âèêîðè-
ñòàííÿ àíàëiòè÷íèõ óìîâ íóëüîâîãî âiäáèâàííÿ, ÿêi áóëè ðàíiøå îòðèìàíi äëÿ ñòðóêòóð íà îñíîâi
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O. P. KUSHNIR, S. V. MYAGKOTA

ïðîçîðèõ àáî ñëàáîïîãëèíàëüíèõ ìàòåðiàëiâ. Óñòàíîâëåíi óìîâè äîñÿãíåííÿ íóëüîâîãî êîåôiöi¹íòà
âiäáèâàííÿ äëÿ âèáðàíî¨ äîâæèíè õâèëi λ0 ñëàáîïîãëèíàëüíî¨ ïëîñêîïàðàëåëüíî¨ ñòðóêòóðè âêàçó-
þòü íà íåîáõiäíiñòü âèçíà÷åííÿ òîâùèí ùîíàéìåíøå òðüîõ øàðiâ. Ç iíøîãî áîêó, çàñòîñóâàííÿ öèõ
ñàìèõ óìîâ äëÿ ñòðóêòóð òèïó iíòåðôåðåíöiéíå äçåðêàëî çáåðiãà¹ íèçüêå ïðîïóñêàííÿ äëÿ øèðî-
êîãî iíòåðâàëó äîâæèí õâèëü, ÿêèé âêëþ÷à¹ λ0. Îòæå, âñòàíîâëåíi àíàëiòè÷íi óìîâè äàëè çìîãó
ïðî¹êòóâàòè âóçüêîñìóãîâi ïîãëèíà÷i íà îñíîâi òàêèõ ñòðóêòóð. Ðîçðîáëåíèé ìåòîä äàâ çìîãó ïðî-
¹êòóâàòè ïîãëèíà÷i íà îñíîâi äâîõ äîâiëüíèõ ñëàáîïîãëèíàëüíèõ ìàòåðiàëiâ iç âèñîêèì òà íèçüêèì
ïîêàçíèêàìè çàëîìëåííÿ. Îñîáëèâiñòþ öèõ ïîãëèíà÷iâ ¹ íàÿâíiñòü ó íèõ øèðîêî¨ ñìóãè áëèçüêîãî
äî íóëÿ ïîãëèíàííÿ, óñåðåäèíi ÿêî¨ ¹ âóçüêà ñìóãà âèñîêîãî ïîãëèíàííÿ, ùî ìîæå ìàòè ïðàêòè÷íå
çàñòîñóâàííÿ.

Êëþ÷îâi ñëîâà: ïîãëèíà÷, íóëüîâèé êîåôiöi¹íò âiäáèòòÿ, âèáiðêîâå ïîãëèíàííÿ, áàãàòîøàðîâà
ñòðóêòóðà.
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