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Ïiä ÷àñ ðîçðîáêè ìåòîäiâ õâèëüîâî¨ äi¨ íà ïîðèñòi ñåðåäîâèùà ç ìåòîþ iíòåíñèôiêàöi¨ ôiëü-
òðàöiéíèõ ïðîöåñiâ ó íèõ âèíèêà¹ íåîáõiäíiñòü îöiíèòè çàãàñàííÿ ôiëüòðàöiéíèõ êîëèâàíü ó
ïëàñòàõ â óìîâàõ iíòåíñèâíèõ âèñîêî÷àñòîòíèõ çáóðåíü. Äëÿ äîñëiäæåííÿ öi¹¨ ïðîáëåìè âèêî-
ðèñòîâóþòü ìåòîäè ìàòåìàòè÷íîãî ìîäåëþâàííÿ íåñòàöiîíàðíî¨ íåðiâíîâàæíî¨ ôiëüòðàöi¨ òà
ðîçâ'ÿçàííÿ êðàéîâî¨ çàäà÷i â íàïiâïðîñòîði ç ãàðìîíi÷íèì çáóðåííÿì íà éîãî ìåæi. Âêëþ÷åí-
íÿì åôåêòiâ ðåëàêñàöi¨ øâèäêîñòi òà òèñêó óðàõîâóþòü íåðiâíîâàæíèé õàðàêòåð ôiëüòðàöiéíèõ
ïðîöåñiâ ó ìàñèâàõ ó äèíàìi÷íîìó çàêîíi ôiëüòðàöi¨, ùî ¹ óçàãàëüíåííÿì êëàñè÷íîãî çàêîíó
Äàðñi. Òî÷íi ñòàöiîíàðíi ðîçâ'ÿçêè êðàéîâèõ çàäà÷, îá÷èñëåíi ìåòîäîì ðîçäiëåííÿ çìiííèõ,
âèçíà÷àþòü íàâåäåíi êîåôiöi¹íòè çàãàñàííÿ êîëèâàíü ïî ïðîñòîðó. Çîêðåìà, ïðîàíàëiçîâàíî
çàëåæíîñòi öèõ êîåôiöi¹íòiâ âiä ÷àñòîòè çáóðåíü òà âiä ïàðàìåòðiâ ÿê îäíîðiäíîãî, òàê i íåî-
äíîðiäíîãî ïîðèñòîãî ñåðåäîâèùà.
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ÂÑÒÓÏ

Ó ïðîöåñi åêñïëóàòàöi¨ âèäîáóâíèõ ñâåðäëîâèí iç
÷àñîì âiäáóâà¹òüñÿ çìåíøåííÿ ¨õíüî¨ ïðîäóêòèâíîñòi,
çóìîâëåíå çíèæåííÿì ïðîíèêíîñòi ôëþ¨äiâ ó ïðèâè-
áiéíèõ çîíàõ öèõ ñâåðäëîâèí. Ñåðåä åôåêòèâíèõ òà
åêîëîãi÷íèõ ñïîñîáiâ ïiäâèùåííÿ ¨õíüî¨ ïðîäóêòèâíî-
ñòi [1] ¹ òåõíîëîãiÿ, ùî  ðóíòó¹òüñÿ íà ìåòîäi õâèëüî-
âî¨ äi¨ íà ñåðåäîâèùå â öèõ çîíàõ [2�10]. Òåõíîëîãi-
÷íi àñïåêòè ðåàëiçàöi¨ õâèëüîâî¨ äi¨ íà ïëàñò âèñâiòëå-
íî â ïðàöÿõ [11, 12]. Çàçíà÷åíèé ìåòîä âiáðîäi¨ ïîëÿ-
ãà¹ â îïðîìiíåííi àêóñòè÷íèì ïîëåì ïðîäóêòèâíîãî
ïëàñòà ç ìåòîþ çáiëüøåííÿ ïðîíèêíîñòi ïîðiä êîëå-
êòîðà [13]. Îïåðàöiéíi ÷àñòîòè ìåòîäó ëåæàòü ó äî-
ñèòü øèðîêîìó äiàïàçîíi âiä iíôðàçâóêîâèõ çíà÷åíü
äî äåñÿòêiâ êiëîãåðöiâ (óëüòðàçâóê) [7]. Íå çóïèíÿþ-
÷èñü íà ôiçè÷íèõ ìåõàíiçìàõ âïëèâó íà ôiëüòðàöiþ
[7, 10, 14], çàçíà÷èìî, ùî â ïðîöåñi äi¨ àêóñòè÷íèõ êî-
ëèâàíü ïîðÿä iç iíøèìè åôåêòàìè ôîðìóþòüñÿ êî-
ëèâíi ôiëüòðàöiéíi ìiêðîïîòîêè, ÿêi òàêîæ ñïðèÿþòü
çáiëüøåííþ ïðîíèêíîñòi ïëàñòà, ïðîìèâàþ÷è ïîðîâi
êàíàëè ïîðîäè. Ðîçìiðè çîíè âïëèâó óëüòðàçâóêîâèõ
àêóñòè÷íèõ ïîëiâ íåâåëèêi ÷åðåç ñóòò¹âå çàãàñàííÿ òà-
êèõ êîëèâàíü, îäíàê öi ðîçìiðè äîñòàòíi äëÿ âïëèâó
íà äiëÿíêó êîëüìàòàöi¨ ñâåðäëîâèíè, äå íàéáiëüø ñóò-
ò¹âî ïðèãíi÷ó¹òüñÿ ôiëüòðàöiéíèé ïîòiê íàôòè ÷è ãà-
çó äî êîëîíè. Òîìó îöiíêà çàãàñàííÿ ôiëüòðàöiéíèõ
êîëèâàíü ó ïëàñòi â øèðîêîìó äiàïàçîíi ÷àñòîò ¹ âà-
æëèâîþ çàäà÷åþ. Êðiì òîãî, äîñëiäæåííÿ ôiëüòðàöi¨
â óìîâàõ ïåðiîäè÷íî¨ äi¨ àêòóàëüíå, îñêiëüêè â ïðî-
öåñi âèäîáóòêó íàôòè âèêîðèñòîâóþòü âiäêà÷óâàëüíi

÷è íàãíiòàëüíi ïîìïè, ùî ïðàöþþòü ó ïåðiîäè÷íîìó
ðåæèìi.
Íèçêó çàãàëüíèõ ðåçóëüòàòiâ ðîçâ'ÿçàííÿ òàêî¨ çà-

äà÷i âäà¹òüñÿ îòðèìàòè â ìåæàõ ìàòåìàòè÷íîãî ìî-
äåëþâàííÿ ïðîöåñiâ ôiëüòðàöi¨ â ïîðèñòèõ ñåðåäîâè-
ùàõ. Iç âèêîðèñòàííÿì iäåé òåîði¨ ñóöiëüíîãî ñåðåäî-
âèùà ôîðìóëþ¹òüñÿ êðàéîâà çàäà÷à â íàïiâïðîñòîði,
ùî ñêëàäà¹òüñÿ ç äèôåðåíöiàëüíèõ ðiâíÿíü, ÿêi âèðà-
æàþòü çàêîí çáåðåæåííÿ ìàñè ðiäèíè, ôiëüòðîâàíî¨
÷åðåç ïîðèñòå ñåðåäîâèùå, i çàêîí ôiëüòðàöi¨, ùî âè-
çíà÷à¹ îñîáëèâîñòi âçà¹ìîäi¨ ïîòîêó ðiäèíè òà ñêåëåòó
ïîðèñòîãî ìàòåðiàëó. Ðiâíÿííÿ ðóõó çàìèêàþòüñÿ ðiâ-
íÿííÿì ñòàíó ðiäèíè òà çàëåæíîñòÿìè ïîðèñòîñòi âiä
òåðìîäèíàìi÷íèõ õàðàêòåðèñòèê ñåðåäîâèùà (ïåðåâà-
æíî òèñêó òà òåìïåðàòóðè).
Çàãàëîì, ðiâíÿííÿ ôiëüòðàöi¨ (Äàðñi òà éîãî ìîäè-

ôiêàöi¨) ¹ ôåíîìåíîëîãi÷íèì, ùî ïîÿñíþ¹ íàÿâíiñòü
ðiçíèõ ôîðì éîãî çàïèñó çàëåæíî âiä åôåêòiâ, ÿêi
âðàõîâóþòü ïiä ÷àñ äîñëiäæåííÿ. Âèâåäåííÿ çàêîíó
Äàðñi ç áàëàíñó ñèë íà ìàêðîðiâíi ç âèêîðèñòàííÿì
óÿâëåíü ñòàòèñòè÷íî¨ ìåõàíiêè [15] îäðàçó ïðèâîäèòü
äî iíòå ðàëüíèõ, òîáòî íåëîêàëüíèõ, ìîäåëåé ó ïðî-
ñòîði òà ÷àñi, íàïðèêëàä, äëÿ íàñè÷åíîãî ñòàòèñòè÷íî
îäíîðiäíîãî ïîðèñòîãî ñåðåäîâèùà
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äå u � ñåðåäíÿ øâèäêiñòü ïîðîâî¨ ðiäèíè ùîäî ñêåëå-
òó (øâèäêiñòü Äàðñi), K � óçàãàëüíåíà ãiäðàâëi÷íà
ïðîâiäíiñòü [15]. ßê ÷àñòêîâèé âèïàäîê, êîëè ïîðè-
ñòå ñåðåäîâèùå ïîðiâíÿíî ùiëüíå òà äðiáíîçåðíèñòå,
à ôiëüòðàöiéíèé ïîòiê ëàìiíàðíèé, ÿäðî ðåëàêñàöi¨ K
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ìîæíà âèáðàòè ó ôîðìi äåëüòà-ôóíêöié ïðîñòîðó òà
÷àñó, ùî ïðèâîäèòü äî êëàñè÷íîãî çàêîíó Äàðñi.

Ó öié ñòàòòi ðîçãëÿíóòî ïðîöåñè ç âiäíîñíî øâèä-
êîþ çìiíîþ ïàðàìåòðiâ, êîëè, ÿê ïîêàçóþòü åêñïåðè-
ìåíòè [16], ñïîñòåðiãà¹òüñÿ çàïiçíåííÿ âiäãóêó ôiëü-
òðàöiéíîãî ïîòîêó, iíàêøå êàæó÷è, áà÷èìî ëîêàëü-
íó íåðiâíîâàæíiñòü ïðîöåñó ôiëüòðàöi¨, ùî ñóïðîâî-
äæó¹òüñÿ ðåëàêñàöi¹þ òèñêó òà øâèäêîñòi ôiëüòðàöi¨.
Îñîáëèâî ÿñêðàâî òàêi åôåêòè ïðîÿâëÿþòüñÿ ïiä ÷àñ
ôiëüòðàöi¨ íåíüþòîíiâñüêèõ ðiäèí (âàæêà íàôòà, ðîç-
÷èíè ïîëiìåðiâ, ñóìiøåé, åìóëüñié), ôiëüòðàöi¨ â ïëà-
ñòàõ ç îñîáëèâî ñêëàäíîþ áóäîâîþ [16�20]. Çàçíà÷èìî,
ùî íåðiâíîâàæíi ÿâèùà ó ôiëüòðàöiéíèõ ïðîöåñàõ ÷à-
ñòî ñïîñòåðiãàþòüñÿ ïiä ÷àñ ðóõó ìóëüòèôàçíèõ ðiäèí
iç ìàñîîîáìiíîì ìiæ ôàçàìè, çîêðåìà â ïðîöåñàõ âè-
òiñíåííÿ îäíi¹¨ ðiäèíè iíøîþ [21�23], ó òðiùèíóâàòî-
ïîðèñòèõ ñåðåäîâèùàõ [23], ïåðåìiùåííÿ âîäè â  ðóí-
òîâèõ ìàñèâàõ [24].

ßêùî îáìåæèòèñÿ ìàëèì îêîëîì òî÷êè ñïîñòåðå-
æåííÿ â ÷àñîïðîñòîði é ðîçâèíóòè ÿäðî ðåëàêñàöi¨
â ðÿä Òåéëîðà, òî îòðèìà¹ìî ñëàáî íåëîêàëüíi (ðå-
ëàêñàöiÿ òèñêó) àíàëîãè çàêîíó Äàðñi. Ìàòåìàòè÷íî
îïèñàòè íåìèòò¹âó ðåàêöiþ ïîëÿ øâèäêîñòåé íà äiþ
 ðàäi¹íòà òèñêó [25] ìîæíà çàìiíîþ ó ñïiââiäíîøåí-
íi (1) çíà÷åííÿ ôóíêöi¨ u(x, t) íà iíøå ¨¨ çíà÷åííÿ
u(x, t + τ), äå τ � ÷àñ ðåëàêñàöi¨. Îñêiëüêè τ ìàëå,
òî ìîæíà îáìåæèòèñÿ ðîçâèíåííÿì u(x, t + τ) ó ðÿä
Òåéëîðà òà îòðèìàòè äèíàìi÷íi çàêîíè Äàðñi ç ðå-
ëàêñàöi¹þ øâèäêîñòi ôiëüòðàöi¨ [26]. Ïî¹äíàííÿ çàïi-
çíåíî¨ ðåàêöi¨ øâèäêîñòi òà òèñêó â îäíîìó ðiâíÿííi
ïðèâîäèòü äî óçàãàëüíåíîãî çàêîíó Äàðñi, ÿêèé äî-
áðå îïèñó¹ åêñïåðèìåíòàëüíi äàíi [16] òà øèðîêî âè-
êîðèñòîâó¹òüñÿ ïiä ÷àñ ðîçâ'ÿçàííÿ çàäà÷ ôiëüòðàöi¨
[17, 18, 21, 22, 27]. Äëÿ ñèñòåìàòè÷íîãî âèâåäåííÿ äè-
íàìi÷íèõ çàêîíiâ Äàðñi âèêîðèñòîâóþòü ðåëàêñàöié-
íèé ôîðìàëiçì [28, 29]. Çîêðåìà, ó ïðàöi [30] áóëè ïî-
áóäîâàíi íåëiíiéíi ðiâíÿííÿ ôiëüòðàöi¨ ç ðåëàêñàöi¹þ
òà ïðîñòîðîâîþ íåëîêàëüíiñòþ, à òàêîæ çíàéäåíi òî-
÷íi õâèëüîâi òà ïîëiíîìiàëüíi ðîçâ'ÿçêè ìîäåëåé ïðó-
æíîãî ðåæèìó ôiëüòðàöi¨.

Ó öié ñòàòòi ðîçãëÿíóòî ëiíiéíi äèíàìi÷íi ðiâíÿí-
íÿ Äàðñi ç ðåëàêñàöi¹þ. Ùîáiëüøå, ÿê çàçíà÷åíî â
ïðàöi [16], ôiëüòðàöiÿ â íåîäíîðiäíîìó ïîðèñòîìó ñå-
ðåäîâèùi ñóïðîâîäæó¹òüñÿ çáóäæåííÿì öiëî¨ ìíîæè-
íè îäíî÷àñíî ñïiâiñíóþ÷èõ ðåëàêñàöiéíèõ ïðîöåñiâ iç
øèðîêèì ñïåêòðîì ÷àñiâ ðåëàêñàöi¨. Îïèñ ôiëüòðàöi¨
ç êiëüêîìà ðåëàêñàöiéíèìè ïðîöåñàìè ïðèâîäèòü äî
äèíàìi÷íîãî ðiâíÿííÿ Äàðñi ç âèñîêèìè ÷àñîâèìè ïî-
õiäíèìè [17], çîêðåìà, äëÿ äâîõ ïðîöåñiâ îòðèìà¹ìî
äèíàìi÷íèé çàêîí Äàðñi ç äðóãèìè ÷àñîâèìè ïîõiäíè-
ìè.

Îòæå, ó ñòàòòi ðîçãëÿíóòî ïðóæíèé ðåæèì íåðiâ-
íîâàæíî¨ ôiëüòðàöi¨ â íàïiâïðîñòîði, êîëè íà éîãî
ìåæi çàäàíî ãàðìîíi÷íèé çàêîí ñòèìóëþâàííÿ. Îñî-
áëèâó óâàãó ïðèäiëåíî îöiíöi åôåêòiâ çàãàñàííÿ çà
òàêî¨ ôiëüòðàöi¨ çàëåæíî âiä ÷àñòîòè ñòèìóëþâàííÿ
ïëàñòà, ñïiââiäíîøåííÿ ìiæ ðiâíîâàæíèìè òà çàìîðî-
æåíèìè êîåôiöi¹íòàìè ôiëüòðàöi¨ ïëàñòà, ñïiââiäíî-
øåííÿ ìiæ ÷àñàìè ðåëàêñàöi¨, ðîçïîäiëó êîåôiöi¹íòiâ
ôiëüòðàöi¨ ïî êîîðäèíàòi.

I. ÌÀÒÅÌÀÒÈ×ÍÀ ÌÎÄÅËÜ
ÍÅÐIÂÍÎÂÀÆÍÎ� ÔIËÜÒÐÀÖI� ÒÀ

ÏÎÑÒÀÍÎÂÊÀ ÇÀÄÀ× ÄÎÑËIÄÆÅÍÍß

Ïîáóäîâó ìîäåëåé íåðiâíîâàæíî¨ ôiëüòðàöi¨ ðîçïî-
÷íåìî ç íàéïðîñòiøîãî âèïàäêó, êîëè ôiëüòðàöiÿ ñó-
ïðîâîäæó¹òüñÿ îäíèì ðåëàêñàöiéíèì ïðîöåñîì. Òîäi
ðåëàêñàöiéíå óçàãàëüíåííÿ çàêîíó Äàðñi ìîæíà îòðè-
ìàòè ç iíòå ðàëüíîãî ñïiââiäíîøåííÿ (1), êîëè íà-
áëèæåííÿ äî ðiâíîâàæíîãî ñòàíó îïèñó¹òüñÿ ðåëà-
êñàöiéíèì ÿäðîì âèäó K(x, t) = (K∞δ(t) + (K0 −
K∞)e−t/τ/τ)δ(x), äå êîåôiöi¹íòè ôiëüòðàöi¨ K0 =
k0/µ0, K∞ = k∞/µ∞, k0,∞ � ðiâíîâàæíèé òà çàìî-
ðîæåíèé êîåôiöi¹íòè ïðîíèêíîñòi, µ0,∞ � ðiâíîâà-
æíà òà çàìîðîæåíà äèíàìi÷íà â'ÿçêiñòü ðiäèíè, δ(t)
� äåëüòà-ôóíêöiÿ Äiðàêà.
Îòæå, äèíàìi÷íå óçàãàëüíåííÿ çàêîíó Äàðñi äëÿ

ôiëüòðàöi¨ ç îäíèì ðåëàêñàöiéíèì ïðîöåñîì îïèñó¹-
òüñÿ òàêèì iíòå ðàëüíèì ðiâíÿííÿì [18, 29, 31]:

u+K∞∇p+
K0 −K∞

τ

∫ t

0

∇pe−
t−s
τ ds = 0. (2)

Âèêëþ÷àþ÷è çi ñïiââiäíîøåííÿ (2) iíòå ðàëüíèé
äîäàíîê, îòðèìà¹ìî âiäîìå äèíàìi÷íå óçàãàëüíåííÿ
çàêîíó Äàðñi

τ (u+K∞∇p)t + u+K0∇p = 0. (3)

Ñòîñîâíî ìîäåëi (3) çàçíà÷èìî, ùî ïiä ÷àñ ïîøèðå-
ííÿ êîëèâíîãî ïðîöåñó ç õàðàêòåðíèì ïåðiîäîì 1/ω
ôiëüòðàöiéíèé ïîòiê âñòèãà¹ àäàïòóâàòèñÿ äî íàâåäå-
íèõ çáóðåíü, êîëè 1/ω ≫ τ . Òîáòî, êîëè ωτ → 0, ôiëü-
òðàöiþ ìîæíà ââàæàòè ðiâíîâàæíîþ. Â iíøîìó ãðà-
íè÷íîìó âèïàäêó, êîëè ïåðiîä 1/ω çíà÷íî ìåíøèé âiä
τ , ðåëàêñàöiÿ íå âñòèãà¹ ïîìiòíî ðåàëiçóâàòèñü (�çà-
ìîðîæó¹òüñÿ�), i òîäi âèïàäîê ωτ → ∞ âiäíîñÿòü äî
ôiëüòðàöi¨ iç çàìîðîæåíèì ðåëàêñàöiéíèì ïðîöåñîì.
ßê öå ìîæíà ïîáà÷èòè ç àíàëiçó äèñïåðñiéíèõ êðè-

âèõ äëÿ ðiâíÿííÿ (3), ñàìå çà ãðàíè÷íèõ ïåðåõîäiâ
ωτ → 0 òà ωτ → ∞ îòðèìó¹ìî ãðàíè÷íi çàêîíè Äàðñi
u+K0∇p = 0 òà u+K∞∇p = 0, ÿêi õàðàêòåðèçóþòüñÿ
êîåôiöi¹íòàìè K0 òà K∞.
Ïðè öüîìó K0 − K∞ > 0, ùî òàêîæ ¹ íàñëiäêîì

îáìåæåíü, ÿêi âèïëèâàþòü iç çàêîíiâ íåðiâíîâàæíî¨
òåðìîäèíàìiêè [31].
Çà àíàëîãi¹þ äî (2), òàêîæ ìîæíà ïîáóäóâàòè äè-

íàìi÷íå ðiâíÿííÿ Äàðñi ç äâîìà ðåëàêñàöiéíèìè ïðî-
öåñàìè

u+K∞∇p+
(K0 −K∞)

τ1 + τ2

×
t∫

0

∇p
(
e−

t−s
τ1 + e−

t−s
τ2

)
ds = 0, (4)

äå τ1,2 � ÷àñè ðåëàêñàöi¨.
Âèëó÷åííÿ iíòå ðàëüíîãî äîäàíêà ç (4) äà¹ çìîãó

[28] çàïèñàòè éîãî ó ôîðìi äèôåðåíöiàëüíîãî ðiâíÿí-
íÿ

τ1τ2(utt +K∞∇ptt) + (τ1 + τ2) (ut + δ∇pt)

+ u+K0∇p = 0,
(5)
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äå δ =
2τ1τ2K0+(τ2

1+τ2
2 )K∞

(τ1+τ2)2
.

Îòæå, íåðiâíîâàæíà ôiëüòðàöiÿ ðiäèíè â ïîðèñòî-
ìó ñåðåäîâèùi îïèñó¹òüñÿ ñèñòåìîþ ðiâíÿíü, ÿêi âèðà-
æàþòü äèíàìi÷íèé çàêîí Äàðñi òà çàêîí çáåðåæåííÿ
ìàñè ðiäèíè, ùî ôiëüòðó¹òüñÿ [32]

τ
d

dt
(u+K∞∇p) + u+K0∇p = 0,

∂(mρ)

∂t
+∇(ρu) = 0,

(6)

äå d(·)/dt = ∂(·)/∂t+ u∂(·)/∂x � ïîâíà ïîõiäíà.
Ñèñòåìà (6) çàìèêà¹òüñÿ ðiâíÿííÿì ñòàíó ðiäèíè

ρ = ρ(p) òà çàëåæíîñòÿìè ôóíêöi¨ ïîðèñòîñòi m âiä
òèñêó p. Âåëè÷èíè K0,∞ ìîæóòü áóòè ÿê ñòàëèìè, òàê
i ôóíêöiÿìè ÷àñó, êîîðäèíàò,  ðàäi¹íòiâ òèñêó òîùî.
Àíàëîãi÷íî âèãëÿäà¹ i ìîäåëü ôiëüòðàöi¨ ç ðiâíÿííÿì
Äàðñi ó ôîðìi (5).
Î÷åâèäíî, ùî â öiëîìó ñèñòåìà (6) íåëiíiéíà i îòðè-

ìàòè ¨¨ çàãàëüíèé ðîçâ'ÿçîê íå âäà¹òüñÿ, õî÷à îêðåìi
÷àñòêîâi ðîçâ'ÿçêè [23, 30] âñå æ ìîæíà çíàéòè. Òî-
ìó â öèõ äîñëiäæåííÿõ ðîçãëÿíóòî çàäà÷i ïðî íåðiâ-
íîâàæíó ôiëüòðàöiþ ðiäèíè â ëiíiéíié îäíîâèìiðíié
ïîñòàíîâöi, êîëè íà ìåæi ñåðåäîâèùà çàäàíî ïåðiîäè-
÷íèé çàêîí éîãî ñòèìóëþâàííÿ.
Îòæå, ëiíåàðèçóþ÷è ñèñòåìó (6) â îêîëi ñòàöiîíàð-

íîãî ñòàíó (ρ, p) = (ρ0, p0) òà âèêîðèñòîâóþ÷è ëiíåà-
ðèçîâàíi ðiâíÿííÿ

ρ = ρ0 +
dρ

dp
(p− p0) = ρ0 + ρ0βℓ(p− p0),

m = m0 +
dm

dp
(p− p0) = m0 + βs(p− p0),

äå βℓ = 1
ρ
dρ
dp òà βs = dm

dp � êîåôiöi¹íòè îá'¹ìíî¨ ñòè-

ñëèâîñòi íàôòè òà ñêåëåòà ïîðîäè ïëàñòà âiäïîâiäíî,
à òàêîæ ââàæàþ÷è, ùî K0,∞ = K0,∞(x), îòðèìà¹ìî
òàêó êðàéîâó çàäà÷ó

τ

(
ut −

K∞(x)

β
uxx

)
t

+ ut −
K0(x)

β
uxx

= 0, x ∈ [r,+∞), t > 0

(7)

ç êðàéîâîþ óìîâîþ

u(x, t) = A sinωt ïðè x = r ⩾ 0. (8)

Êðàéîâà óìîâà (8) îïèñó¹ ãàðìîíi÷íi çìiíè øâèä-
êîñòi ôiëüòðàöi¨ íà ìåæi ïëàñòà ç àìïëiòóäîþ A òà
÷àñòîòîþ ω. Òàêèé ðåæèì ìîæå ãåíåðóâàòèñü àêóñòè-
÷íèì âèïðîìiíþâà÷åì, ðîçòàøîâàíèì ó ñâåðäëîâèíi
íà êîíòàêòi ç ïëàñòîì. Òàêîæ íàêëàäà¹òüñÿ óìîâà ïðî
îáìåæåíiñòü ðîçâ'ÿçêó íà íåñêií÷åííîñòi. Ïàðàìåòð
β = βs +m0βℓ � êîåôiöi¹íò ïðóæíî¨ ¹ìíîñòi ïëàñòà.
Ïîðÿäîê ðiâíÿííÿ (7) çà ïðîñòîðîì òàêèé ñàìèé, ÿê
i äëÿ êëàñè÷íîãî ðiâíÿííÿ ôiëüòðàöi¨, òîìó îòðèìàíà
êðàéîâà çàäà÷à çàãàëîì ¹ êëàñè÷íîþ [18, 23] i ìîæå
îïèñóâàòè ðîáîòó ñâåðäëîâèíè â ïåðiîäè÷íîìó ðåæè-
ìi.

Äëÿ ìîäåëi ôiëüòðàöi¨ ç äâîìà ðåëàêñàöiéíèìè ïðî-
öåñàìè, ëiíåàðèçîâàíó ìîäåëü ìîæíà çàïèñàòè òàê:

ντ2(utt +K∞∇ptt) + τ(1 + ν) (ut + δ∇pt)

+u+K0∇p = 0,

(9)

βpt + ux = 0,

äå ν = τ2/τ1, δ = 2νK0+(1+ν2)K∞
(1+ν)2 . Ïî÷àòêîâi óìîâè

íóëüîâi, êðàéîâà óìîâà � ñïiââiäíîøåííÿ (8).
Òàêîæ óêàæåìî ðiâíÿííÿ ùîäî òèñêó p äëÿ ðiâíÿ-

ííÿ Äàðñi (3)

pt −
K0

β
pxx + τ

(
pt −

K∞

β
pxx

)
t

= 0, (10)

äëÿ ðiâíÿííÿ Äàðñi (5)

ντ2(pt −
K∞

β
pxx)tt + τ(1 + ν)

(
pt −

δ

β
pxx

)
t

+pt −
K0

β
pxx = 0. (11)

Çàçíà÷èìî, ùî ðiâíÿííÿ (10) çáiãà¹òüñÿ ç ðiâíÿííÿì,
óïåðøå çãàäàíèì ó ïðàöi [16], à òàêîæ iç ðiâíÿí-
íÿì ôiëüòðàöi¨ â òðiùèíóâàòî-ïîðèñòèõ ñåðåäîâèùàõ
[23, 33]. Ìîæíà ïîêàçàòè, ùî ðiâíÿííÿ (11) çáiãà¹òüñÿ
ç ðiâíÿííÿì òåîði¨ òðiùèíóâàòî-ïîðèñòèõ ñåðåäîâèù,
ÿêùî ìîäèôiêóâàòè íàëåæíî çàêîí îáìiíó ðiäèíîþ
ìiæ ñèñòåìàìè áëîêiâ òà òðiùèí (Äîäàòîê À).

II. ÀÍÀËIÒÈ×ÍI ÐÎÇÂ'ßÇÊÈ ÊÐÀÉÎÂÎ�
ÇÀÄÀ×I ÏÐÎ ÍÅÐIÂÍÎÂÀÆÍÓ ÔIËÜÒÐÀÖIÞ

Âèïàäîê 1. Äëÿ ïîâíîòè âèêëàäó òà ïîðiâíÿí-
íÿ ðåçóëüòàòiâ, ñïåðøó ðîçãëÿíüìî âèïàäîê, êîëè
K0,∞(x) = K0,∞ = const. Òîäi ðîçâ'ÿçîê çàäà÷i çðó÷íî
øóêàòè â êëàñi êîìïëåêñíîçíà÷íèõ ôóíêöié (ç âiäïî-
âiäíîþ ìîäèôiêàöi¹þ êðàéîâî¨ óìîâè) ìåòîäîì Ôóð'¹
ó âèãëÿäi

u = U(x)eiωt, i =
√
−1. (12)

Ïiäñòàâëÿþ÷è (12) â (7), îòðèìà¹ìî ðiâíÿííÿ

U ′′ − U
iω(1 + iωτ)

K0

β

(
1 + K∞

K0
iωτ
) = 0 (13)

ç êðàéîâîþ óìîâîþ çà r ó âèãëÿäi U(r) = A òà óìîâîþ
íà íåñêií÷åííîñòi U → 0.
Îñòàòî÷íî ÷àñòêîâèé ðîçâ'ÿçîê ðiâíÿííÿ (13) òà-

êèé:

U = A
e−λx

e−λr
, (14)
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äå

λ =

√√√√ iω(1 + iωτ)

K0

β

(
1 + K∞

K0
iωτ
) .

Îñêiëüêè íàñ öiêàâèòü çàãàñàííÿ ïðîôiëþ U âçäîâæ
êîîðäèíàòè, òî íåìà¹ ïîòðåáè áóäóâàòè âåñü ðîçâ'ÿçîê
çàäà÷i, à äîñòàòíüî îáìåæèòèñÿ ëèøå îá÷èñëåííÿì
êîåôiöi¹íòà çàãàñàííÿ φ, ÿêèé òðàäèöiéíî âèçíà÷à¹ìî
òàê: φ = Re(λ), äå Re(·) � äiéñíà ÷àñòèíà êîìïëåêñíî-
ãî ÷èñëà.

Êîåôiöi¹íò çàãàñàííÿ çðó÷íî çàïèñàòè â òàêié ôîð-
ìi:

φ̄(z; θ) ≡ φ

φ0
=

√√√√ (θ − 1)z

1 + (θz)2
+

√
1 + z2

1 + (θz)2
,

(15)

φ0 ≡ φ(0; θ) =

√
βω

2K0
, θ =

K∞

K0
< 1, z = τω.

Î÷åâèäíî, ùî çà çìiíè z ôóíêöiÿ φ̄(z) ïðÿìó¹ äî ñâî¨õ
àñèìïòîòè÷íèõ çíà÷åíü, çîêðåìà φ̄(z) → 1 çà z → 0

òà φ̄(z) → 1/
√
θ çà z → ∞. Âèÿâëÿ¹òüñÿ, ùî ôóíêöiÿ

ìà¹ ëîêàëüíèé ìiíiìóì, àáñöèñà ÿêîãî ìà¹ çíà÷åííÿ:

z =

√
3(1 + θ)−

√
9 + 14θ + 9θ2

2θ2
. (16)

Äëÿ âñòàíîâëåííÿ õàðàêòåðó ïîâåäiíêè âåëè÷èíè z
âiä ïàðàìåòðà θ ó âèðàçi (16) âèêîíà¹ìî ðÿä îöiíîê,
äåòàëüíî âèêëàäåíèõ ó Äîäàòêó Á. Ç îòðèìàíèõ ðå-
çóëüòàòiâ âèïëèâà¹, ùî âiäïîâiäíà ôóíêöiÿ z(θ) ¹ ñïà-
äíîþ.
Òîáòî çi çðîñòàííÿì θ êðèòè÷íà òî÷êà çìiùó¹òüñÿ

ëiâîðó÷. Òèïîâèé âèãëÿä êðèâèõ φ̄(z) çîáðàæåíî íà
ðèñ. 1 çà θ1 = 0.2 (âiäïîâiäíó ãîðèçîíòàëüíó àñèìïòî-
òó ïîçíà÷åíî øòðèõîâîþ ëiíi¹þ) òà θ2 = 0.4.
Âèïàäîê 2. Äëÿ ìîäåëi (10) ðîçâ'ÿçîê (12) êðàéîâî¨

çàäà÷i òàêîæ ìà¹ åêñïîíåíöiéíèé âèãëÿä (14) ç ïîêà-
çíèêîì

λ =

√
iω [1 + (1 + ν)iz − νz2]

K0

β (1 + δiz − νθz2)
,

äå δ = 2ν+(1+ν2)θ
(1+ν)2 , θ = K∞/K0, z = ωτ . Ëåãêî ïåðåêî-

íàòèñü, ùî çà ν = 0 âèðàçè äëÿ λ, çíàéäåíi ó âèïàäêàõ
1 òà 2, çáiãàþòüñÿ. Êîëè ν = 1, ìîæíà ñêîðîòèòè äðiá
íà (1+ iz) i çíîâó îòðèìàòè âèðàç äëÿ λ òàêèé ñàìèé,
ÿê ó âèïàäêó 1.
Ôóíêöiÿ (15) ìà¹ âèãëÿä

φ̄(z; ν, θ) =

√√√√ (1 + ν)z(µ− 1− µνz2 + νθz2)

µ2(1 + ν)2z2 + (1− νθz2)2
+

√
(1 + z2)(1 + ν2z2)

µ2(1 + ν)2z2 + (1− νθz2)2
. (17)

Ðèñ. 1. Ãðàôiêè ôóíêöi¨ φ̄(z), âèçíà÷åíî¨ âèðàçîì (15), çà
θ1 = 0.2 òà θ2 = 0.4

Fig. 1. Graphs of the function φ̄(z) de�ned by the expression
(15) for θ1 = 0.2 and θ2 = 0.4

Ðèñ. 2. Ãðàôiêè ôóíêöi¨ φ̄(z), âèçíà÷åíî¨ âèðàçîì (17) çà
θ = 0.2 òà ν = 0; 0.2; 1; 1.5

Fig. 2. Graphs of the function φ̄(z) de�ned by the expression
(17) for θ = 0.2 and ν = 0; 0.2; 1; 1.5

Òèïîâèé ãðàôiê ôóíêöi¨ φ̄ çîáðàæåíî íà ðèñ.2. Äëÿ
ïîðiâíÿííÿ âèáåðiìî ãðàôiê φ̄, ïîáóäîâàíèé íà ðèñ. 1
çà θ = 0.2 (êðèâi, ïîçíà÷åíi ñèíiì êîëüîðîì). Î÷åâè-
äíî, ùî çà ν = 0 òà ν = 1 ãðàôiêè çáiãàòèìóòüñÿ, çà

ν = 0.2 òà ν = 1.5 > 1 ãðàôiêè ôóíêöi¨ ïåðåòèíà-
þòü ðåôåðåíòíó êðèâó, äî òîãî æ ëiâîðó÷ çìiùó¹òüñÿ
i êðèòè÷íà òî÷êà. Ïiñëÿ ïåðåòèíó ðåôåðåíòíî¨ êðè-
âî¨ ãðàôiê φ̄ éäå âèùå âiä íå¨ çà ν = 1.5 > 1 (çåëåíà
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êðèâà) i íèæ÷å çà ν = 0.2 < 1 (÷åðâîíà ëiíiÿ).
Âèïàäîê 3. Òåïåð ðîçãëÿíåüìî âèïàäîê, êîëè K0,∞

¹ ôóíêöiÿìè êîîðäèíàòè. Õî÷ ðiâíÿííÿ é ëèøà¹òüñÿ
ëiíiéíèì, îäíàê éîãî êîåôiöi¹íòè âæå íå ¹ ñòàëèìè
âåëè÷èíàìè i îòðèìàòè çàãàëüíèé ðîçâ'ÿçîê äëÿ äî-
âiëüíèõ ôóíêöié K0,∞(x) íå âäà¹òüñÿ. Óñå æ òàêè ¹
äîñèòü øèðîêèé íàáið ôóíêöié [34], êîëè ðiâíÿííÿ ìî-
æíà ïðîiíòå ðóâàòè ïîâíiñòþ. Ó öié ïðàöi ðîçãëÿíóòî
ñòåïåíåâi ôóíêöi¨ K0(x) = a/xn òà K∞(x) = aθ/xn, äå
n ìîæå ïðèéìàòè ÿê äîäàòíi, òàê i âiä'¹ìíi äiéñíi çíà-
÷åííÿ.
Òîäi ðiâíÿííÿ, îòðèìàíå ïiäñòàíîâêîþ (12) â (7),

çàïèøåìî â òàêîìó âèãëÿäi

U ′′ − UxnΩ = 0, Ω =
iω(1 + iωτ)
a
β (1 + θiωτ)

. (18)

ßê âiäîìî [34], çàãàëüíèé ðîçâ'ÿçîê ðiâíÿííÿ (18)
ìîæíà âèïèñàòè íà îñíîâi ôóíêöié Áåññåëÿ òà ïðèí-
öèïó ñóïåðïîçèöi¨.

U =
√
x

[
C1I1/2q

(√
Ω

q
xq

)
+ C2K1/2q

(√
Ω

q
xq

)]
,

q =
n+ 2

2
,

äå C1,2 � ñòàëi, ùî âèçíà÷àþòüñÿ ç êðàéîâèõ óìîâ.
Òîäi ç óðàõóâàííÿì êðàéîâî¨ óìîâè U(r) = A,

r ̸= 0 òà îáìåæåíîñòi íà íåñêií÷åííîñòi îòðèìà¹ìî
ðîçâ'ÿçîê:

U = A

√
xK1/2q

(√
Ω
q xq

)
√
rK1/2q

(√
Ω
q rq

) . (19)

Ïàðàìåòð Re(
√
Ω/q), î÷åâèäíî, âèêîíó¹ ðîëü êîåôi-

öi¹íòà çàãàñàííÿ, àíàëîãi÷íîãî äî φ. Îäíàê íàâåäåíà
âåëè÷èíà φ̄ çáiãàòèìåòüñÿ ç (15).

III. ÂÈÑÍÎÂÊÈ

Îòæå, ó ïðîâåäåíèõ äîñëiäæåííÿõ iç âèêîðèñòàí-
íÿì óçàãàëüíåíèõ äèíàìi÷íèõ çàêîíiâ Äàðñi ðîçãëÿ-
íóòî ìàòåìàòè÷íó ìîäåëü ïðóæíîãî ðåæèìó íåñòà-
öiîíàðíî¨ íåðiâíîâàæíî¨ ôiëüòðàöi¨ ðiäèíè â ïîðèñòî-
ìó ñåðåäîâèùi ïëîñêîãî ïëàñòà. Çîêðåìà, ïîáóäîâàíî

ðiâíÿííÿ Äàðñi ç äâîìà ðåëàêñàöiéíèìè ïðîöåñàìè â
îäíîðiäíîìó ïîðèñòîìó ñåðåäîâèùi òà ïîêàçàíî ïîäi-
áíiñòü îïèñó éîãî ôiëüòðàöiéíî¨ äèíàìiêè äî ïðîöåñiâ
ó òðiùèíóâàòî-ïîðèñòîìó ïëàñòi.
Ó ðîáîòi ðîçâ'ÿçàíî îäíîâèìiðíi êðàéîâi çàäà÷i íå-

ðiâíîâàæíî¨ ôiëüòðàöi¨ áåç ïî÷àòêîâèõ óìîâ òà ç ãàð-
ìîíi÷íèì çáóðåííÿì íà ìåæi íàïiâïðîñòîðó. Ìåòîäîì
ðîçäiëåííÿ çìiííèõ óñòàíîâëåíî âèãëÿä ñòàöiîíàðíèõ
ðîçâ'ÿçêiâ çàäà÷, ÿêi âèçíà÷àþòü ðîçïîäië âiáðàöié ïî
ïðîñòîðó, òîäi ÿê ÷àñîâà êîìïîíåíòà ðîçâ'ÿçêó ãàðìî-
íi÷íà. Âèêîðèñòîâóþ÷è ïîáóäîâàíi ðîçâ'ÿçêè, ïðîàíà-
ëiçóâàëè çàãàñàííÿ âiáðàöié çà íåðiâíîâàæíî¨ ôiëü-
òðàöi¨ çàëåæíî âiä ÷àñòîòè çáóðåííÿ òà âiäíîøåí-
íÿ êîåôiöi¹íòiâ ôiëüòðàöi¨ K∞/K0. Òàêîæ îá÷èñëåíî
çíà÷åííÿ ÷àñòîòè, äå äîñÿãà¹òüñÿ ìiíiìóì íàâåäåíîãî
êîåôiöi¹íòà çàãàñàííÿ, òà âñòàíîâëåíî çñóâ òî÷êè ìi-
íiìóìó êîåôiöi¹íòà çàãàñàííÿ â áiê ìåíøèõ ÷àñòîò çà
çðîñòàííÿ âiäíîøåííÿ êîåôiöi¹íòiâ ôiëüòðàöi¨.
Ó âèïàäêó âèêîðèñòàííÿ çàêîíó Äàðñi ç äâîìà ðå-

ëàêñàöiéíèìè ïðîöåñàìè ïîêàçàíî, ùî çàëåæíî âiä
âiäíîøåííÿ ÷àñiâ ðåëàêñàöi¨ ν = τ2/τ1 êðèâà âiäíîñíî-
ãî êîåôiöi¹íòà çàãàñàííÿ âèõîäèòü íà àñèìïòîòè÷íi
çíà÷åííÿ (çàìîðîæåíà ðåëàêñàöiÿ), ÿêi ìîæóòü áóòè
áiëüøèìè (ν > 1) àáî ìåíøèìè (ν < 1) âiä çíà÷åíü,
ùî ñïîñòåðiãàþòüñÿ ó âèïàäêó çàêîíó Äàðñi ç îäíèì
ðåëàêñàöiéíèì ïðîöåñîì. Äî òîãî æ òî÷êè ïåðåòèíó
êðèâèõ, ùî âiäïîâiäàþòü çàêîíàì Äàðñi ç ðiçíîþ êiëü-
êiñòþ ðåëàêñàöiéíèõ ïðîöåñiâ, ëåæàòü ïî ðiçíi áîêè
òî÷êè ìiíiìóìó êðèâèõ: çà ν > 1 � ëiâiøå, çà ν < 1 �
ïðàâiøå. Òàêi îñîáëèâîñòi êðèâèõ ìîæóòü ñòàòè â íà-
ãîäi ïiä ÷àñ âåðèôiêàöi¨ ìàòåìàòè÷íèõ ìîäåëåé ôiëü-
òðàöi¨.
Àíàëîãi÷íi äîñëiäæåííÿ âäàëîñÿ òàêîæ ïîøèðèòè

íà ïîðèñòi ñåðåäîâèùà, ó ÿêèõ êîåôiöi¹íòè ôiëüòðà-
öi¨ ¹ ñòåïåíåâèìè ôóíêöiÿìè ïðîñòîðîâî¨ êîîðäèíàòè.
Çîêðåìà, ïîêàçàíî, ùî íàâåäåíèé êîåôiöi¹íò çàãàñà-
ííÿ ïîâîäèòüñÿ àíàëîãi÷íî äî òàêîãî êîåôiöi¹íòà â
ñåðåäîâèùi çi ñòàëèì êîåôiöi¹íòîì ôiëüòðàöi¨. Çàçíà-
÷èìî, ùî ¹ ïiäñòàâè ââàæàòè, ùî òàêà ïîâåäiíêà âëà-
ñòèâà é iíøèì ïîðèñòèì ñåðåäîâèùàì, ÿêi õàðàêòåðè-
çóþòüñÿ íåñòåïåíåâèìè êîåôiöi¹íòàìè ôiëüòðàöi¨.
Îòðèìàíi ðåçóëüòàòè ìîæóòü áóòè óçàãàëüíåíi äëÿ

áiëüøî¨ êiëüêîñòi ðåëàêñàöiéíèõ ïðîöåñiâ, âêëþ÷àþ-
÷è êîëèâíi ÿäðà ðåëàêñàöi¨ [28], íà âèïàäîê âðàõóâàí-
íÿ ïðîñòîðîâî¨ íåëîêàëüíîñòi ïîëiâ øâèäêîñòi òà òè-
ñêiâ, íà áàãàòîâèìiðíèé âèïàäîê òîùî. Âèñíîâêè, ùî
âèïëèâàþòü iç äîñëiäæåíü, íàïðèêëàä, îöiíêà ÷àñòîò
êîëèâàíü iç ìiíiìàëüíèì çàãàñàííÿì, ìîæóòü áóòè êî-
ðèñíèìè ïiä ÷àñ ðîçðîáêè òåõíîëîãi¨ iíòåíñèôiêàöi¨
âèäîáóòêó ìiíåðàëüíèõ ðåñóðñiâ.

Äîäàòîê À: Ðiâíÿííÿ ôiëüòðàöi¨ â òðiùèíóâàòî-ïîðèñòîìó ñåðåäîâèùi

ßê âiäîìî [23, 33] ìîäåëü ôiëüòðàöi¨ â òðiùèíóâàòî-ïîðèñòîìó ñåðåäîâèùi îïèñóþòü ìîäåëëþ

∂m1ρ

∂t
+∇ · ρu1 − q = 0,

∂m2ρ

∂t
+∇ · ρu2 + q = 0,

q =
ρα

µ
(p2 − p1), u1,2 = −k1,2

µ
∇p,

(1)
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äå òðàäèöiéíîm1,2 � ïîðèñòîñòi, u1,2 �øâèäêîñòi ðiäèíè, p1,2 � òèñêè, k1,2 � êîåôiöi¹íòè ïðîíèêíîñòi. Iíäåêñè
1 òà 2 âiäïîâiäàþòü õàðàêòåðèñòèêàì ó ñèñòåìàõ òðiùèí òà áëîêiâ âiäïîâiäíî. Âåëè÷èíè ρ òà µ � ãóñòèíà òà
â'ÿçêiñòü ðiäèíè. Ïàðàìåòð α õàðàêòåðèçó¹ iíòåíñèâíiñòü îáìiíó ðiäèíîþ ìiæ òðiùèíàìè òà áëîêàìè.
ßê ïîêàçàíî â [33], ðiâíÿííÿ äëÿ ïîòîêó q ìîæíà çàïèñàòè â iíòåãðàëüíié ôîðìi

q =
ρα

µ

(
p0 − p− 1

ρβ2

∫ t

0

qds

)
(2)

àáî â äèôåðåíöiàëüíié ôîðìi

qt +
ρα

µ
pt +

α

µβ2
q = 0.

Ïðèéìàþ÷è u2 = 0, ëiíåàðèçóþ÷è ðiâíÿííÿ òà âèêëþ÷àþ÷è çìiííó q, îòðèìà¹ìî ðiâíÿííÿ

pt −
k1

µ(β1 + β2)
pxx +

µβ1β2

α(β1 + β2)
ptt −

k1β2

α(β1 + β2)
pxxt = 0, (3)

ÿêå çáiãà¹òüñÿ ç ðiâíÿííÿì (10) ç òî÷íiñòþ äî ïîçíà÷åíü ñòàëèõ êîåôiöi¹íòiâ.
ßêùî ïîòiê q âèçíà÷àòè íå ðiâíÿííÿì (2), à éîãî ðåëàêñàöiéíîþ ìîäèôiêàöi¹þ

τqt + q =
ρα

µ

(
p0 − p− 1

ρβ2

∫ t

0

q ds

)
,

ÿêà â äèôåðåíöiàëüíié ôîðìi çàïèñó¹òüñÿ òàê

τqtt + qt +
ρα

µ
pt +

α

µβ2
q = 0,

òî âiäïîâiäíå ðiâíÿííÿ ôiëüòðàöi¨ ìàòèìå íàñòóïíèé âèãëÿä

τ(β1qtt −
k1
µ
pxx)tt + (β1qt −

k1
µ
pxx)t + pt

[
α

µ

(
β1

β2
+ 1

)]
− αk1

µ2β2
pxx = 0, (4)

ùî çáiãà¹òüñÿ ç ðiâíÿííÿì (11) ç òî÷íiñòþ äî ïîçíà÷åíü ñòàëèõ êîåôiöi¹íòiâ.

Äîäàòîê Á: Ìîíîòîííiñòü ôóíêöi¨ (16)

Ùîá äîâåñòè, ùî ôóíêöiÿ (16) ¹ ñïàäíîþ, âèêîðèñòàéìî îçíà÷åííÿ ìîíîòîííîñòi. Äëÿ öüîãî âèáåðiìî äî-
âiëüíî äâà çíà÷åííÿ àðãóìåíòó θ1,2 i äëÿ âèçíà÷åíîñòi ïðèéìiìî, ùî θ1 < θ2. Òîäi äëÿ z1,2 ≡ z(θ1,2) � çíà÷åíü
ôóíêöi¨ (16) (ïîïåðåäíüî ïîçáóëèñÿ iððàöiîíàëüíîñòi â ÷èñåëüíèêó) ó òî÷êàõ θ1,2 ñïðàâåäëèâi îöiíêè

z1 =

√
2

θ1(3(1 + θ1) +
√

9 + 14θ1 + 9θ21)
>

√
2

θ2(3(1 + θ2) +
√

9 + 14θ2 + 9θ22)
= z2. (1)

Îòæå, z(θ1) > z(θ2), ùî îçíà÷à¹ ñïàäíèé õàðàêòåð ôóíêöi¨ z(θ).
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ATTENUATION OF VELOCITY FIELDS DURING NON-EQUILIBRIUM FILTRATION
IN A HALF-SPACE MEDIUM FOR HARMONIC ACTION ON IT

I. I. Denysiuk, I. A. Skurativska, I. M. Hubar
Subbotin Institute of Geophysics of the NAS of Ukraine, Division of Geodynamics of Explosion,

63G, Bohdan Khmelnytskyi St., Kyiv, UA�01054, Ukraine,

e-mail: inna.skurativska@gmail.com

When developing methods of wave action on porous media for the purpose of intensifying �ltration
processes, it becomes necessary to evaluate the attenuation of �ltration oscillations in porous strata
under conditions of intense high-frequency disturbances. To investigate this problem, the methods of
mathematical modeling of non-stationary non-equilibrium �ltration and the solving of a one-dimensional
linear boundary value problem in a half-space with a harmonic disturbance at its boundary are used.
The non-equilibrium nature of �ltration processes in reservoirs is taken into account in the dynamic law
of �ltration, which is a generalization of the classical Darcy's law, by including the e�ects of velocity
and pressure relaxation. In this research, �ltering equations are considered with one and two relaxation
processes, which were described by exponential relaxation kernels.

The exact stationary solutions of boundary value problems were calculated by using the method of
separation of variables and the damping coe�cients of oscillations in space were determined. Considering
the reduced damping coe�cients as the ratio of the �non-equilibrium� damping coe�cient to the equi-
librium one, the dependences of the reduced coe�cients on the disturbance frequency, on the ratio of
the equilibrium and frozen �ltering coe�cients, and on the ratio of the relaxation times (in the case of
the dynamic Darcy equation with two relaxation processes) were analyzed. In particular, the existence
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of a frequency that provides a minimum of damping coe�cients is shown, and the displacement of the
minimum point of the damping coe�cient towards lower frequencies with an increase in the ratio of the
�ltering coe�cients is established.

In the case of using Darcy's law with two relaxation processes, depending on the ratio of relaxation
times, the curve of the reduced damping coe�cient reaches asymptotic values that di�er from those
corresponding to Darcy's law with one relaxation process. In addition, the points of intersection of the
curves corresponding to Darcy's laws with di�erent number of relaxation processes lie on di�erent sides
of the minimum point of the curves. Such features of the curves can be useful in the veri�cation of
mathematical �ltering models. The problem is solved both for a homogeneous and for a non-homogeneous
porous media.

Key words: non-equilibrium �ltration, generalized Darcy's law, porous medium, wave action,
attenuation.
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