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The paper discusses the cosmological model with an interaction between dynamical quintessence
dark energy and cold dark matter. Evolution of the dark energy equation of state parameter is
de�ned by the dark energy adiabatic sound speed and the dark sector interaction parameter, which
must be a more physically correct model then the one previously used, in which this evolution
was determined by some �xed dependence on the scale factor. The constraints on the interaction
parameter and other parameters of the model were obtained using the cosmic microwave background,
baryon acoustic oscillations and the supernova SN Ia data.
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I. INTRODUCTION

The ΛCDM model is the simplest cosmological model
which is in a very good agreement with astrophysical
observational data. However, the theoretical explanati-
on of this model is very problematic from the quantum-
�eld theoretical point of view, which is described in
reviews [1, 2]. The alternative to Λ term in Einstein's
equations is the new component � dark energy (DE),
which in most cosmological calculations is described as
a perfect �uid with positive energy density and negati-
ve pressure, which causes accelerated expansion of the
universe at present time. Such component can be easi-
er to explain theoretically: it can be for example, some
classical scalar �eld. The constraints on the equation of
state parameter (EoS parameter) of DE, which in the
simplest models is constant, point to the EoS parameter
value close to −1 (which is ΛCDM model) [3]. And, when
considering the more general models of dynamical DE
(in them the EoS parameter varies with the expansion
of the universe), their parameters constraints also prefer
the ΛCDM model [3]. So they do not have any advantage
in the explanation of the accelerated expansion of the
universe [4, 5]. That is why there is a need to consider
more complicated models of dynamical DE which could
have a good theoretical explanation. Among such models
are those, in which dynamical DE non-gravitationally
interacts with cold dark matter (DM), which are called
dynamical interacting dark energy models (dynamical
IDE). This generalization is natural, because there are
no known free �elds in particle physics. These IDE
models with the constant or variable EoS parameter
were studied in detail for various forms of interaction
term in works, some of which are [6�14]. They are also
a promising solution to the H0 and cosmic shear tensi-
ons in modern cosmology [15, 16]. Anyway the previ-
ously studied dynamical IDE models [17, 18] have the

problem of the DE EoS parameter dependence on the
universe's expansion being physically non-realistic. It is
given by some �xed dependence on the scale factor,
as for instance in [19�21]. So we consider the model
of dynamical IDE, in which the evolution of the EoS
parameter depends on internal properties of IDE. This
evolution is parametrized by adiabatic sound speed of
DE and a coupling parameter of DE�DM interaction
[22, 23]. Also, we consider the most widely used type
of the DE�DM interaction term, proportional to the
energy density of DE [15, 24, 25]. The problem with
such types of interaction used in earlier works is that they
are not general-covariant. Hence, the general-covariant
DE�DM interaction term [30] is used in our model of
dynamical IDE. In this work, for the �rst time the
constraints on the parameters of such model were obtai-
ned using the Markov Chain Monte Carlo sampling
method. It must be noted that here the parameters of the
model are restricted to values where DE is quintessenti-
al. The model was compared with the cosmic microwave
background (CMB), baryon acoustic oscillations (BAO)
and supernova of type Ia (SN Ia) observational data.
This paper is organized as follows: in Section II the

general description of the model is given; in Section III,
the observational data and the analysis method, used in
this work are described; and in Section IV, the obtained
results are discussed.

II. MODEL OF THE DYNAMICAL IDE

The description of dynamical IDE and all other
components of the universe is made in perfect �uid
approximation with the stress-energy tensor:

T k
i = (ρ+ p)uiu

k − pδki . (1)

The universe is considered homogeneous and isotropic
with zero spatial curvature, relative to which small
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perturbations of metrics and the stress-energy tensor
of each component occur (perturbations are given in
synchronous gauge):

ds2 = a2(η)[dη2 − (δαβ + hαβ)dx
αdxβ ], (2)

T̄ 0
0 + δT 0

0 = ρ̄+ ρ̄δ,

T̄α
0 + δTα

0 = 0 + (ρ̄+ p̄)vα,

T̄ 0
α + δT 0

α = 0− (ρ̄+ p̄)vα, (3)

T̄ β
α + δT β

α = −p̄δβα − δpδβα.

Here a denotes a scale factor, η is conformal time,
hαβ is the perturbation of the metric tensor, ρ̄, p̄ are
background energy density and pressure, vα ≡ v ≡
dxα/dη is the peculiar velocity, δ is the perturbation
of density relative to its background value, δp is the
perturbation of pressure.

The sum of stress-energy tensors of dark components
satisfy the general-covariant conservation equation, but
separately, due to DE–DM interaction, they do not con-
serve:

T k
(de)i;k = J(de)i, (4a)

T k
(c)i;k = J(c)i. (4b)

Here Ji is the DE–DM interaction term, “ ; ” is a co-
variant derivative. From the conservation of the to-
tal stress-energy tensor of dark components follows that
J(c)i = −J(de)i = Ji. There are many forms of the in-
teraction term in works on IDE, but in this work one of
the most often used is considered: its background zero
component J̄0 is proportional to the energy density of
DE [15, 24, 25]:

J̄0 = 3βaHρ̄de . (5)

Here β is the interaction parameter, H ≡ (da/dη)/a2

is the Hubble parameter. This interaction form is pop-
ular because of the absence of DE perturbations’ non-
adiabatic instabilities in the radiation-dominated epoch
of the universe [24, 25]. Other forms of the DE–DM
interaction for which DE perturbations are stable were
studied in work [26]. The background component of the
equations (4) with this interaction takes the following
form:

˙̄ρde + 3aH(1 + w)ρ̄de = −3βaHρ̄de, (6a)

˙̄ρc + 3aHρ̄c = 3βaHρ̄de, (6b)

where the dot over ρ̄ denotes its derivative on conformal
time η and w is the DE EoS parameter. In this work, w
varies with the expansion of the universe, hence the DE
is dynamical. There are several parametrizations of w

evolution proposed in [19–21]. In them, EoS parameter
is given as some function of scale factor a which does not
depend on the internal properties of DE. But it is obvious
that the evolution of w must depend on them, and in the
case of our IDE model, on the DE–DM interaction. To
parametrize the evolution of w, which would satisfy these
requirements, let us use adiabatic sound speed of DE. It
is defined as c2a = ṗde/ρ̇de. Then from equation (6a) one
can obtain the general equation for the evolution of w:

dw

da
=

3

a
(1 + w + β)(w − c2a) . (7)

In a general case, c2a is dependent on time, but in this
work only the phenomenological models of IDE are con-
sidered for which c2a = const [22, 23]. Such model of DE
for a non-interacting case was considered in [27–29]. The
general solution of the system of equations (6), (7) was
obtained and analyzed in detail in work [22], and has the
following form:

w =
(1 + c2a + β)(1 + w0 + β)

1 + w0 + β − (w0 − c2a)a
3(1+c2a+β)

− 1− β, (8a)

ρ̄de = ρ̄
(0)
de

(1 + w0 + β)a−3(1+c2a+β) − w0 + c2a
1 + c2a + β

, (8b)

ρ̄c = ρ̄(0)c a−3 + βρ̄
(0)
de

[(
A

c2a + β
+B

)
a−3

− A

c2a + β
a−3(1+c2a+β) −B

]
, (8c)

A =
1 + w0 + β

1 + c2a + β
, B =

w0 − c2a
1 + c2a + β

,

where w0, ρ̄
(0)
de , ρ̄

(0)
dm are the values of EoS parameter, DE

density and DM density at present time (a = 1).
Also the extension of interaction term (5) to the back-

ground plus perturbation case is made as follows Ji =

3βHρdeu
(c)
i in works [24, 25]. This interaction form is

not general-covariant. So in this work, the interaction
term is taken in following form:

Ji = 3βρdeu
(T )k
;k u

(c)
i , (9)

where u
(T )
k is the 4-velocity of the center of mass of all

components in the universe. The presence of scalar quan-

tity u
(T )k
;k in this interaction term means that it takes

into account the local deviations of the Hubble param-
eter from its background value H, which was first pro-
posed in work [30]. Another general covariant form of
Ji, which takes into account the perturbations of H, but
is not considered in this work, was proposed in [31].

The resulting equations for the cosmological perturba-
tions of interacting dark components, following from (4),
in Fourier space, in synchronous gauge and in the dark
matter rest frame, take the following form [23]:
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δ̇de = −3aH(c2s − w)δde − (1 + w)
ḣ

2
− (1 + w)[k2 + 9a2H2(c2s − c2a)]

θde
k2

− β

[
ḣ

2
+ θT + 9a2H2(c2s − c2a)

θde
k2

]
, (10a)

θ̇de = −aH(1− 3c2s )θde +
c2sk

2

1 + w
δde + 3aH

β

1 + w
(1 + c2s )θde , (10b)

δ̇c = − ḣ

2
− β

ρ̄de
ρ̄c

[
3aH(δc − δde)−

ḣ

2
− θT

]
, (10c)

where c2s is a comoving e�ective sound speed of DE, θ ≡
i(k,v) and

θT =

∑
N (ρ̄N + p̄N )θN∑
N (ρ̄N + p̄N )

,

where N denotes the number of each component in the
universe.
In this work, the quintessence model of dynamical

IDE is considered. So for the quintessence DE of our
model, with the small values of scale factor a ≪ 1, the
EoS parameter is equal to the square of adiabatic sound
speed w0 = c2a. Using this property of the EoS parameter
evolution, the solutions of perturbation equations (10)
can be obtained at radiation-domination epoch and in
the supper-horizon scales (kη ≪ 1):

δinitde =
3

2

C

E
δinitg , (11a)

θinitde = 18
D

E
θinitg , (11b)

δinitc =
3

4
δinitg , (11c)

C = (1 + c2a + β)[(4− 3c2s )(1 + c2a)− 3β(1 + c2s )] ,

D = c2s (1 + c2a + β),

E = 2(1 + c2a)(4 + 3c2s − 6c2a)− 3β(2 + 5c2s − 3c2a) ,

where δinitg , θinitg are initial perturbations of the electro-
magnetic radiation component. These solutions had
been used as initial conditions when the integration of
the system of perturbation equations was made.

III. OBSERVATIONAL DATA AND METHOD

To obtain the observational constraints on the param-
eters of our model, the following cosmological and astro-
physical data were used:
1. CMB temperature and polarization aniso-

tropies. The cosmological data on the anisotropies of

the CMB were obtained by Planck Collaboration (Planck
2018 data release) [32]. They contain the information on
high-l TT, TE, EE power spectra and low-l TT and EE
power spectra. Also in addition to this, the data on the
CMB weak gravitational lensing (Planck 2018 lensing)
[33] were used.

2. BAO data. The following BAO observational
data were used: SDSS-III Baryon Oscillation Spectro-
scopic Survey, DR12 [34]; the 6dF Galaxy Survey [35];
SDSS DR7 Main Galaxy Sample [36].

3. SN Ia data. Pantheon dataset [37], which con-
tains data on 1048 supernova of type Ia.

Parameter Prior

Ωbh
2 [0.005, 0.1]

Ωch
2 [0.001, 0.99]

100 θMC [0.5, 10]

τ [0.01, 0.8]

log(1010As) [1.61, 3.91]

ns [0.8, 1.2]

w̃0 [−1, −0.333]

c̃2a [−1, 0]

β [−0.3, 0]

Table 1. Priors for independent parameters

For constraining the dynamical IDE model parame-
ters, the Markov Chain Monte-Carlo (MCMC) statisti-
cal method was used. For this, the CosmoMC software
package [38] was modified for our model. For the calcu-
lation of observable quantities of the model, the CAMB
code [39] was used, also modified for this purpose. The
space of independent parameters has three parameters
w0, c2a, β, in addition to the standard parameters of
ΛCDM model. As the DE quintessence-phantom divide
is shifted by β [22], for the quintessence model the fol-
lowing conditions must be satisfied w0, c

2
a > −1− β. So

it is convenient to introduce the renormalized quantities
w̃0 = w0 + β and c̃2a = c2a + β. Now for DE to be the
quintessential, the renormalized quantities must satisfy
these conditions: w̃0, c̃

2
a > −1. For the interaction pa-
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rameter β, the negative values are taken in the parameter
priors, because at these values the DE cosmological per-
turbations are stable [23]. Also the negative values of β
are preferred by MCMC constraints of quintessence IDE,
made in the works [15, 40]. The resulting table of inde-
pendent parameter priors taken in our MCMC model
constraints are given in Table 1.

In the MCMC simulation, the 8 chains were used. The
Gelman–Rubin parameter, used as the measure of the
chain convergence, is taken R− 1 < 0.01 for the MCMC
chains being converged.

Table 2. The parameter constraints of the dynamical IDE
model given at 68% CL

IV. RESULTS

The results on the MCMC constraining of the dynam-
ical IDE model parameters are given in Table 2 for 68%
CL limit. The comparison of the model with observa-
tional data prefers a non-zero value of interaction param-
eter β at 2.05σ significance level. Also there is degener-
acy between Ωch

2 and β parameters as it is seen from
the 2D-marginalized distribution of Ωch

2–β parameters
shown in Fig. 1. This occurs because the amount of DM
in the universe is directly dependent on the energy trans-
fer rate from DM to DE. This fact does not allow us to
determine the Ωch

2 lower bound in the considered model
using Planck 2018+lensing, BAO and Pantheon datasets
only. In work [40] for a ξqCDM model (with the inter-

action of form Ji = ξHρdeu
(c)
i ) such degeneracy also oc-

curred, with the absence of a lower bound constraint on

Ωch
2. For the same interaction in the quintessence IDE

model (but with the priors of ξ bounded to the positive
values), considered in work [41], and the vacuum IDE
model considered in work [31] (Model IV) and in work
[40] (model ξΛCDM), the degeneracy between these pa-
rameters is also present when constraining model param-
eters using the Planck data only, and breaks down when
adding additional datasets. So it is expected that adding
other observational data which were not used in the
MCMC parameter constraints in our work would break
this Ωch

2–β degeneracy and give the tighter bounds on
the dynamical IDE model parameters. This behaviour of
the IDE model can also be different for the other forms
of interaction Ji, such as for Model II and Model III in
[31], where the correlation between Ωch

2 and β is much
smaller. The negative non-zero value of β means that in
future epochs of the universe the energy transfer from
DM to DE will lead to negative values of the DM energy
density ρc.

0.05 0.10 0.15
ch2

0.3

0.2

0.1

0.0

Fig. 1. The 2D marginalized distribution in Ωch
2–β plane of

the dynamical IDE model

Also, the upper bound of the DE EoS parameter at
present time w0 overlaps with the lower bound of the
square of the DE adiabatic sound speed c2a, as it is shown
in Table II. Hence we cannot determine with high sig-
nificance level whether w in our model varies with the
expansion of the universe.

V. CONCLUSIONS

In this work, a constraints on the model parameters
of dynamical interacting quintessence dark energy were
obtained. Unlike the previous works on this kind of cos-
mological models, constraints were obtained for the first
time for the model in which the coupling in dark sec-
tor has the general-covariant form and the evolution of
the dark energy equation of state parameter is depen-
dent on the internal properties of dark energy includ-
ing its coupling with dark matter. From the results of
the parameter constraining using CMB, BAO and SN Ia
observational data follows the non-zero value of the cou-
pling parameter at 2.05σ significance level. However, the
constraints on the evolution of the dark energy equation
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of state parameter are not very tight, so it is uncertain
whether the dark energy is dynamical at all. Also there
is degeneracy between the amount of the dark matter in
the universe and the interaction strength in the dark sec-
tor, which does not allow us to obtain the lower bound
on the Ωch

2 parameter. It is expected that using addi-
tional observational data in the future statistical analysis
of this model will give more precise constraints on its pa-
rameters.
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âóë. Êèðèëà i Ìåôîäiÿ, 8, Ëüâiâ, 79005, Óêðà¨íà,
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Ðîçãëÿíóòî êîñìîëîãi÷íó ìîäåëü iç íå ðàâiòàöiéíîþ âçà¹ìîäi¹þ ìiæ äèíàìi÷íîþ êâiíòåñåíöiéíîþ
òåìíîþ åíåð i¹þ i òåìíîþ ìàòåði¹þ. Áóëî âïåðøå îòðèìàíî îáìåæåííÿ íà ïàðàìåòðè öi¹¨ ìîäåëi,
ó ÿêié åâîëþöiÿ ïàðàìåòðà ðiâíÿííÿ ñòàíó òåìíî¨ åíåð i¨ çàëåæèòü âiä ¨¨ âíóòðiøíiõ âëàñòèâîñòåé
i âiä ñèëè âçà¹ìîäi¨ ïðèõîâàíèõ êîìïîíåíò. Òàêà ìîäåëü åâîëþöi¨ ¹ áiëüø ôiçè÷íî ðåàëiñòè÷íîþ,
íà âiäìiíó âiä ðàíiøå çàïðîïîíîâàíèõ. Äëÿ îáìåæåííÿ íà çíà÷åííÿ ïàðàìåòðiâ âèêîðèñòîâóâàëè
ñòàòèñòè÷íèé ìåòîä Ìàðêîâñüêèõ ëàíöþæêiâ Ìîíòå�Êàðëî. Öþ ìîäåëü çiñòàâëÿëè çi ñïîñòåðåæó-
âàíèìè äàíèìè ç àíiçîòðîïi¨ ðåëiêòîâîãî âèïðîìiíþâàííÿ, áàðiîííèõ àêóñòè÷íèõ îñöèëÿöié òà íàä-
íîâèõ òèïó Ià. Ç îòðèìàíèõ îáìåæåíü âèïëèâà¹ íàÿâíiñòü ïåðåòiêàííÿ åíåð i¨ âiä òåìíî¨ ìàòåði¨ äî
êâiíòåñåíöiéíî¨ òåìíî¨ åíåð i¨ íà ðiâíi äîñòîâiðíîñòi 2.05σ. Âîäíî÷àñ íå âäàëîñÿ çíàéòè íèæíþ ìå-
æó ïàðàìåòðà Ωch

2 âíàñëiäîê iñíóâàííÿ âèðîäæåíîñòi ïiä ÷àñ îáìåæåííÿ ïàðàìåòðiâ ìiæ êiëüêiñòþ
òåìíî¨ ìàòåði¨ ó âñåñâiòi é ïàðàìåòðîì âçà¹ìîäi¨ ìiæ ïðèõîâàíèìè êîìïîíåíòàìè, ùî ¹ õàðàêòåðíèì
äëÿ öüîãî êëàñó êîñìîëîãi÷íèõ ìîäåëåé. Ç ïîïåðåäíiõ ðîáiò ïî âçà¹ìîäiþ÷ié òåìíié åíåðãi¨ âèïëè-
âà¹, ùî öþ âèðîäæåíiñòü ìîæíà óñóíóòè, ðîçãëÿíóâøè äîäàòêîâi ñïîñòåðåæóâàíi äàíi. Òàê ñàìî
âèêîðèñòàíi â öié ðîáîòi äàíi íå äàþòü çìîãè âñòàíîâèòè íàÿâíiñòü åâîëþöi¨ ïàðàìåòðà ðiâíÿííÿ
ñòàíó êâiíòåñåíöiéíî¨ òåìíî¨ åíåð i¨.

Êëþ÷îâi ñëîâà: âçà¹ìîäiþ÷à òåìíà åíåðãiÿ, òåìíà ìàòåðiÿ, êîñìîëîãi÷íi çáóðåííÿ.
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