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We find that relation of parameters of noncommutative algebra with mass gives
a possibility to solve important problems in quadratic space-time. We show that
if parameter of noncommutative algebra is proportional to mass the coordinates
in quadratic space-time can be considered as kinematic variables, also the weak
equivalence principle is recovered and relations for coordinates and momenta of
the center-of-mass of a body correspond to relations of noncommutative algebra
with effective parameter.
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1 Introduction

Studies of different physical problems in quantum space have received much attention
recently. This interest is motivated by the development of the String Theory and the
Quantum Gravity (see, for instance [1,2])

A space with canonical noncommutativity of coordinates is characterized by the
following relations

(X, X)) =ihb,,, (1)

where 6,,,, are elements of antisymmetric matrix which are constants. Commutation relati-
ons for coordinates in a space with Lie-algebraic noncommutativity reads

(X, Xo] = ihoh, X, (2)
A space with quadratic deformation is characterized by the following relations

(X, X,] = 65 X, X, (3)
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In (2), (3) parameters 0%, 617 are particularly chosen constants, which are antisymmetric
to lover indexes.

Noncommutative phase space of canonical type is well studied. In the frame of the
space many different problems were considered. Among them, for instance, are free
particles [3-5], classical systems with various potentials [6-8] and many others. Many
papers are devoted also to studies of the coordinate dependent noncommutativity (see,
for example, [9-15]).

In general case parameters of noncommutativity 6, 6, /], can be considered
to be different for different particles. So, one faces the problem of description of the
motion of the center-of-mass of a body in quantum space. The problems of many particles
were examined in the frame of noncommutative space of canonical type [3,16,17], in
noncommutative space-time [18], in twisted N-enlarged Newton-Hooke space-time [19].
In papers [20,21] it was shown that to solve the problem of description of motion of
composite system in noncommutative space it is important to consider parameters of
noncommutativity to be related with mass. Besides this relation opens possibility to
recover the weak equivalence principle, to preserve properties of the kinetic energy, to
solve the problem of kinematic variables in noncommutative space of canonical type
[20-23]. Note also that idea to relate parameters of deformed algebra with mass opens
possibility to obtain important results also in deformed space with minimal length [24,25].

In the present paper we find that the idea to relate parameters of noncommutativity
with mass opens possibility to solve a list of problems in a space with quadratic deformati-
on. Namely we find that in a space with quadratic noncommutativity of coordinates relati-
ons for coordinates and momenta of the center-of-mass of a composite system reproduce
relations of noncommutative algebra and the weak equivalence principle is recovered,
coordinates can be considered as kinematic variables, if parameters of noncommutativity
are related with mass.

The paper is organized as follows. Section 2 is devoted to studies of the problem of
kinematic variables in a space with quadratic noncommutativity of coordinates. Features
of description of composite system motion are examined in Section 3. In Section 4 the
weak equivalence principle is studied in a space with quadratic noncommutativity and
condition for recovering of this principle is proposed. Conclusions are presented in Secti-
on 5.

2 Kinematic variables in quadratic space-time

Let us consider a space with quadratic noncommutativity which is characterized by
the following relations

ih ih
[Xk:7X’y] = Etle [XlaX’y] = _EtX]“ (4)
[kaXl] :Oa [anpm] = 03 (5)

ih ih
[X’Y7Pk] = 7Etpl? [X’Y7Pl] = Etpka (6)

[Xivpj] = 51']'7 [XWPW] =1, [Pum] =0, (7)
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here indexes k, I,y are fixed, k # [ # v, also i # v, j # v and n,m = (1,2, 3) [26].
In the classical limit i — 0 from (4)-(7) one obtains the corresponding Poisson
brackets

1 1
{kaX'y} = thh {Xl7X’y} = _%thH (8)
{Xk‘le} :Oa {P7L7Pm} 207 (9)
1 1
{X’WP/C}:_%tB) {X’yaPl}:%thv (10)
{Xivpj}:5ija {X’YP’Y}:L {Prupm}:() (11)
Coordinates and momenta which satisfy (8)-(11) can be represented as
X + ! t ! t (12)
=x —tapp — —tx
o Y R‘, lpk R} kpl?
Xp =k, Xi=ua, (13)
P, = pn. (14)
here coordinates x,, and momenta p,, satisfy the ordinary relations
{Tn,xm} =0, (15)
{pnapm} =0. (17)

Note that coordinate X, depends on the momenta therefore it depends on mass and
cannot be considered as kinematic variable in the quadratic space-time. It is important
to mention that if parameter % of algebra (8)-(11) is related with mass m as

K = mvg (18)
where vz are constants which are the same for different particles, one has
Pk yy!
X, =z, +tx — txp . 19
! ! myg MYk (19)

In (19) one has terms with pi/m and p;/m. So, coordinate X, does not depend on
mass. Therefore, due to condition (18) the coordinates in quadratic space-time can be
considered as kinematic variables.

In the next section we show that the same condition (18) is also important for recoveri-
ng of relations of noncommutative algebra for coordinates and momenta of the center-
of-mass of a composite system.

3 Relations of noncommutative algebra for coordinates
and momenta of the center-of-mass

Let us consider composite system made of N particles with masses m, in quadratic
space time. Coordinates and momenta of particles satisfy relations of algebra (8)-(11)
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with parameters 7(®)

J

(X9, x0y = %txl@ {7 X0y = e, (20)
G2 X{7 =0, (P, P} =0, (21)

(x@, p®y = 7%7@(@ (X, p®y = ab) (P, (22)
(X P} = 560, {X(D PP} = 64, (23)

{PiV. P} = 0. (24)

here indexes a, b label the particles.

Defining coordinates and momenta of the center-of-mass of composite system in tradi-
tional way P =3, P X = 11X (@ with py = ma/ Y, ma, and taking into account
that coordinates and momenta of particles satisfy relations (20)-(24), one finds that the
Poisson brackets for coordinates and momenta of the center-of-mass read

(%X, = Zuzﬁtxl“” (25)

(X, X,} = Zua X, (26)

{Xk,Xl} =0, {pn,pm} =0, (27)

(X, B} = Zua tP(“) (28)

(R@, By = Zu%}a) tPL, (29)

{Xi, P} = 6i5, {X,,P,}=1, {P,, Py} =0. (30)

Note that relations (25)-(30) do not reproduce relations of noncommutative algebra for
coordinates and momenta of individual particles (20)-(24). In the right-hand side of
relations (25), (26), (28), (29) one does not have coordinates or momenta of the center-
of-mass.

It is important to mention that if parameter &, of noncommutative algebra (20)-(24)
is proportional to mass, namely if condition(18) is satisfied one has

-~ 1 ~ 1
{Xk, Xy} == (X1, X} = ——tXy, (31)
Re Reff
{X'ka}:*f tpla {X(a)vpl}: — tpk (32)
Keff Keff

Effective parameter .y is defined as

Reff = PYRMa (33)
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where M is the total mass of the system M = ) m,. So, in the case when parameter
Rq is proportional to mass m, coordinates and momenta of the center-of-mass satisfy
noncommutative algebra with effective parameter K.y s. Note that similarly as parameters
Ko which corresponds to a particle and are proportional to its mass (18), effective
parameter K.rs describing the motion of the center-of-mass of a system is proportional
to the total mass of the system. So, condition (18) can be generalized as

Ra Reff
=) — N 34
Mg M i (34)

We would like to stress that in quadratic space-time the motion of the center-of-mass
is not independent of the relative motion because of relations

(AX, X} = (X, AX (@) = ;‘—:txl(” - zb: ’;Etxl(”), (35)
(AX!Y X} = (X, AxW) = —%tx,@ +3 ’;Etx,gb% (36)
@ b
(P, AXga)} _ ,—%tpz(a) _ Z ?tpz(b)v (37)
a b b
(B AX) = —RitP,ga) + Y Erl, (38)
@ b
(AR, Xy} = 2R = 3T F (), (39
@ b
(AP X} = —%tp,g@ +y “;—Z‘btp,gb% (40)
b

and {AX\", X} = {AX, X} = 0, {Bp, AX Y = {P,AX} = 0, {AP\™, X} =
{AP,EG),XZ} = 0. Here AX*?, AP® are coordinates and momenta of the relative motion

defined in the traditional way AP* = P — uals, AX(@ = X(@ _ X, Note that if
condition (34) holds these relations are simplified. And one has

1

{AXY, X} = (X, AX(®)} = - fftAXl(a), (41)
(AX® X} = (X, AXDY = — 1 yax(® (42)
1 Ny ls ¥ E:eff k >
~ 1
{Pe AX("} = —1AR", (43)

~ 1
(P, AX( W} = f,?mp,ga), (44)

a
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@ 1 (a)
{AP", X} = —tAP", (45)
Keff
a % 1 a
(AP, X} = ———tAP, (46)
Keff

In the next section we show that condition (34) is also important for recovering of
the weak equivalence principle in a space with quadratic noncommutativity.

4 Equivalence principle in quadratic space-time

Let us study a particle of mass m in gravitational field V(X) in the space with
quadratic noncommutativity (8)-(11). The Hamiltonian of the particle reads
P2
H=— X). 4
2 + mV(X) (47)

Coordinates and momenta in (47) satisfy relations (8)-(11). So, taking into account (8)-
(11) one has the following equations of motion

X, = % + mth% ag)((i(), (48)

X, = % — mth% 8(‘9/)(;() , (49)

X, = % - mtX,%%L;():) mth%agiéf), (50)
P = _mag)(é() — thk;a‘a/)((iQ, (52)

P, = —mag;? (53)

In general case of arbitrary field the equations of motion of a particle in quadratic space-
time were written in [26]. We would like to stress that because of relations (8)-(11) one
has that the equations of motion of a particle in gravitational field depend on its mass.
Therefore we can conclude that the weak equivalence principle does not hold in the frame
of relations (8)-(11).

Note that considering relation (18), one can write

. 1 aV(X)

X = X —— 4
k=vp+t ' X, (54)

Xl =V — thia‘/(X) (55)

V& aXA/ ’



Kh. P. Gnatenko, O. I. Hryhorchak

ISSN 1024-588X. BicHuk Jlbsisckkoro yisepcutery. Cepisi cpisuana. 2019. Bun. 56 37
XW:vA,—tXl,:R(%VXO:)—i—th;ma/)(f), (56)
o= -G o 5, 67)
U = —mag)(()l() - tkaylﬁa(‘;(()j), (58)
e (59)

where
v=". (60)

We have that if condition (18) holds the equations of motion (54)-(59) do not depend on
the mass. From this follows that their solutions X(¢), v(¢) do not depend on the mass
and the trajectory in gravitational field in quadratic space-time is the same for particles
with different masses. So, the weak equivalence principle can be recovered in quadratic
space-time due to condition (18).

In the case of motion of a macroscopic body of mass M in the quadratic space-time,
considering Hamiltonian

P2 .

H= Wi + MV (X). (61)
and taking into account, (31)-(32), (33) one obtains equations (54)-(59) for X; and ©; =
X,;/M. Note, that writing (61), we assume that the influence of the relative motion on
the motion of the center-of-mass of a body can be neglected. So, if relation (34) hold
one has that the motion of the center-of-mass of macroscopic body in gravitational field
does not depend on its mass and composition. Therefore, the weak equivalence principle
is satisfied.

Conclusions

We have considered a space with quadratic noncommutativity of coordinates
characterized by relations (8)-(11). The problem of kinematic variables has been studied
in the space. We have shown that noncommutative coordinates depend on mass, therefore
these coordinates cannot be considered as kinematic variables. We have found that the
situation is changed if parameters of algebra & are proportional to mass (18). Besides the
dependence of parameters & of noncommutative algebra with quadratic noncommutativi-
ty on mass is also important for description of motion of the center-of-mass of macroscopic
body in quadratic space time. We have found that the Poisson brackets for coordinates
and momenta of the center-of-mass do not correspond to relations of noncommutative
algebra (8)-(11). This problem can be solved due to the condition (18). We have concluded
that if parameters of algebra (8)-(11) corresponding to a particle are proportional to its
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mass, coordinates and momenta of the center-of~-mass of a body satisfy noncommutative
algebra with effective parameter k. which is proportional to the total mass of the body.

In addition we have studied the weak equivalence principle in a space with quadratic
noncommutativity of coordinates. We have found that the problem of violation of this
principle can be solved due to the condition (18). If relation (18) holds the trajectory of
a particle (a body) do not depend on its mass and composition.
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Kagedpa meopemuunoi disuru
eya. Jpazomanosa, 12, 79005 Jlveis, Ykpaina
e-mail: khrystyna.gnatenko@gmail.com

PosrisiHeno KBaHTOBaHWI TPOCTIP, KU OMUCYETHCsT AAreOpO0 3 KBAIpPATH-
YHOI0 HEKOMYTATUBHICTIO KOOpAuHAT. JJOCTizKyeThCs 3araIbaIil BUTTAI0K,, KON
PYX Pi3HUX YaCTUHOK Yy KBAHTOBAHOMY IPOCTOPi OMUCYETHCS PI3HUMHU Mapame-
TpaMu HEKOMYTATUBHOCTI. Mu BHSABHUIH, IO i/1€s1 3a71€2KHOCTI TTapaMerpiB HEKO-
MyTaTUBHOI ajreOpu Bi/l Macu [O3BOJISIE OTPUMATH P/ BAXKJIUBUX PE3YJIbTATIB
y TPOCTOpi 3 KBAAPATUYHOI HEKOMYTATHWBHICTIO KOODAWMHAT. A came, MU TO-
Ka3aJid, IO y BUMAJIKY, KOJIW MapaMeTp HEKOMYTATUBHOCTI € MPSAMOITPOITOPITif-
HUAM 0 MaCH, KOODJUHATH y HEKOMYTATHBHOMY IIPOCTOPi He 3aJeXKaTh Bi/l Macu
Ta MOXKYTb PO3IJISIATUCA AK KiHeMaTwudHi 3MiHHI. TakoxkK 3B’SI30K mapamerpa
HEKOMYTATUBHOCTI 3 MACOI0 € BAXKJIUBHUM /[JIs OIHKCY PyXy CHCTEMH Oararbox
YACTUHOK y MPOCTOPi 3 KBaAPATUYHOI0 HEKOMYTATHBHICTIO. A came, MM 3HA-
wimm, o ayKku Ilyaccona mis KoopauHAT Ta iMITYJIbCIB MEHTPa MacC BiATOBI -
al0Th CITiBBIHOINIEHHSM HEKOMYTATHUBHOI ajreOpu 3 edeKTUBHUM MMapaMeTrpoM
HEKOMYTATHBHOCTI, SIKIIIO BiJIHOIIIEHHsI MapaMeTpa HEKOMYTATUBHOCTI 10 MacCH
€ CTaJuM JUtsd Pi3HUX YacTUHOK. BaprTo 3a3uaduTu, 1mo edeKTUuBHUl napamerp
HEKOMYTATUBHOCTI BU3HAYAETHCA MOBHOIO MACOIO0 CUCTEMU Ta HE 3aJIeKUTH BifT
i1 kommo3wurrii. TakoK BaXKJIWBO BIIBHAYUTH, IO BIJINB HEKOMYTATHUBHOCTI HA
PyX IEHTpa MaC CHCTEMH YaCTUHOK 3MEHIYEThCs MPHU 301IbITEeHHI MaCH CHUCTE-
Mu. Makpockomivsi Tijla BiId9yBalOTh MEHINNI BIJIMB KBAHTOBAHOCTI MPOCTOPY
y [OpiBHsHHI 3 esleMeHTapHUMHU YacTuHKamu. Ha momarok, y BHIAJAKy HPsMO-
MPOITOPIIIHHOI 3aJ1€2KHOCTI IIapaMeTpiB HEKOMYyTaTUBHOI ajrebpu Bijg Macu pyx
YaCTUHKHN y TPAaBITAIifHOMY MO He 3aJeXUTh Bif i1 Macw Ta Bix i1 KoMmmo-
suriii. OTKe, BiTHOBIIOETHCA CIA0KWI MPUHINI €KBIBAJEHTHOCTI y MPOCTOpPI 3
KBaIPATUIHOIO HEKOMYTATHUBHICTIO KoopaumHaT. BakinuBo 3a3HavuTH, 10 imes
3a7eKHOCTI TTapaMerpiB anareOpu, SKa OIMNCYE KBAHTOBAHMI MPOCTIp, Bif Macu
JIO3BOJISIE PO3B’I3aTU BaXKJIUBI MPOOJIEMH TAKOXK Yy HEKOMYTATUBHOMY (ha30BO-
My MPOCTOpiI KAHOHIHYHOTO THUTMY, y AehOPMOBAHOMY MPOCTOPI 3 MiHIMAIHHOO
JOBYKUHOIO.

Key words: kBagparndHa HEKOMYTATHBHICTDH, IPUHIIAN €KBIBAJEHTHOCTI, Ki-
HeMaTU4Hi 3MiHH]
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CBs3p ITapaMeTpPOB HEKOMMYTATUBHOM ajJred6pbl ¢ Maccoii M TMPUHITATI
SKBUBAJEHTHOCTH B MPOCTPAHCTBE C KBaJIPATUIHON
HEKOMYTATHUBHOCTIO KOOP/IMHAT

X. Il. T’'narenko, O. U. 'puropuak

JIv606cKUl HAYUOHAALHBLT YHusepcumem umenu Heana Ppanko,
Kagedpa meopemuueckoti gusuru
ya. pazomanosa 12, 79005 Jlveos, Ykpauna
e-mail: khrystyna.gnatenko@gmail.com

Haiineno, 9To cooTHOIIEHNE MAapaMeTPOB HEKOMMYTATHBHOM anredphbl ¢ Maccoit
JaeT BO3MOXKHOCTb DPelIaTb BaKHblE 33/1a4d B KBa/IPAaTUYHOM IIPOCTPAHCTBE-
Bpemenu. MBI MOKa3BIBAEM, UTO €CJIM TMapaMeTp HEKOMMYTATUBHOWN ajreb-
PBI IPONOPIIMOHATIEH MaccCe, TO KOOPAWHATBHI B KBQJAPATUYHOM IIPOCTPAHCTBE-
BPEMEHN MOXKHO PACCMATPUBATH KAK KHWHEMATHIEeCKHE IIepEMEHHbIe, TAKKe BOC-
CTAHABJIMBAETCS CIAOBIM MPUHITAI SKBUBAJIEHTHOCTH U COOTHOIIEHUS JJIs KOOP-
JUHAT U UMILYJIbCOB IIEHTPa MaCC TeJjla COOTBETCBYIOT COOTHOLIEHUAM HEKOMMY-
TATUBHON ayreOpnl ¢ 3(PPEKTUBHBIM ITAPAMETPOM.
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