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We �nd that relation of parameters of noncommutative algebra with mass gives
a possibility to solve important problems in quadratic space-time. We show that
if parameter of noncommutative algebra is proportional to mass the coordinates
in quadratic space-time can be considered as kinematic variables, also the weak
equivalence principle is recovered and relations for coordinates and momenta of
the center-of-mass of a body correspond to relations of noncommutative algebra
with e�ective parameter.

Êëþ÷îâi ñëîâà: quadratic noncommutativity, equivalence principle, ki-
nematic variables

1 Introduction

Studies of di�erent physical problems in quantum space have received much attention
recently. This interest is motivated by the development of the String Theory and the
Quantum Gravity (see, for instance [1, 2])

A space with canonical noncommutativity of coordinates is characterized by the
following relations

[Xµ, Xν ] = i~θµν , (1)

where θµν are elements of antisymmetric matrix which are constants. Commutation relati-
ons for coordinates in a space with Lie-algebraic noncommutativity reads

[Xµ, Xν ] = i~θρµνXρ, (2)

A space with quadratic deformation is characterized by the following relations

[Xµ, Xν ] = i~θρτµνXρXτ , (3)
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In (2), (3) parameters θρµν , θ
ρτ
µν are particularly chosen constants, which are antisymmetric

to lover indexes.
Noncommutative phase space of canonical type is well studied. In the frame of the

space many di�erent problems were considered. Among them, for instance, are free
particles [3�5], classical systems with various potentials [6�8] and many others. Many
papers are devoted also to studies of the coordinate dependent noncommutativity (see,
for example, [9�15]).

In general case parameters of noncommutativity θµν , θ
ρ
µν , θ

ρτ
µν can be considered

to be di�erent for di�erent particles. So, one faces the problem of description of the
motion of the center-of-mass of a body in quantum space. The problems of many particles
were examined in the frame of noncommutative space of canonical type [3, 16, 17], in
noncommutative space-time [18], in twisted N-enlarged Newton-Hooke space-time [19].
In papers [20, 21] it was shown that to solve the problem of description of motion of
composite system in noncommutative space it is important to consider parameters of
noncommutativity to be related with mass. Besides this relation opens possibility to
recover the weak equivalence principle, to preserve properties of the kinetic energy, to
solve the problem of kinematic variables in noncommutative space of canonical type
[20�23]. Note also that idea to relate parameters of deformed algebra with mass opens
possibility to obtain important results also in deformed space with minimal length [24,25].

In the present paper we �nd that the idea to relate parameters of noncommutativity
with mass opens possibility to solve a list of problems in a space with quadratic deformati-
on. Namely we �nd that in a space with quadratic noncommutativity of coordinates relati-
ons for coordinates and momenta of the center-of-mass of a composite system reproduce
relations of noncommutative algebra and the weak equivalence principle is recovered,
coordinates can be considered as kinematic variables, if parameters of noncommutativity
are related with mass.

The paper is organized as follows. Section 2 is devoted to studies of the problem of
kinematic variables in a space with quadratic noncommutativity of coordinates. Features
of description of composite system motion are examined in Section 3. In Section 4 the
weak equivalence principle is studied in a space with quadratic noncommutativity and
condition for recovering of this principle is proposed. Conclusions are presented in Secti-
on 5.

2 Kinematic variables in quadratic space-time

Let us consider a space with quadratic noncommutativity which is characterized by
the following relations

[Xk, Xγ ] =
i~
κ̄
tXl, [Xl, Xγ ] = − i~

κ̄
tXk, (4)

[Xk, Xl] = 0, [Pn, Pm] = 0, (5)

[Xγ , Pk] = − i~
κ̄
tPl, [Xγ , Pl] =

i~
κ̄
tPk, (6)

[Xi, Pj ] = δij , [XγPγ ] = 1, [Pn, Pm] = 0, (7)
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here indexes k, l,γ are �xed, k 6= l 6= γ, also i 6= γ, j 6= γ and n,m = (1, 2, 3) [26].
In the classical limit ~ → 0 from (4)-(7) one obtains the corresponding Poisson

brackets

{Xk, Xγ} =
1

κ̄
tXl, {Xl, Xγ} = − 1

κ̄
tXk, (8)

{Xk, Xl} = 0, {Pn, Pm} = 0, (9)

{Xγ , Pk} = − 1

κ̄
tPl, {Xγ , Pl} =

1

κ̄
tPk, (10)

{Xi, Pj} = δij , {XγPγ} = 1, {Pn, Pm} = 0. (11)

Coordinates and momenta which satisfy (8)-(11) can be represented as

Xγ = xγ +
1

κ̄
txlpk −

1

κ̄
txkpl, (12)

Xk = xk, Xl = xl, (13)

Pn = pn. (14)

here coordinates xn and momenta pn satisfy the ordinary relations

{xn, xm} = 0, (15)

{xn, pm} = δnm, (16)

{pn, pm} = 0. (17)

Note that coordinate Xγ depends on the momenta therefore it depends on mass and
cannot be considered as kinematic variable in the quadratic space-time. It is important
to mention that if parameter κ̄ of algebra (8)-(11) is related with mass m as

κ̄ = mγκ̄ (18)

where γκ̄ are constants which are the same for di�erent particles, one has

Xγ = xγ + txl
pk
mγκ̄

− txk
pl
mγκ̄

. (19)

In (19) one has terms with pk/m and pl/m. So, coordinate Xγ does not depend on
mass. Therefore, due to condition (18) the coordinates in quadratic space-time can be
considered as kinematic variables.

In the next section we show that the same condition (18) is also important for recoveri-
ng of relations of noncommutative algebra for coordinates and momenta of the center-
of-mass of a composite system.

3 Relations of noncommutative algebra for coordinates

and momenta of the center-of-mass

Let us consider composite system made of N particles with masses ma in quadratic
space time. Coordinates and momenta of particles satisfy relations of algebra (8)-(11)
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with parameters κ̄(a)

{X(a)
k , X(b)

γ } =
δab
κ̄(a)

tX
(a)
l {X(a)

l , X(b)
γ } = − δab

κ̄(a)
tX

(a)
k , (20)

{X(a)
k , X

(b)
l } = 0, {P (a)

n , P (b)
m } = 0, (21)

{X(a)
γ , P

(b)
k } = − δab

κ̄(a)
tP

(a)
l , {X(a)

γ , P
(b)
l } =

δab
κ̄(a)

tP
(a)
k , (22)

{X(a)
i , P

(b)
j } = δijδab, {X(a)

γ P (b)
γ } = δab, (23)

{P (a)
n , P (b)

m } = 0. (24)

here indexes a, b label the particles.
De�ning coordinates and momenta of the center-of-mass of composite system in tradi-

tional way P̃ =
∑
aP

(a), X̃ =
∑
a µaX

(a) with µa = ma/
∑
ama, and taking into account

that coordinates and momenta of particles satisfy relations (20)-(24), one �nds that the
Poisson brackets for coordinates and momenta of the center-of-mass read

{X̃k, X̃γ} =
∑
a

µ2
a

1

κ̄(a)
tX

(a)
l (25)

{X̃l, X̃γ} = −
∑
a

µ2
a

1

κ̄(a)
tX

(a)
k , (26)

{X̃k, X̃l} = 0, {P̃n, P̃m} = 0, (27)

{X̃γ , P̃k} = −
∑
a

µa
1

κ̄(a)
tP

(a)
l , (28)

{X̃(a), P̃l} =
∑
a

µa
1

κ̄(a)
tP

(a)
k , (29)

{X̃i, P̃j} = δij , {X̃γ , P̃γ} = 1, {P̃n, P̃m} = 0. (30)

Note that relations (25)-(30) do not reproduce relations of noncommutative algebra for
coordinates and momenta of individual particles (20)-(24). In the right-hand side of
relations (25), (26), (28), (29) one does not have coordinates or momenta of the center-
of-mass.

It is important to mention that if parameter κ̄a of noncommutative algebra (20)-(24)
is proportional to mass, namely if condition(18) is satis�ed one has

{X̃k, X̃γ} =
1

κ̄eff
tX̃l, {X̃l, X̃γ} = − 1

κ̄eff
tX̃k, (31)

{X̃γ , P̃k} = − 1

κ̄eff
tP̃l, {X̃(a), P̃l} =

1

κ̄eff
tP̃k. (32)

E�ective parameter κ̄eff is de�ned as

κ̄eff = γκ̄M, (33)
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where M is the total mass of the system M =
∑
ama. So, in the case when parameter

κ̄a is proportional to mass ma coordinates and momenta of the center-of-mass satisfy
noncommutative algebra with e�ective parameter κ̄eff . Note that similarly as parameters
κ̄a which corresponds to a particle and are proportional to its mass (18), e�ective
parameter κ̄eff describing the motion of the center-of-mass of a system is proportional
to the total mass of the system. So, condition (18) can be generalized as

κ̄a
ma

=
κ̄eff
M

= γκ̄ (34)

We would like to stress that in quadratic space-time the motion of the center-of-mass
is not independent of the relative motion because of relations

{∆X(a)
k , X̃γ} = {X̃k,∆X

(a)
γ } =

µa
κ̄a
tX

(a)
l −

∑
b

µ2
b

κ̄b
tX

(b)
l , (35)

{∆X(a)
l , X̃γ} = {X̃l,∆X

(a)
γ } = −µa

κ̃a
tX

(a)
k +

∑
b

µ2
b

κ̃b
tX

(b)
k , (36)

{P̃k,∆X(a)
γ } =

1

κ̄a
tP

(a)
l −

∑
b

µb
κ̄b
tP

(b)
l , (37)

{P̃l,∆X(a)
γ } = − 1

κ̄a
tP

(a)
k +

∑
b

µb
κ̄b
tP

(b)
k , (38)

{∆P (a)
k , X̃γ} =

µa
κ̄a
tP

(a)
l −

∑
b

µaµb
κ̃b

tP
(b)
l , (39)

{∆P (a)
l , X̃γ} = −µa

κ̄a
tP

(a)
k +

∑
b

µaµb
κ̃b

tP
(b)
k , (40)

and {∆X(a)
k , X̃l} = {∆X(a)

l , X̃k} = 0, {P̃k,∆X(a)
l } = {P̃l,∆X(a)

k } = 0, {∆P (a)
l , X̃k} =

{∆P (a)
k , X̃l} = 0. Here ∆Xa, ∆Pa are coordinates and momenta of the relative motion

de�ned in the traditional way ∆Pa = P(a) − µaP̃, ∆X(a) = X(a) − X̃. Note that if
condition (34) holds these relations are simpli�ed. And one has

{∆X(a)
k , X̃γ} = {X̃k,∆X

(a)
γ } =

1

κ̄eff
t∆X

(a)
l , (41)

{∆X(a)
l , X̃γ} = {X̃l,∆X

(a)
γ } = − 1

κ̄eff
t∆X

(a)
k , (42)

{P̃k,∆X(a)
γ } =

1

κ̄a
t∆P

(a)
l , (43)

{P̃l,∆X(a)
γ } = − 1

κ̄a
t∆P

(a)
k , (44)
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{∆P (a)
k , X̃γ} =

1

κ̄eff
t∆P

(a)
l , (45)

{∆P (a)
l , X̃γ} = − 1

κ̄eff
t∆P

(a)
k , (46)

In the next section we show that condition (34) is also important for recovering of
the weak equivalence principle in a space with quadratic noncommutativity.

4 Equivalence principle in quadratic space-time

Let us study a particle of mass m in gravitational �eld V (X) in the space with
quadratic noncommutativity (8)-(11). The Hamiltonian of the particle reads

H =
P 2

2m
+mV (X). (47)

Coordinates and momenta in (47) satisfy relations (8)-(11). So, taking into account (8)-
(11) one has the following equations of motion

Ẋk =
Pk
m

+mtXl
1

κ̄

∂V (X)

∂Xγ
, (48)

Ẋl =
Pl
m
−mtXk

1

κ̄

∂V (X)

∂Xγ
, (49)

Ẋγ =
Pγ
m
−mtXl

1

κ̄

∂V (X)

∂Xk
+mtXk

1

κ̄

∂V (X)

∂Xl
, (50)

Ṗk = −m∂V (X)

∂Xk
+mtPl

1

κ̄

∂V (X)

∂Xγ
, (51)

Ṗl = −m∂V (X)

∂Xl
−mtPk

1

κ̄

∂V (X)

∂Xγ
, (52)

Ṗγ = −m∂V (X)

∂Xγ
. (53)

In general case of arbitrary �eld the equations of motion of a particle in quadratic space-
time were written in [26]. We would like to stress that because of relations (8)-(11) one
has that the equations of motion of a particle in gravitational �eld depend on its mass.
Therefore we can conclude that the weak equivalence principle does not hold in the frame
of relations (8)-(11).

Note that considering relation (18), one can write

Ẋk = υk + tXl
1

γκ̄

∂V (X)

∂Xγ
, (54)

Ẋl = υl − tXk
1

γκ̄

∂V (X)

∂Xγ
, (55)
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Ẋγ = υγ − tXl
1

γκ̄

∂V (X)

∂Xk
+ tXk

1

γκ̄

∂V (X)

∂Xl
, (56)

υ̇k = −∂V (X)

∂Xk
+ tυl

1

γκ̄

∂V (X)

∂Xγ
, (57)

υ̇l = −m∂V (X)

∂Xl
− tυk

1

γκ̄

∂V (X)

∂Xγ
, (58)

υ̇γ = −∂V (X)

∂Xγ
, (59)

where

υ =
P

m
. (60)

We have that if condition (18) holds the equations of motion (54)-(59) do not depend on
the mass. From this follows that their solutions X(t), υ(t) do not depend on the mass
and the trajectory in gravitational �eld in quadratic space-time is the same for particles
with di�erent masses. So, the weak equivalence principle can be recovered in quadratic
space-time due to condition (18).

In the case of motion of a macroscopic body of mass M in the quadratic space-time,
considering Hamiltonian

H =
P̃ 2

2M
+MV (X̃). (61)

and taking into account (31)-(32), (33) one obtains equations (54)-(59) for X̃i and υ̃i =
X̃i/M . Note, that writing (61), we assume that the in�uence of the relative motion on
the motion of the center-of-mass of a body can be neglected. So, if relation (34) hold
one has that the motion of the center-of-mass of macroscopic body in gravitational �eld
does not depend on its mass and composition. Therefore, the weak equivalence principle
is satis�ed.

Conclusions

We have considered a space with quadratic noncommutativity of coordinates
characterized by relations (8)-(11). The problem of kinematic variables has been studied
in the space. We have shown that noncommutative coordinates depend on mass, therefore
these coordinates cannot be considered as kinematic variables. We have found that the
situation is changed if parameters of algebra κ̄ are proportional to mass (18). Besides the
dependence of parameters κ̄ of noncommutative algebra with quadratic noncommutativi-
ty on mass is also important for description of motion of the center-of-mass of macroscopic
body in quadratic space time. We have found that the Poisson brackets for coordinates
and momenta of the center-of-mass do not correspond to relations of noncommutative
algebra (8)-(11). This problem can be solved due to the condition (18). We have concluded
that if parameters of algebra (8)-(11) corresponding to a particle are proportional to its
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mass, coordinates and momenta of the center-of-mass of a body satisfy noncommutative
algebra with e�ective parameter κ̄eff which is proportional to the total mass of the body.

In addition we have studied the weak equivalence principle in a space with quadratic
noncommutativity of coordinates. We have found that the problem of violation of this
principle can be solved due to the condition (18). If relation (18) holds the trajectory of
a particle (a body) do not depend on its mass and composition.
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Çâ'ÿçîê ïàðàìåòðiâ íåêîìóòàòèâíî¨ àëãåáðè ç ìàñîþ òà ïðèíöèï
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Ðîçãëÿíåíî êâàíòîâàíèé ïðîñòið, ÿêèé îïèñó¹òüñÿ àëãåáðîþ ç êâàäðàòè-
÷íîþ íåêîìóòàòèâíiñòþ êîîðäèíàò. Äîñëiäæó¹òüñÿ çàãàëüíèé âèïàäîê, êîëè
ðóõ ðiçíèõ ÷àñòèíîê ó êâàíòîâàíîìó ïðîñòîði îïèñó¹òüñÿ ðiçíèìè ïàðàìå-
òðàìè íåêîìóòàòèâíîñòi. Ìè âèÿâèëè, ùî iäåÿ çàëåæíîñòi ïàðàìåòðiâ íåêî-
ìóòàòèâíî¨ àëãåáðè âiä ìàñè äîçâîëÿ¹ îòðèìàòè ðÿä âàæëèâèõ ðåçóëüòàòiâ
ó ïðîñòîði ç êâàäðàòè÷íîþ íåêîìóòàòèâíiñòþ êîîðäèíàò. À ñàìå, ìè ïî-
êàçàëè, ùî ó âèïàäêó, êîëè ïàðàìåòð íåêîìóòàòèâíîñòi ¹ ïðÿìîïðîïîðöié-
íèì äî ìàñè, êîîðäèíàòè ó íåêîìóòàòèâíîìó ïðîñòîði íå çàëåæàòü âiä ìàñè
òà ìîæóòü ðîçãëÿäàòèñÿ ÿê êiíåìàòè÷íi çìiííi. Òàêîæ çâ'ÿçîê ïàðàìåòðà
íåêîìóòàòèâíîñòi ç ìàñîþ ¹ âàæëèâèì äëÿ îïèñó ðóõó ñèñòåìè áàãàòüîõ
÷àñòèíîê ó ïðîñòîði ç êâàäðàòè÷íîþ íåêîìóòàòèâíiñòþ. À ñàìå, ìè çíà-
éøëè, ùî äóæêè Ïóàññîíà äëÿ êîîðäèíàò òà iìïóëüñiâ öåíòðà ìàñ âiäïîâiä-
àþòü ñïiââiäíîøåííÿì íåêîìóòàòèâíî¨ àëãåáðè ç åôåêòèâíèì ïàðàìåòðîì
íåêîìóòàòèâíîñòi, ÿêùî âiäíîøåííÿ ïàðàìåòðà íåêîìóòàòèâíîñòi äî ìàñè
¹ ñòàëèì äëÿ ðiçíèõ ÷àñòèíîê. Âàðòî çàçíà÷èòè, ùî åôåêòèâíèé ïàðàìåòð
íåêîìóòàòèâíîñòi âèçíà÷à¹òüñÿ ïîâíîþ ìàñîþ ñèñòåìè òà íå çàëåæèòü âiä
¨¨ êîìïîçèöi¨. Òàêîæ âàæëèâî âiäçíà÷èòè, ùî âïëèâ íåêîìóòàòèâíîñòi íà
ðóõ öåíòðà ìàñ ñèñòåìè ÷àñòèíîê çìåíøó¹òüñÿ ïðè çáiëüøåííi ìàñè ñèñòå-
ìè. Ìàêðîñêîïi÷íi òiëà âiä÷óâàþòü ìåíøèé âïëèâ êâàíòîâàíîñòi ïðîñòîðó
ó ïîðiâíÿííi ç åëåìåíòàðíèìè ÷àñòèíêàìè. Íà äîäàòîê, ó âèïàäêó ïðÿìî-
ïðîïîðöiéíî¨ çàëåæíîñòi ïàðàìåòðiâ íåêîìóòàòèâíî¨ àëãåáðè âiä ìàñè ðóõ
÷àñòèíêè ó ãðàâiòàöiéíîìó ïîëi íå çàëåæèòü âiä ¨¨ ìàñè òà âiä ¨¨ êîìïî-
çèöi¨. Îòæå, âiäíîâëþ¹òüñÿ ñëàáêèé ïðèíöèï åêâiâàëåíòíîñòi ó ïðîñòîði ç
êâàäðàòè÷íîþ íåêîìóòàòèâíiñòþ êîîðäèíàò. Âàæëèâî çàçíà÷èòè, ùî iäåÿ
çàëåæíîñòi ïàðàìåòðiâ àëãåáðè, ÿêà îïèñó¹ êâàíòîâàíèé ïðîñòið, âiä ìàñè
äîçâîëÿ¹ ðîçâ'ÿçàòè âàæëèâi ïðîáëåìè òàêîæ ó íåêîìóòàòèâíîìó ôàçîâî-
ìó ïðîñòîði êàíîíií÷íîãî òèïó, ó äåôîðìîâàíîìó ïðîñòîði ç ìiíiìàëüíîþ
äîâæèíîþ.

Key words: êâàäðàòè÷íà íåêîìóòàòèâíiñòü, ïðèíöèï åêâiâàëåíòíîñòi, êi-
íåìàòè÷íi çìiííi
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Íàéäåíî, ÷òî ñîîòíîøåíèå ïàðàìåòðîâ íåêîììóòàòèâíîé àëãåáðû ñ ìàññîé
äàåò âîçìîæíîñòü ðåøàòü âàæíûå çàäà÷è â êâàäðàòè÷íîì ïðîñòðàíñòâå-
âðåìåíè. Ìû ïîêàçûâàåì, ÷òî åñëè ïàðàìåòð íåêîììóòàòèâíîèé àëãåá-
ðû ïðîïîðöèîíàëåí ìàññå, òî êîîðäèíàòû â êâàäðàòè÷íîì ïðîñòðàíñòâå-
âðåìåíè ìîæíî ðàññìàòðèâàòü êàê êèíåìàòè÷åñêèå ïåðåìåííûå, òàêæå âîñ-
ñòàíàâëèâàåòñÿ ñëàáûé ïðèíöèï ýêâèâàëåíòíîñòè è ñîîòíîøåíèÿ äëÿ êîîð-
äèíàò è èìïóëüñîâ öåíòðà ìàññ òåëà ñîîòâåòñâóþò ñîîòíîøåíèÿì íåêîììó-
òàòèâíîé àëãåáðû ñ ýôôåêòèâíûì ïàðàìåòðîì.
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