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The effects of the minimal length uncertainty relation on classical de Sitter and
Anti-de Sitter cosmological models is studied in the general case of deformed
space. We obtain exact solutions for these models in case of some special choices
of deformed spaces with minimal length and minimal or maximal momentum.
It is shown that minimal length might affect and even change the inflationary
nature of the de Sitter cosmology. Anti-de Sitter model with deformation has
oscillatory behaviour, but depending on the choice of deformation function the
period of oscillations can be larger or smaller in comparison to the undeformed
model.
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1. Introduction

String theory and quantum gravity independently suggest the existence of minimal
length as a finite lower bound to the possible resolution of length [1-3]. Kempf et al.
showed that minimal length can be introduced by modifying a canonical commutation
relation [4-7]. The deformed commutation relation according to Kempf reads

(X, P| = il(1 + BP?). (1)

Deformed algebra (1) can be generalized for a wider class of the deformed commutati-
on relation

[X,P] =ihF (X, P). (2)

where F'is a positive function of the position and momentum. Such a modification of the
canonical commutation relation can lead to the existence of nonzero minimal uncertainties
in position, or in momentum, or both. Function

F(X,P)=1+aX?+ BP? (3)

© Samar M. I., 2020



Classical dS and AdS cosmologies and minimal length
ISSN 1024-588X. BicHuk JlbBiscbkoro yHisepcutety. Cepis disuqna. 2020. Bun. 57 33

is an example of the deformation leading to the minimal length and minimal momentum.
In this case AX,in = hy/B/(1 — h2afB), APpin = hy/a/(1 — h2ap).

In case when deformation function depends only on momentum, i.e. F(X, P) = f(P),
minimal length is [8]

b -1

T dP
AX in = 5 m , (4)

0

where b denotes limits of P € [—b,b]. Here function of deformation f(P) is assumed to
be strictly positive (f > 0), even function. This means that minimal length is nonzero if

b
dP

Note, that in case of finite b the maximal momentum occurs in deformed space.

On the other hand, as it was discussed in [9], when the deformation function depends
only on the position F(X,P) = g(X), there is a connection between unconventional
Schrédinger equation based on the use of the deformed canonical commutation relations
and the one with a position-dependent effective mass M (X) = 1/¢%(X).

The framework of minimal length hypothesis was applied to different quantum
mechanical problems, such as harmonic oscillator [5,10-13], Dirac oscillator [14, 15],
hydrogen atom [16-20], gravitational quantum well [21,22], a particle in delta potenti-
al [23,24], one-dimensional Coulomb-like problem [23,25,26] , particle in the singular
inverse square potential [27,28], the Casimir effect [29], particles scattering [30], et al.

The influence of the quantization of space have been studied at the classical level
for the following problems: Keplerian orbits, statistical physics, composite systems et
al. [31-37].

The idea of minimal length was also considered in context of classical and quantum
cosmology [38-43]. This approach gives a possibility to look at some of problems related
to cosmology from different points of view and to search new possibilities to resolve
these problems. For example, the effect of the minimal length uncertainty relation on the
cosmological constant problem was considered in [38].

In paper [39] the classical dS and AdS cosmological models with minimal length
was studied and the solutions in the linear approximation of the deformation parameter
were obtained. The other cosmological models were considered in later papers [40-43].
The purpose of this paper is to find exact solutions for classical dS and AdS cosmologi-
cal models in general case of deformed commutation relation (2). To agree on notation
in Section II we review classical dS and AdS cosmological models. Next, we consider
dS and Ads cosmological model with deformed Poisson brackets in Section III and IV,
correspondingly. Finally, Section V contains the conclusion.
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2. A brief review of classical dS and AdS cosmologies

Let us assume that the universe is homogeneous and isotropic. It can be described by
the flat Robertson-Walker metric

ds* = —c?dt* + a(t)(dz? + dy? + dz?). (6)

Here a(t) is the scale factor of the universe. Corresponding nonzero Christoffel symbols
and Ricci tensor components are

. i a 1
I, = aady;, Ty, = Eaj, (7)
3d o
Roo = _;aRij = (24" + ad), (8)

where a dot means differentiation with respect to time t. The scalar curvature of
Robertson-Walker metric is

R=g"R,, =6 (Z + <Z>2> 9)

To construct the canonical formalism of the theory, let us start with the Einstein-Hilbert
action

S = % /(R —20A)/—gd'z, (10)

Here k = 8:4G, g is the determinant of the spacetime metric and A is the cosmological
constant representing the vacuum energy. Substituting (9) into (10) we obtain
3V Ac?ad
S:/(da2+d2a— Ca)dt, (11)
cKk 3
which can be rewritten as
3V Ac2a?
§=-22 (a% + 258 ) ar. (12)
cK 3

Here integration over the spatial dimensions gives volume V and term with the total
derivative over time is cancelled. Lagrangian of the system is the following

Ac?a3

L=a*a+ :
a - a 3

(13)

which yields the Hamiltonian

2 2
. p; At 4
H=pa—-L="22_2°43 14
Pat i~ 3 ¢ (14)
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Note that in (13) minus is omitted and % = 1. We introduce canonical momentum
Do = g—é satisfying

{a,p.} = 1. (15)
Making canonical transformation
3 2pa
=q?2 w = , 16
u=al, p= 22 (16)
{u,pu} =1, (17)

we rewrite the Hamiltonian into the following form

9p2  A*
= w7 2 1
H 16 3 U (18)
In case of A > 0 the Hamiltonian describes the simplest classical inflationary (dS) model
and in case of A < 0 the oscillatory (AdS) model. For the dS model the Hamiltonian can
be written as

p2 mQu?

= — 1
o 5 (19)
with m = % and Q2 = %Ac? Equations of motion are
Du = {puyH} = mﬂzu’ (21)
i = Q2u, (22)
which yields
u(t) = eHt—to), (23)

where we have taken the initial condition u(ty) = 1. The Hubble constant for considered

model is

a 2u 2

Hy=—-—=—-—== 24
T4 3u 3Q (24)

For AdS cosmological model the hamiltonian

2 2,2
p2 mw?u
M=ot T (25)
with w? = =3 A2
u(t) = sin(t), (26)

where we have taken the initial condition u(0) = 0.
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3. Classical dS cosmology with deformed Poisson
algebra

Let us study the effects of the classical version of commutation relation (2) on the
de Sitter cosmological model. In the classical limit quantum mechanical commutators

should be replaced by the classical Poisson brackets as [X, P] — ih{X, P}. In the case
of canonical variables u and p, deformed Poisson bracket has the form

{uapu} = F(U»pu) (27)

Note that in case of F(u,p,) = f(p.) the existence of minimal length imposes the
constraint on the function of deformation f(p,)

a

dpu
< 0. 28
f(pa) (28)
0
The equations of motion are
o= {u, H} = 22 F(u, p,), (29)
Pu = {pu, H} = mQ>uF (u, py). (30)
From equations (29) and (30) we obtain
. 1
== Pu. (31)

P m2Q2 u
The last equation yields
Py = EmQu, (32)

with the constant of integration which equals to zero. Finally, substituting (32) into (29)
we obtain

4 = £QuF (u, mQu). (33)

Integration of the latter equation gives the law of inflation for dS model which includes
the effects caused by minimal length

u

du
———— =4Ot —t 34
/ uF (u, 2mQu) ( 0) (34)
1
Hubble parameter then can be presented as
) 21 2
H= % - 5% = SOF (u, +mQu) = HoF (u, £mQu). (35)

In the linear approximation on parameter of deformation formula (35) yields

H = HyF(e9tt0)  4mQet—to)y, (36)
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Now let us consider a few special examples of deformation function.
Example 1. Let us consider the deformation function proposed by Kempf F'(u,p,) =
1 + au? + Bp2. We obtain that the expansion law is

e2(t—to)

1y (- ey

u(t) (37)

with
v =a+ m*NA. (38)
In the linear approximation on the parameter of deformation « the expansion law writes

u(t) = e20—t0) 4 % (eSQ(tfto) _ e(l(tfto)) ' (39)

The last result was obtained in paper [39] in case of & = 0. However, from the exact
result (37) we obtain that inflation of the universe will last for finite time ¢,, thus we
have Big Rip scenario

tr:t0+1n<1+l>. (40)
¥

For this example of deformation function the Hubble parameter also can be found exactly

1+~

H = HOl—‘—’y(l —eQQ(t_tO))'

(41)

Example 2. The second example of deformation function that possesses the exact
solution is the following

Fu,pa) = f(pu) = (1+ Bp%)2. (42)

The solution can be presented as

1 1 +lln‘/(1+’Wﬂ71)(’/1+%+1)
Vit T+ 20 (VI+pu?+1)(/1+95-1)

= Q(t — to), (43)

with
v = Bm*Q>. (44)
In the linear approximation on parameter of deformation the expansion law writes

u(t) = e2i-10) 4 % (639@%0) _ eQ(tHﬁo)) . (45)

Comparing (45) with (39) we see that for this example of deformation the expansion rate
is higher than the one for the previous example. Plots of exact expansion laws (43) and
(37) are present in Fig.1.
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Fig. 1: Expansion laws for Examples 1 and 2 of deformation function with Q =1 and v = v3 = 0.01
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Fig. 2: Dependencies of the lifetime of the universe t, — to on v = g for Examples 1 and 2 of the
deformation function

Similarly to the previous case, the end of the universe will occur in some moment ¢,
in the future

_¥+iln7\/1+7ﬁ+1 (46)
QI+ 20 JT+yp-1

The dependencies of ¢, — ty on deformation parameter v = 7 are given in Fig.2.

We again arrive at the Big Rip scenario. In fact, this ultimate fate of the universe
can be predicted in the general case of deformed function F'(u,p,) = f(p.) with minimal
length and without maximal momentum. Really, using constraint (28) in case of Upqe =

t, =to
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00 we can write

1 du 1 T du
tr—to = Q / wf (£mQu) Y / f(EmQu) <0 (47)
1 1

Example 3. The last example of deformation function with maximal momentum is
fpu) = /1= Bp2, Ipu| < ﬁ In such a case the expansion phase of the evolution of the

universe will proceed until u,,q, = \/%Ta by the law
1
t) = . 48
) cosh Q(t —tg) — /1 — y3sinh Q(t — o) (48)

In the linear approximation on parameter of deformation the expansion law writes

10 /\
8

Ex.3

/N

0 2 4 6 8 10
to

Fig. 3: The effect of minimal length on the scale factor of the universe for Examples 3 of deformation
function with Q2 =1 and v = 0.01

u(t) = e2—t0) _ ’%B (e?,ﬂ(t—to) _ eQ(t—to)) . (49)

However, at the moment in time

_ 1 14+/1—7s
te=to+ —=In [ —Y—~ (50)
2Q 1—/1—73

the expansion of the universe reverses and the universe recollapses by the law

1
u(t) = .
® VBmQ cosh [Q(t — t.)]
Thus, the ultimate fate of the universe in this model is the Big Crunch (see Fig.3) .
In the general case of deformation function F(u,p,) = f(p,) with maximal
momentum it can also be proven similarly as in (47) that expansion phase of the evolution
of the universe lasts a finite period.

(51)
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4. Classical AdS cosmology with deformed Poisson
algebra

Now let us consider classical AdS cosmology with minimal length scenario. The Hami-
ltonian corresponding to this problem is

2,2
H—%ero;u, (52)
with w? = —%AC2.
The equations of motion are
U= {u H} = pu (uapu)v (53)
Pu = {pu, H} = —mw?uF (u, py). (54)

The law of evolution of the universe for AdS model can be written as

/ du = wt, (55)

2 — u?F (u,mwy/u — u?)

2
2E heing the amplitude of the scale factor and £ = 2= 4 m“;“2 being the

with ug = am
energy of the system.
We obtain exact analytical results for two special examples of deformation function.
Example 1. Let us consider the deformation function proposed be Kempf F'(u,p,) =

1 + au? + Bp?. The evolution of the universe is governed by the oscillatory law
2E(1+¢p) sin[v/(1 4+ e4)(1 + e5)wt]
2
mew \/1 +egsin®[\/(1 + ea) (1 + e5)wt] + £q c052[/(1 + £a) (1 + £5)wt]

with g, = mw27 eg = 2mpBE. The period of oscillations can be calculated exactly by the
following formula

u(t) =

; (56)

2
T= T . (57)
(I+ea)(1+ep)
As it turned out this period is smaller than in ordinary AdS model.
Example 2. The last example of deformation function with maximal momentum is
(pu) = /1 —BD2, Ipu| < ﬁ The exact solution can be presented by incomplete elliptic

integral of the first kind as

1 U €
wt = ——=FllipticF' | —, . 58
V1—e¢ P <u0 € — 1) (58)

In the linear approximation on parameter of deformation (58) writes
u(t) = ug (1 - Zcos%wt)) sin[(1 — Z)wt]. (59)

Comparison of results (56) and (58) with the undeformed one is presented on Fig. 4.
From Fig. 4 we can conclude that depending on the choice of deformation function the
period of oscillations can be larger or smaller in comparison to the ordinary model.
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Ex.1
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Fig. 4: The scale factor of the AdS universe for Example 1 and 2 of deformation function and undeformed
case with 2 =1 and v3 = 0.01

5. Conclusion

In this paper, we have studied the effects of minimal length uncertainty relation
on classical dS and AdS cosmologies. We have shown in the general case that for the
deformation with minimal length and without maximal momentum dS cosmology gives
an inflationary universe with Big Rip ultimate fate.

We also obtain an exact solution for the dS model in case of deformed commutation
relation with both minimal length and minimal momentum. In this case, Big Rip scenario
is also realized.

For the deformation with minimal length and maximal momentum in dS model, we
obtain that at some moment of time the expansion of the universe reverses and the
universe recollapses. Thus, we arrive at Big-Crunch scenario.

In the classical AdS model, there are some differences between ordinary and deformed
models. The model with deformation has oscillatory behaviour but the period of osci-
llations can be larger or smaller in comparison to the ordinary model. This means that
depending on the choice of deformation function in AdS model with minimal length the
corresponding Big-Crunch occurs later or earlier than in an ordinary model.
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Kiaacuyani dS Ta AdS kocmoJiorii B 3arajibHOMY
BUMNAAKY J1ePOPMOBAHOI0O IIPOCTOPY 3
MIiHIMAJIBHOIO JOBXKHWHOO

M. 1. Camap

Jv6i6corutll Hayionarvrul yrieepcumem iment leana Ppanka,
xagedpa meopemuunoi Gizuru,
Yrpaina, JIveis, eys. pazomarnosa 12, 79005
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Teopia cTpyH i KBaHTOBa T'paBiTallisi HE3AJIEKHO MPHUIIYCKAIOTh HASIBHICTH Mi-
HIMaJIbHOI JIOB2KMHM SK CKIHYEHHOI HMKHBOI MeKi MOXKJIMBOI PO3iJIbHOI 3/1a-
THOCTI Jitd moBkuuu. Kemiid mokazas, M0 y3araJbHEHUN PUHITAI HEBU3HA-
YEHOCTi, SIKWi{l MPUBOAUTH 10 MiHIMAJIBHOI JOBKUHU, MOXKE OyTH OTPUMAHUI
mIstxoM MoaudiKaril KAHOHIYHUX KOMYTAIHUX CIiBBiIHOIIEHD IS OMEPATO-
piB KoopauHATH Ta iMIyabcy. JledopmoBamy anredbpy Kemmda moxkHa y3araib-
HUTH 0 IMHPIIOro Kaacy AedpOpMOBAHUX KOMYTAIIMHUX CIIIBBiIHOIIEHDb 3 H0-
BibHOIO PyHKIEO medopmariii, 1o KpiM MiHIMATBHOI TOBXKUHU MOXKE IIPU3BE-
CTH 10 MiHIMAJILHOTO UM MAKCHMAJIBHOTO IMIYJILCIB. Y Iili pOOOTI IOCIiIZKEHO
BILJIUB Y3araJIbHEHOTO CIiBBiTHOIIEHHST HEBU3HAYEHOCTI 3 MiHIMAJIBHOIO JOBYKHU-
HOIO Ha KjacuuHi kocmosoriuni mozem ae Cirrepa ta antm-ge Citrepa. B 3a-
TaJbHOMY BHIJIKY 1e(POPMOBAHOIO IMPOCTOPY MOKA3aHO, MO s gedopmartii
3 MiHIMAJIBHOIO JOBKUHOIO i 6€3 MAaKCUMAJIBHOrO iMiyJibcy Kocmostorist je Cit-
Tepa mae indusaniiinnii BeecsiT 3 Beaukum Po3pueom. Takoxx oTpuMano TOUHI
po3B’s3ku 11t Mozeni gae Cirrepa y Bunaaky a1edOpMOBAHOTO KOMYTAIIHHOTO
CTiBBIIHOINEHHS 3 MiHIMAJIBHOIO JOBKUHOIO Ta MiHIMAJBHUM IMITYJIHCOM. ¥ ITHO-
MY BHIAJKY TAKOXK peasi3yeThbcsa crenapiit Benmnkoro Po3pusy. s medpopmarrii
3 MIHIMAJIBHOIO JIOBKWHOIO Ta MAKCUMAJIBHUM iMITysibcoM y mogen ne Cirrepa
MH OTPHUMYEMO, IO B AKHIICH MOMEHT dYacy po3ImupenHsi BcecBiTy moseprae-
ThCS B 3BOPOTHOMY HampsAMKY, i BeecBiT ctuckaerhed. Tak, cmocTepiraTnMerhest
crenapiit Beankoro Crucuenus. Y Kaacudriit mogeni antu-ae Cirrepa € mesaxi
BimMirHOCTI MiXK 3BHUaiinnMu Ta gedopmoBanuMu Momenramu. Momens 3 medop-
Malli€io, 5K i HemepopMOBaHa, MAE KOMUBAIBHY MOBEIIHKY, aje Iepio KOTUBAHD
MOzKe OyTHu OibimmM ab0 MEHIITHM IOPIBHAHO 3i 3Bu4aiinoio mozaestio. Ile o3na-
Jag, 10 3aJIeKHO Bif BuOOpy dyukIil nedopmariii B mogesni antu-ge Citrepa 3
MiHIMaJIbHOIO HOBXKWHOK Beske CTucHeHHHS BiIOyBa€ThCst paHinie abo mi3Hi-
e, HiXK y 3BUYaNHIN MOzei.

KarouoBi ciioBa: wmiHiMasibHA JIOBXKUHA, y3arajJbHEHUI IPUHIUAN HEBH3HAYE-
HOCTI, KJIACHIHA KOCMOJIOTisI, KOCMOJIOTi9HA CTaJIa, mapamerp Xaboa.



