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The effects of the minimal length uncertainty relation on classical de Sitter and
Anti-de Sitter cosmological models is studied in the general case of deformed
space. We obtain exact solutions for these models in case of some special choices
of deformed spaces with minimal length and minimal or maximal momentum.
It is shown that minimal length might affect and even change the inflationary
nature of the de Sitter cosmology. Anti-de Sitter model with deformation has
oscillatory behaviour, but depending on the choice of deformation function the
period of oscillations can be larger or smaller in comparison to the undeformed
model.
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1. Introduction

String theory and quantum gravity independently suggest the existence of minimal
length as a �nite lower bound to the possible resolution of length [1�3]. Kempf et al.
showed that minimal length can be introduced by modifying a canonical commutation
relation [4�7]. The deformed commutation relation according to Kempf reads

[X̂, P̂ ] = i~(1 + βP̂ 2). (1)

Deformed algebra (1) can be generalized for a wider class of the deformed commutati-
on relation

[X̂, P̂ ] = i~F (X̂, P̂ ). (2)

where F is a positive function of the position and momentum. Such a modi�cation of the
canonical commutation relation can lead to the existence of nonzero minimal uncertainties
in position, or in momentum, or both. Function

F (X̂, P̂ ) = 1 + αX̂2 + βP̂ 2 (3)
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is an example of the deformation leading to the minimal length and minimal momentum.
In this case ∆Xmin = ~

√
β/(1− ~2αβ), ∆Pmin = ~

√
α/(1− ~2αβ).

In case when deformation function depends only on momentum, i.e. F (X̂, P̂ ) = f(P̂ ),
minimal length is [8]

∆Xmin =
π

2

 b∫
0

dP

f(P )

−1

, (4)

where b denotes limits of P ∈ [−b, b]. Here function of deformation f(P ) is assumed to
be strictly positive (f > 0), even function. This means that minimal length is nonzero if

b∫
0

dP

f(P )
<∞. (5)

Note, that in case of �nite b the maximal momentum occurs in deformed space.

On the other hand, as it was discussed in [9], when the deformation function depends
only on the position F (X̂, P̂ ) = g(X̂), there is a connection between unconventional
Schr�odinger equation based on the use of the deformed canonical commutation relations
and the one with a position-dependent e�ective mass M(X) = 1/g2(X).

The framework of minimal length hypothesis was applied to di�erent quantum
mechanical problems, such as harmonic oscillator [5, 10�13], Dirac oscillator [14, 15],
hydrogen atom [16�20], gravitational quantum well [21, 22], a particle in delta potenti-
al [23, 24], one-dimensional Coulomb-like problem [23, 25, 26] , particle in the singular
inverse square potential [27, 28], the Casimir e�ect [29], particles scattering [30], et al.

The in�uence of the quantization of space have been studied at the classical level
for the following problems: Keplerian orbits, statistical physics, composite systems et
al. [31�37].

The idea of minimal length was also considered in context of classical and quantum
cosmology [38�43]. This approach gives a possibility to look at some of problems related
to cosmology from di�erent points of view and to search new possibilities to resolve
these problems. For example, the e�ect of the minimal length uncertainty relation on the
cosmological constant problem was considered in [38].

In paper [39] the classical dS and AdS cosmological models with minimal length
was studied and the solutions in the linear approximation of the deformation parameter
were obtained. The other cosmological models were considered in later papers [40�43].
The purpose of this paper is to �nd exact solutions for classical dS and AdS cosmologi-
cal models in general case of deformed commutation relation (2). To agree on notation
in Section II we review classical dS and AdS cosmological models. Next, we consider
dS and Ads cosmological model with deformed Poisson brackets in Section III and IV,
correspondingly. Finally, Section V contains the conclusion.
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2. A brief review of classical dS and AdS cosmologies

Let us assume that the universe is homogeneous and isotropic. It can be described by
the �at Robertson-Walker metric

ds2 = −c2dt2 + a(t)(dx2 + dy2 + dz2). (6)

Here a(t) is the scale factor of the universe. Corresponding nonzero Christo�el symbols
and Ricci tensor components are

Γ0
ij = aȧδij ,Γ

i
0j =

ȧ

a
δij , (7)

R00 = −3ä

a
, Rij = (2ȧ2 + aä), (8)

where a dot means di�erentiation with respect to time t. The scalar curvature of
Robertson-Walker metric is

R = gµνRµν = 6

(
ä

a
+

(
ȧ

a

)2
)

(9)

To construct the canonical formalism of the theory, let us start with the Einstein-Hilbert
action

S =
1

2κ

∫
(R− 2Λ)

√
−gd4x, (10)

Here κ = 8πG
c4 , g is the determinant of the spacetime metric and Λ is the cosmological

constant representing the vacuum energy. Substituting (9) into (10) we obtain

S =
3V

cκ

∫ (
äa2 + ȧ2a− Λc2a3

3

)
dt, (11)

which can be rewritten as

S = −3V

cκ

∫ (
ȧ2a+

Λc2a3

3

)
dt. (12)

Here integration over the spatial dimensions gives volume V and term with the total
derivative over time is cancelled. Lagrangian of the system is the following

L = ȧ2a+
Λc2a3

3
, (13)

which yields the Hamiltonian

H = paȧ− L =
p2
a

4a
− Λc2

3
a3. (14)
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Note that in (13) minus is omitted and 3V
cκ = 1. We introduce canonical momentum

pa = ∂L
∂ȧ satisfying

{a, pa} = 1. (15)

Making canonical transformation

u = a
3
2 , pu =

2pa
3
√
a
, (16)

{u, pu} = 1, (17)

we rewrite the Hamiltonian into the following form

H =
9p2
u

16
− Λc2

3
u2. (18)

In case of Λ > 0 the Hamiltonian describes the simplest classical in�ationary (dS) model
and in case of Λ < 0 the oscillatory (AdS) model. For the dS model the Hamiltonian can
be written as

H =
p2
u

2m
− mΩ2u2

2
, (19)

with m = 8
9 and Ω2 = 3

4Λc2. Equations of motion are

u̇ = {u,H} = pu
m , (20)

ṗu = {pu,H} = mΩ2u, (21)

ü = Ω2u, (22)

which yields

u(t) = eΩ(t−t0), (23)

where we have taken the initial condition u(t0) = 1. The Hubble constant for considered
model is

H0 =
ȧ

a
=

2

3

u̇

u
=

2

3
Ω (24)

For AdS cosmological model the hamiltonian

H =
p2
u

2m
+
mω2u2

2
, (25)

with ω2 = − 3
4Λc2.

u(t) = sin(t), (26)

where we have taken the initial condition u(0) = 0.



36

Samar Ì. I.

ISSN 1024-588X. Âiñíèê Ëüâiâñüêîãî óíiâåðñèòåòó. Ñåðiÿ ôiçè÷íà. 2020. Âèï. 57

3. Classical dS cosmology with deformed Poisson

algebra

Let us study the e�ects of the classical version of commutation relation (2) on the
de Sitter cosmological model. In the classical limit quantum mechanical commutators
should be replaced by the classical Poisson brackets as [X̂, P̂ ] → i~{X,P}. In the case
of canonical variables u and pu deformed Poisson bracket has the form

{u, pu} = F (u, pu). (27)

Note that in case of F (u, pu) = f(pu) the existence of minimal length imposes the
constraint on the function of deformation f(pu)

a∫
0

dpu
f(pu)

<∞. (28)

The equations of motion are

u̇ = {u,H} = pu
m F (u, pu), (29)

ṗu = {pu, H} = mΩ2uF (u, pu). (30)

From equations (29) and (30) we obtain

u̇

ṗu
=

1

m2Ω2

pu
u
. (31)

The last equation yields

pu = ±mΩu, (32)

with the constant of integration which equals to zero. Finally, substituting (32) into (29)
we obtain

u̇ = ±ΩuF (u,±mΩu). (33)

Integration of the latter equation gives the law of in�ation for dS model which includes
the e�ects caused by minimal length

u∫
1

du

uF (u,±mΩu)
= ±Ω(t− t0) (34)

Hubble parameter then can be presented as

H =
ȧ

a
=

2

3

u̇

u
=

2

3
ΩF (u,±mΩu) = H0F (u,±mΩu). (35)

In the linear approximation on parameter of deformation formula (35) yields

H = H0F (eΩ(t−t0),±mΩeΩ(t−t0)). (36)
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Now let us consider a few special examples of deformation function.
Example 1. Let us consider the deformation function proposed by Kempf F (u, pu) =

1 + αu2 + βp2
u. We obtain that the expansion law is

u(t) =
eΩ(t−t0)√

1 + γ
(
1− e2Ω(t−t0)

) , (37)

with

γ = α+ βm2Ω2. (38)

In the linear approximation on the parameter of deformation γ the expansion law writes

u(t) = eΩ(t−t0) +
γ

2

(
e3Ω(t−t0) − eΩ(t−t0)

)
. (39)

The last result was obtained in paper [39] in case of α = 0. However, from the exact
result (37) we obtain that in�ation of the universe will last for �nite time tr, thus we
have Big Rip scenario

tr = t0 +
1

2Ω
ln

(
1 +

1

γ

)
. (40)

For this example of deformation function the Hubble parameter also can be found exactly

H = H0
1 + γ

1 + γ(1− e2Ω(t−t0))
. (41)

Example 2. The second example of deformation function that possesses the exact
solution is the following

F (u, pu) = f(pu) = (1 + βp2
u)

3
2 . (42)

The solution can be presented as

1√
1 + γβu2

− 1√
1 + γβ

+
1

2
ln

√
(1 + γβu2 − 1)(

√
1 + γβ + 1)

(
√

1 + γβu2 + 1)(
√

1 + γβ − 1)
= Ω(t− t0), (43)

with

γβ = βm2Ω2. (44)

In the linear approximation on parameter of deformation the expansion law writes

u(t) = eΩ(t−t0) +
3γβ
4

(
e3Ω(t−t0) − eΩ(t−t0)

)
. (45)

Comparing (45) with (39) we see that for this example of deformation the expansion rate
is higher than the one for the previous example. Plots of exact expansion laws (43) and
(37) are present in Fig.1.
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Fig. 1: Expansion laws for Examples 1 and 2 of deformation function with Ω = 1 and γ = γβ = 0.01
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Fig. 2: Dependencies of the lifetime of the universe tr − t0 on γ = γβ for Examples 1 and 2 of the

deformation function

Similarly to the previous case, the end of the universe will occur in some moment tr
in the future

tr = t0 −
1

Ω
√

1 + γβ
+

1

2Ω
ln

√
1 + γβ + 1√
1 + γβ − 1

. (46)

The dependencies of tr − t0 on deformation parameter γ = γβ are given in Fig.2.
We again arrive at the Big Rip scenario. In fact, this ultimate fate of the universe

can be predicted in the general case of deformed function F (u, pu) = f(pu) with minimal
length and without maximal momentum. Really, using constraint (28) in case of umax =
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∞ we can write

tr − t0 =
1

Ω

∞∫
1

du

uf(±mΩu)
<

1

Ω

∞∫
1

du

f(±mΩu)
<∞. (47)

Example 3. The last example of deformation function with maximal momentum is
f(pu) =

√
1− βp2

u, |pu| < 1√
β
. In such a case the expansion phase of the evolution of the

universe will proceed until umax = 1√
γβ

by the law

u(t) =
1

cosh Ω(t− t0)−
√

1− γβ sinh Ω(t− t0)
. (48)

In the linear approximation on parameter of deformation the expansion law writes

 0
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u

t-t0
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Fig. 3: The e�ect of minimal length on the scale factor of the universe for Examples 3 of deformation

function with Ω = 1 and γβ = 0.01

u(t) = eΩ(t−t0) − γβ
4

(
e3Ω(t−t0) − eΩ(t−t0)

)
. (49)

However, at the moment in time

tc = t0 +
1

2Ω
ln

(
1 +

√
1− γβ

1−
√

1− γβ

)
(50)

the expansion of the universe reverses and the universe recollapses by the law

u(t) =
1√

βmΩ cosh [Ω(t− tc)]
. (51)

Thus, the ultimate fate of the universe in this model is the Big Crunch (see Fig.3) .
In the general case of deformation function F (u, pu) = f(pu) with maximal

momentum it can also be proven similarly as in (47) that expansion phase of the evolution
of the universe lasts a �nite period.
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4. Classical AdS cosmology with deformed Poisson

algebra

Now let us consider classical AdS cosmology with minimal length scenario. The Hami-
ltonian corresponding to this problem is

H =
p2
u

2m
+
mω2u2

2
, (52)

with ω2 = − 3
4Λc2.

The equations of motion are

u̇ = {u,H} = pu
m F (u, pu), (53)

ṗu = {pu, H} = −mω2uF (u, pu). (54)

The law of evolution of the universe for AdS model can be written as
u∫

0

du√
u2

0 − u2F (u,mω
√
u2

0 − u2)
= ωt, (55)

with u0 =
√

2E
mω2 being the amplitude of the scale factor and E =

p2u
2m + mω2u2

2 being the

energy of the system.
We obtain exact analytical results for two special examples of deformation function.
Example 1. Let us consider the deformation function proposed be Kempf F (u, pu) =

1 + αu2 + βp2
u. The evolution of the universe is governed by the oscillatory law

u(t) =

√
2E(1 + εβ)

mω2

sin[
√

(1 + εα)(1 + εβ)ωt]√
1 + εβ sin2[

√
(1 + εα)(1 + εβ)ωt] + εα cos2[

√
(1 + εα)(1 + εβ)ωt]

, (56)

with εα = 2αE
mω2 , εβ = 2mβE. The period of oscillations can be calculated exactly by the

following formula

T =
2π

ω
√

(1 + εα)(1 + εβ)
. (57)

As it turned out this period is smaller than in ordinary AdS model.
Example 2. The last example of deformation function with maximal momentum is

f(pu) =
√

1− βp2
u, |pu| < 1√

β
. The exact solution can be presented by incomplete elliptic

integral of the �rst kind as

ωt =
1√

1− ε
EllipticF

(
u

u0
,

√
ε

ε− 1

)
. (58)

In the linear approximation on parameter of deformation (58) writes

u(t) = u0

(
1− ε

4
cos2(ωt)

)
sin[(1− ε

4
)ωt]. (59)

Comparison of results (56) and (58) with the undeformed one is presented on Fig. 4.
From Fig. 4 we can conclude that depending on the choice of deformation function the
period of oscillations can be larger or smaller in comparison to the ordinary model.
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Fig. 4: The scale factor of the AdS universe for Example 1 and 2 of deformation function and undeformed

case with Ω = 1 and γβ = 0.01

5. Conclusion

In this paper, we have studied the e�ects of minimal length uncertainty relation
on classical dS and AdS cosmologies. We have shown in the general case that for the
deformation with minimal length and without maximal momentum dS cosmology gives
an in�ationary universe with Big Rip ultimate fate.

We also obtain an exact solution for the dS model in case of deformed commutation
relation with both minimal length and minimal momentum. In this case, Big Rip scenario
is also realized.

For the deformation with minimal length and maximal momentum in dS model, we
obtain that at some moment of time the expansion of the universe reverses and the
universe recollapses. Thus, we arrive at Big-Crunch scenario.

In the classical AdS model, there are some di�erences between ordinary and deformed
models. The model with deformation has oscillatory behaviour but the period of osci-
llations can be larger or smaller in comparison to the ordinary model. This means that
depending on the choice of deformation function in AdS model with minimal length the
corresponding Big-Crunch occurs later or earlier than in an ordinary model.
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Òåîðiÿ ñòðóí i êâàíòîâà ãðàâiòàöiÿ íåçàëåæíî ïðèïóñêàþòü íàÿâíiñòü ìi-
íiìàëüíî¨ äîâæèíè ÿê ñêií÷åííî¨ íèæíüî¨ ìåæi ìîæëèâî¨ ðîçäiëüíî¨ çäà-
òíîñòi äëÿ äîâæèíè. Êåìïô ïîêàçàâ, ùî óçàãàëüíåíèé ïðèíöèï íåâèçíà-
÷åíîñòi, ÿêèé ïðèâîäèòü äî ìiíiìàëüíî¨ äîâæèíè, ìîæå áóòè îòðèìàíèé
øëÿõîì ìîäèôiêàöi¨ êàíîíi÷íèõ êîìóòàöiéíèõ ñïiââiäíîøåíü äëÿ îïåðàòî-
ðiâ êîîðäèíàòè òà iìïóëüñó. Äåôîðìîâàíó àëãåáðó Êåìïôà ìîæíà óçàãàëü-
íèòè äî øèðøîãî êëàñó äåôîðìîâàíèõ êîìóòàöiéíèõ ñïiââiäíîøåíü ç äî-
âiëüíîþ ôóíêöi¹þ äåôîðìàöi¨, ùî êðiì ìiíiìàëüíî¨ äîâæèíè ìîæå ïðèçâå-
ñòè äî ìiíiìàëüíîãî ÷è ìàêñèìàëüíîãî iìïóëüñiâ. Ó öié ðîáîòi äîñëiäæåíî
âïëèâ óçàãàëüíåíîãî ñïiââiäíîøåííÿ íåâèçíà÷åíîñòi ç ìiíiìàëüíîþ äîâæè-
íîþ íà êëàñè÷íi êîñìîëîãi÷íi ìîäåëi äå Ñiòòåðà òà àíòè-äå Ñiòòåðà. Â çà-
ãàëüíîìó âèïàäêó äåôîðìîâàíîãî ïðîñòîðó ïîêàçàíî, ùî äëÿ äåôîðìàöi¨
ç ìiíiìàëüíîþ äîâæèíîþ i áåç ìàêñèìàëüíîãî iìïóëüñó êîñìîëîãiÿ äå Ñiò-
òåðà äà¹ iíôëÿöiéíèé Âñåñâiò ç Âåëèêèì Ðîçðèâîì. Òàêîæ îòðèìàíî òî÷íi
ðîçâ'ÿçêè äëÿ ìîäåëi äå Ñiòòåðà ó âèïàäêó äåôîðìîâàíîãî êîìóòàöiéíîãî
ñïiââiäíîøåííÿ ç ìiíiìàëüíîþ äîâæèíîþ òà ìiíiìàëüíèì iìïóëüñîì. Ó öüî-
ìó âèïàäêó òàêîæ ðåàëiçó¹òüñÿ ñöåíàðié Âåëèêîãî Ðîçðèâó. Äëÿ äåôîðìàöi¨
ç ìiíiìàëüíîþ äîâæèíîþ òà ìàêñèìàëüíèì iìïóëüñîì ó ìîäåëi äå Ñiòòåðà
ìè îòðèìó¹ìî, ùî â ÿêèéñü ìîìåíò ÷àñó ðîçøèðåííÿ Âñåñâiòó ïîâåðòà¹-
òüñÿ â çâîðîòíîìó íàïðÿìêó, i Âñåñâiò ñòèñêà¹òüñÿ. Òàê, ñïîñòåðiãàòèìåòüñÿ
ñöåíàðié Âåëèêîãî Ñòèñíåííÿ. Ó êëàñè÷íié ìîäåëi àíòè-äå Ñiòòåðà ¹ äåÿêi
âiäìiííîñòi ìiæ çâè÷àéíèìè òà äåôîðìîâàíèìè ìîäåëÿìè. Ìîäåëü ç äåôîð-
ìàöi¹þ, ÿê i íåäåôîðìîâàíà, ìà¹ êîëèâàëüíó ïîâåäiíêó, àëå ïåðiîä êîëèâàíü
ìîæå áóòè áiëüøèì àáî ìåíøèì ïîðiâíÿíî çi çâè÷àéíîþ ìîäåëëþ. Öå îçíà-
÷à¹, ùî çàëåæíî âiä âèáîðó ôóíêöi¨ äåôîðìàöi¨ â ìîäåëi àíòè-äå Ñiòòåðà ç
ìiíiìàëüíîþ äîâæèíîþ Âåëèêå Ñòèñíåíííÿ âiäáóâà¹òüñÿ ðàíiøå àáî ïiçíi-
øå, íiæ ó çâè÷àéíié ìîäåëi.
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