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Âñòóï

Âèâ÷åííÿ äâîâèìiðíèõ ñèñòåì âàæëèâå ÷åðåç ¨õíi óíiêàëüíi âëàñòèâîñòi, âiäìiííi
âiä òðèâèìiðíèõ àíàëîãiâ, ùî ñòâîðþ¹ ìîæëèâîñòi äëÿ òåõíîëîãi÷íîãî ïîñòóïó òà
òåîðåòè÷íèõ âiäêðèòòiâ. Òàêi ìàòåðiàëè, ÿê ãðàôåí i ïîäiáíi äî íüîãî, ìàþòü âèíÿ-
òêîâi åëåêòðè÷íi, òåïëîâi òà ìåõàíi÷íi âëàñòèâîñòi [1, 2]. Äâîâèìiðíi ñèñòåìè çàñòî-
ñîâóþòü íà ïðàêòèöi ó ìàòåðiàëîçíàâñòâi, åëåêòðîíiöi, áiîìåäè÷íèõ äîñëiäæåííÿõ,
ó çàäà÷àõ íàêîïè÷åííÿ òà çáåðiãàííÿ åíåð i¨ òîùî [3]. Êðiì òîãî, íèçüêîðîçìiðíi
ñèñòåìè çàáåçïå÷óþòü ñïðîùåíi ìîäåëi äëÿ ïåðåâiðêè òåîðåòè÷íèõ ïåðåäáà÷åíü ó
ðiçíèõ ãàëóçÿõ [4�7].

Ó äåÿêèõ âèïàäêàõ äâîâèìiðíi ñèñòåìè ìîæíà ðîçãëÿäàòè ÿê ñïðîùåííÿ òðèâè-
ìiðíèõ àíàëîãiâ: ïåâíi çàêîíîìiðíîñòi, âèÿâëåíi â îäíîìó âèïàäêó, âiäîáðàæàþòüñÿ
â iíøîìó [8]. Âîäíî÷àñ òðåáà çàçíà÷èòè, ùî çíà÷íà åêîíîìiÿ îá÷èñëþâàëüíèõ ðå-
ñóðñiâ çi çìåíøåííÿì âèìiðíîñòi çàäà÷i ÷àñòêîâî íiâåëþ¹òüñÿ ïîñèëåííÿì êðàéîâèõ
åôåêòiâ. Êëþ÷îâèì îá'¹êòîì äîñëiäæåííÿ ó äâîâèìiðíèõ òàêèõ ñèñòåìàõ ¹ ôàçè òà
ôàçîâi ïåðåõîäè. Çîêðåìà, âåëè÷åçíèé iíòåðåñ âèêëèêà¹ òàê çâàíà ãåêñàòè÷íà ôàçà;
¨¨ iäåíòèôiêàöiÿ òà õàðàêòåðèñòèêà ìîæå äàòè öiííå ðîçóìiííÿ ôóíäàìåíòàëüíèõ
ìåõàíiçìiâ, ùî ëåæàòü â îñíîâi ôàçîâîãî ïåðåõîäó âiä êðèñòàëi÷íîãî äî íåâïîðÿä-
êîâàíîãî ñòàíó [9, 10].

Iñíóâàííÿ ãåêñàòè÷íî¨ ôàçè òà õàðàêòåð ïðîöåñó ïëàâëåííÿ ¹ ïðåäìåòîì äèñêó-
ñié. Òåîðiÿ Êîñòåðëiöà�Òàóëåññà�Ãàëüïåðiíà�Íåëüñîíà�ßí à (KTNHY) ïðèïóñêà¹,
ùî â ïðîöåñi ïëàâëåííÿ ñèñòåìà çàçíà¹ áåçïåðåðâíîãî ïåðåõîäó âiä òâåðäîãî äî ãåêñà-
òè÷íî¨ ôàçè òà ðiäêîãî ñòàíó. Îäíàê ïðîöåñ ïëàâëåííÿ ìîæå áóòè i ïåðåðèâ÷àñòèì,
ùî îçíà÷à¹ íåiñíóâàííÿ ãåêñàòè÷íî¨ ôàçè. Êðiì òîãî, iñíóþòü ïîäàëüøi ñóïåðå÷êè
ùîäî ìîæëèâèõ ôàçîâèõ äiàãðàì äëÿ òàêèõ ñèñòåì [9].

© Ëàïêî Â., Ðîâåí÷àê À., 2024
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Ïiä ÷àñ ìîäåëþâàííÿ äâîâèìiðíèõ ñèñòåì ìåòîäàìè ìîëåêóëÿðíî¨ äèíàìiêè âè-
êîðèñòîâóþòü ïðîñòi ïîòåíöiàëè, íà çðàçîê òâåðäèõ äèñêiâ [11, 12] ÷è ïîòåíöiàëó
Þêàâè [13�15] òà ñêëàäíiøi, íà çðàçîê ïîòåíöiàëó Òåðçîôôà (Jerry Terso�) [16�18]
÷è ìîäåëi Ìåðñåäåñ-Áåíö [19,20], ÿêà âðàõîâó¹ ïîëÿðíi õàðàêòåðèñòèêè ìîëåêóë âî-
äè, òà ðîçðàõóíêiâ ab initio äëÿ ìiæ÷àñòèíêîâèõ âçà¹ìîäié [21,22]. Ïîïóëÿðíèì çàëè-
øà¹òüñÿ é ïîòåíöiàë Ëåííàðäà-Äæîíñà. Íà îñíîâi öi¹¨ ìîäåëi áóëî ïðîâåäåíî áàãàòî
äîñëiäæåíü, ÿêi äàëè ÷èñëåííi ðåçóëüòàòè ùîäî ôàçîâèõ ïåðåõîäiâ, ïðîëèâàþ÷è ñâi-
òëî íà ñêëàäíi ìåõàíiçìè, ÿêi ¹ â îñíîâi çìiíè ñòàíiâ ðå÷îâèíè [8�10]. Ñàìå ç öèì
ïîòåíöiàëîì ìè ïðîâîäèëè äîñëiäæåííÿ, îïèñàíi äàëi â öié ñòàòòi.

Ñòàòòÿ ìà¹ òàêó ñòðóêòóðó. Ó ïåðøîìó ðîçäiëi îïèñàíî äåòàëi ìîäåëþâàííÿ,
çîêðåìà ùîäî âèÿâëåííÿ ãåêñàòè÷íî¨ ôàçè. Ðîçäië 2 ïðèñâÿ÷åíî ðåçóëüòàòàì ìîäå-
ëþâàííÿ. Ïiäñóìêè äîñëiäæåííÿ îáãîâîðåíî â ðîçäiëi 2.

1. Äåòàëi ìîäåëþâàííÿ

Äîñëiäæóâàíà ìîäåëü � öå ñèñòåìà äâîâèìiðíèõ òî÷êîâèõ ÷àñòèíîê ôiêñîâàíî¨
ìàñè, ÿêi âçà¹ìîäiþòü îäíà ç îäíîþ çà äîïîìîãîþ ïîòåíöiàëó Ëåííàðäà-Äæîíñà [23,
24]

V (r) = 4ε
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r

)12
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(σ
r
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]
. (1)

Çàçíà÷èìî, ùî ñòåïåíåâà çàëåæíiñòü ïðèòÿãàëüíî¨ ÷àñòèíè (r−6) òóò òàêà ñà-
ìà, ÿê ó òðèâèìiðíîìó âèïàäêó. Öå çàáåçïå÷ó¹ ôiçè÷íó ðåàëiñòè÷íiñòü ìîäåëi, ùî
âiäïîâiäà¹ ïëàíàðíié ãåîìåòði¨, íàïðèêëàä, ÿâèùàì ó òîíêèõ ïëiâêàõ íà ïîâåðõíÿõ,
ó øàðàõ ãåòåðîñòðóêòóð òîùî. Ó ñóòî äâîâèìiðíèõ çàäà÷àõ õàðàêòåð öi¹¨ çàëåæíîñòi
áóâ áè iíøèì, äëÿ ïîðiâíÿííÿ çãàäàéìî ïîâiëüíiøå ñïàäàííÿ äèïîëüíèõ âçà¹ìîäié
ó êîíôi óðàöiéíî äâîâèìiðíîìó ïðîñòîði [25,26].

Õàðàêòåð âçà¹ìîäi¨ (1), çâè÷àéíî, êîðîòêîäiéíèé, òîìó ââîäÿòü âiäñòàíü âiäñiêàí-
íÿ

rc = 3σ. (2)

Öå äà¹ çíà÷íó îá÷èñëþâàëüíó ïåðåâàãó, îñêiëüêè ìè ìîæåìî ðîçáèòè îáëàñòü ìîäå-
ëþâàííÿ íà êîìiðêè íà îñíîâi âiäñòàíi âiäñiêàííÿ, âíàñëiäîê ÷îãî àëãîðèòì îá÷èñëå-
ííÿ ñèëè ïðàöþ¹ ç åôåêòèâíiñòþ O(N), íà âiäìiíó âiä íà¨âíîãî ïiäõîäó O(N2) ïðî-
ñòîãî ïîïàðíîãî ïåðåáîðó. Öåé àëãîðèòì çàçâè÷àé íàçèâàþòü ¾àëãîðèòìîì çâ'ÿçàíèõ
êîìiðîê¿ [27, 28]. Çàçíà÷èìî, ùî òèïîâèì çíà÷åííÿì âiäñòàíi âiäñiêàííÿ äëÿ ïîòåí-
öiàëó Ëåííàðäà-Äæîíñà ââàæàþòü 2.5σ [29, p. 40]. Íàø âèáið çóìîâëåíî, çîêðåìà,
ïîòðåáîþ òî÷íiøîãî âðàõóâàííÿ êðàéîâèõ åôåêòiâ, ÿêi ó äâîâèìiðíèõ ñèñòåìàõ ìà-
þòü áiëüøèé âïëèâ, íiæ ó çâè÷àéíèõ òðèâèìiðíèõ. Çáiëüøåííÿ rc âiä 2.5σ äî 3σ
âiäïîâiäà¹ çìåíøåííþ ïðèòÿãàëüíî¨ ÷àñòèíè ïîòåíöiàëó −4ε(σ/r)6 âòðè÷i, äî 0.1%
âiä âåëè÷èíè ïîòåíöiàëó â òî÷öi ìiíiìóìó.

Òåðìîäèíàìi÷íi îäèíèöi âèðàæàþòüñÿ ó çâåäåíèõ îäèíèöÿõ çà äîïîìîãîþ ïàðà-
ìåòðiâ ïîòåíöiàëó

T ∗ =
kBT

ε
, ρ∗ = ρσ2, p∗ =
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ε
, r∗ =

r

σ
, (3)
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äå kB � ñòàëà Áîëüöìàíà. Öå ðîáèòü ðåçóëüòàòè òà ãðàôiêè äàíèõ ìîäåëþâàííÿ
áiëüø óíiâåðñàëüíèìè òà íåçàëåæíèìè âiä ïàðàìåòðiâ ïîòåíöiàëó.

Ìîëåêóëÿðíî-äèíàìi÷íi ðîçðàõóíêè ïðîâîäèëè çà äîïîìîãîþ ïðîãðàìíî¨ ðåàëi-
çàöi¨, íàïèñàíî¨ íà ìîâi ïðîãðàìóâàííÿ Ñ++ (àâòîð � Â. Ë.). Ïðîãðàìíå çàáåçïå÷å-
ííÿ òàêîæ îõîïëþ¹ ãðàôi÷íèé iíòåðôåéñ ó ðåàëüíîìó ÷àñi, ÿêèé äîïîìàãà¹ êîðèñòó-
âà÷åâi çìiíþâàòè ñèñòåìó ïiä ÷àñ ìîäåëþâàííÿ (äèâ. ðèñ. 1). Ïðîãðàìà âèêîðèñòîâó¹
âñi ïåðåâàãè ïàðàëåëüíèõ îá÷èñëåíü äëÿ ïiäâèùåííÿ ñâî¹¨ ïðîäóêòèâíîñòi, âèêîðè-
ñòîâóþ÷è ìîæëèâîñòi OpenMP API.

Âèêîðèñòàííÿ âëàñíîãî ïðîãðàìíîãî çàáåçïå÷åííÿ äëÿ ìîëåêóëÿðíî¨ äèíàìiêè
ìîòèâîâàíå àäàïòèâíiñòþ òà ìîæëèâiñòþ ëåãêî äîäàâàòè ïîòðiáíó ôóíêöiîíàëü-
íiñòü. Öÿ ãíó÷êiñòü äà¹ çìîãó ìîäèôiêóâàòè éîãî âiäïîâiäíî äî êîíêðåòíèõ ïîòðåá,
âïðîâàäæóâàòè óíiêàëüíi àëãîðèòìè é iíøi ìîäåëi, ïîâ'ÿçàíi çi çàïëàíîâàíèì äîñëi-
äæåííÿì íèçüêîðîçìiðíèõ ñèñòåì, ùî ìîæå áóòè íåòðèâiàëüíèì çàâäàííÿì çà óìîâè
çàñòîñóâàííÿ ñòàíäàðòíèõ ïðîãðàìíèõ ïàêåòiâ.

Ñèìóëÿöiÿ ìîäåëi ïðîâîäèëàñÿ â óìîâàõ ðiâíîâàãè êàíîíi÷íîãî àíñàìáëþ. Ðiâ-
íÿííÿ ðóõó áóëè ÷èñåëüíî iíòåãðîâàíi çà äîïîìîãîþ àëãîðèòìó øâèäêîñòi-Âåðëå
(velocity Verlet) [30]

ri(t+∆t) = ri(t) + vi(t) +
1

2
ai(t)(∆t)

2, (4)

vi(t+∆t) = vi(t) +
1

2
[ai(t) + ai(t+∆t)]∆t. (5)

Àëãîðèòì ìà¹ ñèëüíó ÷èñåëüíó ñòàáiëüíiñòü i âàæëèâi äëÿ ôiçè÷íèõ ñèñòåì âëàñòè-
âîñòi, òàêi ÿê îáîðîòíiñòü ó ÷àñi òà çáåðåæåííÿ ñèìïëåêòè÷íî¨ ôîðìè ó ôàçîâîìó
ïðîñòîði, íå çáiëüøóþ÷è îá÷èñëþâàëüíå íàâàíòàæåííÿ ïîðiâíÿíî ç áàçîâèì ìåòîäîì
Åéëåðà.

Äëÿ ïiäòðèìàííÿ ñòàëî¨ òåìïåðàòóðè âèêîðèñòîâóâàëè òåðìîñòàò Áåðåíäñå-
íà [31]. Öå, ïî ñóòi, çìiíà øâèäêîñòi çà äîïîìîãîþ êîåôiöi¹íòà ìàñøòàáóâàííÿ

λ2 = 1 +
∆t

τ

{
T0
T

− 1

}
, (6)

äå T0 � òåìïåðàòóðà òåðìîñòàòà; T � ïîòî÷íà òåìïåðàòóðà; τ � ïàðàìåòð çâ'ÿçêó,
ÿêèé âèçíà÷à¹, íàñêiëüêè ùiëüíî òåðìîñòàò i ñèñòåìà ç'¹äíàíi ìiæ ñîáîþ.

Çàóâàæèìî, ùî òåðìîñòàò ïðèãíi÷ó¹ ôëóêòóàöi¨ êiíåòè÷íî¨ åíåðãi¨ ñèñòåìè i òîìó
íå ìîæå äàòè ðåçóëüòàòiâ, ùî âiäïîâiäàþòü êàíîíi÷íîìó àíñàìáëþ. Àëå äëÿ âåëèêèõ
ñèñòåì iç áàãàòüîõ ÷àñòèíîê öÿ ïîõèáêà íåçíà÷íà. Îäíàê ÷åðåç öå îáìåæåííÿ áàãà-
òî ðåàëiçàöié ìîëåêóëÿðíî¨ äèíàìiêè âèêîðèñòîâóþòü áiëüø ïîïóëÿðíèé òåðìîñòàò
Íîñå�Ãóâåðà (Nos�e�Hoover thermostat) äëÿ ðåãóëþâàííÿ òåìïåðàòóðè âiäïîâiäíî äî
êàíîíi÷íîãî àíñàìáëþ [31].

Äëÿ iìiòàöi¨ ñèñòåìè ç âåëè÷åçíîþ êiëüêiñòþ ÷àñòèíîê âèêîðèñòîâóâàëè ïåðiîäè-
÷íi ãðàíè÷íi óìîâè. Ïiä ÷àñ ìîäåëþâàííÿ êiëüêiñòü ÷àñòèíîê áóëî ïðèéíÿòî

N = 1000. (7)

Ïðîãðàìíà ðåàëiçàöiÿ äà¹ ïiäñòàâè çìiíþâàòè ïàðàìåòðè ïîòåíöiàëó, àëå öå ¹ ëèøå
ïîâåðõíåâîþ ïåðåâàãîþ, êîðèñíîþ òiëüêè ó âèïàäêó ïåðåâiðêè ðåàëüíèõ åêñïåðèìåí-
òàëüíèõ äàíèõ, íàòîìiñòü âèêîðèñòîâóâàëè íàòóðàëüíi îäèíèöi, ÿêi íå îõîïëþþòü
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÷èñëà äóæå ìàëîãî ïîðÿäêó

σ = ε = m = kB = 1. (8)

Êðîê ó ÷àñi áóâ ðåòåëüíî ïiäiáðàíèé òàê, ùîá çáàëàíñóâàòè òî÷íiñòü i ÷àñ, íåîáõiäíèé
äëÿ âèêîíàííÿ ìîäåëþâàííÿ, i áóâ íàéáiëüø ðîçóìíèì

∆t = 1× 10−3. (9)

Êîæíà ôiçè÷íà âåëè÷èíà, îòðèìàíà ïiä ÷àñ ìîäåëþâàííÿ, áóëà ðåòåëüíî óñåðåäíåíà
ïðîòÿãîì çàäàíîãî ÷àñîâîãî iíòåðâàëó, ùîá çàáåçïå÷èòè íàäiéíå ïîäàííÿ äàíèõ, à
òàêîæ ìiíiìiçóâàòè âïëèâ áóäü-ÿêèõ ñïîíòàííèõ ôëóêòóàöié, ÿêi ìîãëè âèíèêíóòè.
Íà ïðàêòèöi ñèìóëÿöi¨ äîñÿãàëè ðiâíîâàæíîãî ñòàíó ïðîòÿãîì 5�10 õâ, ùî äàâàëî
çìîãó äàëi ðîáèòè ðîçðàõóíêè ïðîòÿãîì ðåàëiñòè÷íîãî ÷àñó.

Äëÿ iäåíòèôiêàöi¨ ôàçè ñèñòåìè âèêîðèñòîâóþòü ôóíêöiþ ðàäiàëüíîãî ðîçïîäi-
ëó, ÿêà ìiñòèòü âñþ ïîòðiáíó iíôîðìàöiþ ïðî ñòðóêòóðó ñèñòåìè. Âàæëèâî çâåðíóòè
óâàãó íà òå, ùî ðàäiàëüíî¨ ôóíêöi¨ ðîçïîäiëó íå äîñòàòíüî äëÿ âèçíà÷åííÿ ãåêñà-
òè÷íî¨ ôàçè, îñêiëüêè âîíà ïîäiáíà äî òâåðäî¨ òà äî ðiäêî¨ ôàçè, òîìó âiçóàëüíî
ãðàôiê íi÷îãî íå ïîêàæå íàì. Äëÿ öüîãî âèêîðèñòîâóþòü ïàðàìåòðè ãåêñàòè÷íîãî
ïîðÿäêó

ψ6(ri) =
1

n

n∑
j=1

exp(i6θij), (10)

äå n � êiëüêiñòü íàéáëèæ÷èõ ñóñiäiâ; θij � êóò ìiæ ri − rj òà âiññþ X. Öÿ âåëè÷èíà
âiäïîâiäà¹ çà âèçíà÷åííÿ îði¹íòàöiéíîãî ïîðÿäêó. Äëÿ òâåðäèõ òië îði¹íòàöiéíèé
ïîðÿäîê ¹ âèñîêèì, äëÿ ðiäèí � íèçüêèì, à äëÿ ãåêñàòè÷íî¨ ôàçè � ïðîìiæíèì.
ßêùî âçÿòè ñåðåäí¹ çíà÷åííÿ âiä öi¹¨ âåëè÷èíè

Ψ6 =
1

N

N∑
i=1

ψ6(ri), (11)

òî ìîæåìî ãëîáàëüíî âèçíà÷èòè, ÷è íàÿâíèé îði¹íòàöiéíèé ïîðÿäîê, à îòæå, i ãåê-
ñàòè÷íà ôàçà. Âçÿâøè äîâæèíó öüîãî êîìïëåêñíîãî ÷èñëà, îòðèìà¹ìî

α = |Ψ6|, 0 ≤ α ≤ 1. (12)

Äëÿ çíà÷åíü: α = 1 âiäïîâiäà¹ iäåàëüíié ãåêñàãîíàëüíié ñòðóêòóði, òîáòî òâåðäîìó
òiëó; α = 0 îçíà÷à¹ âiäñóòíiñòü îði¹íòàöiéíîãî ïîðÿäêó, ùî âiäïîâiäà¹ ðiäèíi.

2. Ðåçóëüòàòè

Îòðèìàíi ôóíêöi¨ ðàäiàëüíîãî ðîçïîäiëó (äèâ. ðèñ. 2) äåìîíñòðóþòü ÷iòêå ïðî-
ñòîðîâå ðîçòàøóâàííÿ ÷àñòèíîê, ç âèäèìèì ïiêîì íà ïåðøié îäèíè÷íié êîîðäèíàòíié
âiäñòàíi. Öå ñâiä÷èòü ïðî òåíäåíöiþ äî ùiëüíîãî ïàêóâàííÿ ÷àñòèíîê íà êîðîòêèõ
âiäñòàíÿõ çà íèæ÷èõ òåìïåðàòóð, i íàâïàêè, çà âèùèõ.

Ñàìå öþ îñîáëèâiñòü ðàäiàëüíèõ ôóíêöié ðîçïîäiëó âèêîðèñòàëè äëÿ âèçíà÷å-
ííÿ ôàçè ñèñòåìè. Õî÷à öå i íå äóæå òî÷íî, àëå äîñòàòíüî äëÿ ïîáóäîâè ôàçîâî¨
äiàãðàìè.

Ãðàôi÷íå çîáðàæåííÿ ÷àñòèíîê (äèâ. ðèñ. 3), îòðèìàíå â ïðîöåñi ìîäåëþâàííÿ,
äåìîíñòðó¹ ÷iòêèé çâ'ÿçîê ç âèùåçãàäàíèìè ôóíêöiÿìè ðàäiàëüíîãî ðîçïîäiëó.
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Ðèñ. 1: Iíòåðôåéñ ïðîãðàìè

Fig. 1: Program interface
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Ðèñ. 2: Ôóíêöi¨ ðàäiàëüíîãî ðîçïîäiëó g(r∗) äëÿ ðiçíèõ òåìïåðàòóð T

Fig. 2: Radial distribution functions g(r∗) at various temperatures T

(à) Ãàç (á) Ðiäèíà

(â) Ãåêñàòè÷íà ôàçà (ã) Òâåðäå òiëî

Ðèñ. 3: Ñòàíè ñèñòåìè â ðiçíèõ ôàçàõ. Çîáðàæåííÿ áóëè âiçóàëiçîâàíi çà äîïîìîãîþ âèùå-
çãàäàíîãî ïðîãðàìíîãî çàáåçïå÷åííÿ ìîëåêóëÿðíî¨ äèíàìiêè. Êîëüîðè äèñêiâ çàñâiä÷óþòü
âåëè÷èíó øâèäêîñòi ÷àñòèíîê � âiä ñèíüîãî äëÿ íàéïîâiëüíiøèõ ÷àñòèíîê äî æîâòîãî äëÿ
íàéøâèäøèõ

Fig. 3: States of the system in di�erent phases: (a) Gas; (b) Liquid; (c) Hexatic phase; (d) Solid.
Images were visualized using the aforementioned molecular dynamics software. The colors of
the disks indicate the magnitude of the particle's velocity, from blue for the slowest particles to
yellow for the fastest
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Ïîäiáíiñòü ìiæ ãåêñàòè÷íîþ ôàçîþ òà òâåðäèì i ðiäêèì ñòàíàìè î÷åâèäíà. Ñàìå
òîìó áóëè âèêîðèñòàíi ïàðàìåòðè ãåêñàòè÷íîãî ïîðÿäêó, îñêiëüêè ôóíêöiÿ ðàäiàëü-
íîãî ðîçïîäiëó öi¹¨ êîíôiãóðàöi¨ òàêîæ ìà¹ ñõîæiñòü ç òâåðäèì i ðiäêèì ñòàíîì.

Ôàçîâà äiàãðàìà áóëà ïîáóäîâàíà øëÿõîì âèáîðó òî÷îê íà ïðÿìîêóòíié ñiòöi òà
âèçíà÷åííÿ ôàçè íà îñíîâi ôîðìè êðèâî¨ ôóíêöi¨ ðàäiàëüíîãî ðîçïîäiëó. Çàçíà÷åíó
âèùå ïðîöåäóðó ïîâòîðþâàëè äîòè, äîêè íå áóëî ïðèáëèçíî îòðèìàíî ôàçîâó ìåæó.

Îòðèìàíà ôàçîâà äiàãðàìà (äèâ. ðèñ. 4) äåìîíñòðó¹ ÷iòêi ìåæi ìiæ ðiçíèìè ôàçà-
ìè çà ðiçíèõ òåìïåðàòóðíèõ i ãóñòèííèõ óìîâ. Ãåêñàòè÷íà ôàçà ðîçòàøîâàíà ïîáëèçó
ìåæi ïîäiëó òâåðäå òiëî � ðiäèíà ïðè âèñîêèõ ãóñòèíàõ, ùî óçãîäæó¹òüñÿ ç òåîði-
¹þ (KTNHY). Òàêå ðîçòàøóâàííÿ ïîÿñíþ¹òüñÿ íàÿâíiñòþ îði¹íòàöiéíîãî ïîðÿäêó çà
öèõ îáñòàâèí. Çíà÷åííÿ ãåêñàòè÷íîãî ïàðàìåòðà α = |Ψ6| íà ïëîùèíi ρ∗�T ∗ çîáðà-
æåíî íà ðèñ. 5. Ðåçóëüòàòè ðîçðàõóíêiâ íà ïðÿìîêóòíié ñiòöi áóëî iíòåðïîëüîâàíî
çà äîïîìîãîþ ôóíêöi¨ griddata áiáëiîòåêè SciPy ìîâè Python (method='cubic', ùî
ó äâîâèìiðíîìó âèïàäêó âiäïîâiäà¹ ñõåìi Êëàôà�Òîêåðà (Clough�Tocher) [32]).
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Ðèñ. 4: Ôàçîâà äiàãðàìà äâîâèìiðíî¨ ñèñòåìè Ëåííàðäà-Äæîíñà, äå ëiòåðè G � ãàç; L �
ðiäèíà; S � òâåðäå òiëî; H � ãåêñàòè÷íà ôàçà

Fig. 4: Phase diagram of a 2D Lennard-Jones system, where the letters denote the phases as
follows: G for gas, L for liquid, S for solid, and H for the hexatic phase

Çàóâàæèìî, ùî çðîáëåíi ðîçðàõóíêè íå äàþòü çìîãè äàòè äîñòåìåííó âiäïîâiäü
ïðî iñíóâàííÿ ãåêñàòè÷íî¨ ôàçè çà âèñîêèõ òåìïåðàòóð. �¨ íàÿâíiñòü, îäíàê, íå ìîæ-
íà âèêëþ÷àòè â îáëàñòi âèñîêèõ ãóñòèí, áî çà òàêèõ óìîâ ùiëüíå ïàêóâàííÿ ÷àñòèíîê
ìîæå ùå çáåðiãàòè îði¹íòàöiéíå âïîðÿäêóâàííÿ, òîäi ÿê òåðìi÷íi ôëóêòóàöi¨ ðîçìè-
âàòèìóòü ïðîñòîðîâå.

Âèñíîâêè

Îòæå, ó öüîìó äîñëiäæåííi âèêîðèñòàíî ìåòîäè ìîëåêóëÿðíî¨ äèíàìiêè äëÿ âè-
çíà÷åííÿ ôàçîâî¨ äiàãðàìè äâîâèìiðíî¨ ñèñòåìè Ëåííàðäà-Äæîíñà çà äîïîìîãîþ
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Ðèñ. 5: Çíà÷åííÿ ãåêñàòè÷íîãî ïàðàìåòðà α = |Ψ6| [äèâ. (11)�(12)] äëÿ äâîâèìiðíî¨ ñèñòåìè
Ëåííàðäà-Äæîíñà

Fig. 5: Values of the hexatic parameter α = |Ψ6| [see (11)�(12)] for a 2D Lennard-Jones system

âèâ÷åííÿ ôóíêöi¨ ðàäiàëüíîãî ðîçïîäiëó. Êðiì òîãî, äîñëiäæåííÿ çàãëèáèëîñÿ â âè-
â÷åííÿ ïðèñóòíîñòi ãåêñàòè÷íî¨ ôàçè ñèñòåìè.

Ðåçóëüòàòè ïiäòâåðäæóþòü, ùî iñíóâàííÿ ãåêñàòè÷íî¨ ôàçè çà âèñîêèõ òåìïåðà-
òóð äîñòîâiðíå. Òàêîæ ðàäiàëüíi ôóíêöi¨ ðîçïîäiëó i ñàìà ôàçîâà äiàãðàìà ïðèáëèç-
íî çáiãàþòüñÿ ç ðåçóëüòàòàìè, îòðèìàíèìè iíøèìè äîñëiäíèêàìè [8,9]. Òî÷íiñòü ñè-
ìóëÿöi¨ ìîæíà ïîëiïøèòè, çáiëüøèâøè êiëüêiñòü ÷àñòèíîê N . Öå ïîòðåáó¹ âèñîêî¨
îá÷èñëþâàëüíî¨ ïðîäóêòèâíîñòi òà ïîòóæíîñòi, ÷îãî ìîæíà äîñÿãòè, âèêîðèñòîâóþ-
÷è ìîæëèâîñòi âiäåîêàðò [33].

Íàñòóïíèì ïðèðîäíèì êðîêîì ó öüîìó äîñëiäæåííi ¹ çìiíà ìîäåëi. Öå ìîæå
îõîïëþâàòè ðîçøèðåííÿ àáî óçàãàëüíåííÿ ïîòåíöiàëó Ëåííàðäà-Äæîíñà ÷è ðîçðîá-
êó àáñîëþòíî íîâî¨ ìîäåëi âçà¹ìîäi¨ ÷àñòèíîê. Îäíi¹þ ç òàêèõ ìîäåëåé, íàòõíåííèõ
öèì ïiäõîäîì, ¹ ìîäåëü Ìåðñåäåñà-Áåíöà [19,20], ÿêà ïîëiïøó¹ çîáðàæåííÿ ÷àñòèíîê,
âêëþ÷àþ÷è êóòîâèé êîìïîíåíò, ùî äà¹ ïiäñòàâè òî÷íî âëîâèòè ïîâåäiíêó ïîëÿðíèõ
ìîëåêóë, òàêèõ ÿê âîäà.
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Modeling the equation of state of a 2D system

using molecular dynamics
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This study explores the phase behavior of a two-dimensional Lennard-Jones
system using molecular dynamics methods. The research focuses on constructi-
ng the phase diagram of the system by examining the radial distribution
function and investigating the existence of the hexatic phase. Two-dimensional
systems are of signi�cant interest due to their unique properties, which di�er
from their three-dimensional counterparts, o�ering potential for technological
advancements and theoretical insights. Materials like graphene exhibit excepti-
onal electrical, thermal, and mechanical characteristics, making 2D systems
relevant in �elds such as materials science, electronics, biomedical research, and
energy storage.
The study employs the Lennard-Jones potential to simulate the interactions
between particles, allowing the examination of phases and phase transitions,
particularly the hexatic phase. The existence of the hexatic phase is debated,
with the Kosterlitz�Thouless�Halperin�Nelson�Young (KTNHY) theory pro-
posing a continuous transition from solid to hexatic to liquid. The modeling
involved simulating point particles in a two-dimensional space using the velocity
Verlet algorithm for numerical integration, while periodic boundary conditions
were applied to mimic an in�nite system.
The radial distribution function was computed to evaluate local structural
order, which is crucial for identifying phase transitions. The research �ndings
reveal distinct phases, including solid, liquid, gas, and hexatic, under varying
temperature and density conditions. To identify the hexatic phase, a parameter
based on the orientational order was used. The hexatic phase is observed near the
boundary separating the solid and liquid phases, consistent with the theoretical
predictions of other authors. At the moment, we cannot give a de�nitive answer
regarding the existence of the hexatic phase at high temperatures. Being an
intermediate phase between a solid and a liquid, it can emerge at high densities
when thermal �uctuations are strong enough to disrupt positional order but
not orientational order. Future research could involve modifying the interaction
model, such as using more complex potentials like the Mercedes-Benz model,
to better represent polar molecular interactions and enhance the simulation's
physical realism.

Key words: molecular dynamics, two-dimensional system, Lennard-Jones
potential, phase diagram, hexatic phase.


