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The quantum system of two-spin with isotropic Heisenberg interaction is con-
sidered. We study the quantum evolution of such system placed in the magnetic
field. It is shown that this evolution happens on manifold which is torus.
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1 Introduction

For understanding of the dynamic of quantum system it is useful to investigate mani-
folds which contain all states that can be reached during this dynamic. For instance,
whole state space of two-level system (qubit) can be represented by 2D sphere, called
the Bloch sphere. The trajectory of quantum evolution between two states is a curve
between two points on this sphere (see, for example, [1–3]). A geometric approach to
study evolution of multilevel quantum system (qudit) was developed in [4–8]. In [4–7] it
was shown that for qubits system, the problem of finding of optimal quantum circuit of
a unitary operation is closely related to the problem of finding of the minimal distance
between two points on the Riemannian metric. A similar problem was considered for the
case of n qutrits in [8]. The authors of this work showed that the optimal quantum circuit
is equivalent to the shortest path between two points in a certain curved geometry of
SU (3n). The geometrical properties of some well known coherent-state manifolds were
studied in [9, 10]. More about geometry features of multilevel quantum systems can be
found in [11–14].

In the previous paper [15] we studied evolution of two interacting spins in the
framework of the quantum brachistochrone problem. In this paper we study general
properties of quantum evolution of two-spin system with isotropic Heisenberg interacti-
on in external magnetic field. We show that the final state which can be achieved for such
system is defined by two real parameters, namely, the period of time of evolution and
the value of the magnetic field. We obtain the Fubini-Study metric of manifold defined
by this state and show that this manifold is torus.
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This paper is organized as follows. In Section 2 the quantum evolution of two-spin
system which is represented by the isotropic Heisenberg model is considered. The Fubini-
Study metric of manifold defined by this state is obtained in Section 3. Conclusions are
presented in Sec. 4.

2 The quantum evolution of two-spin system

We consider a two-spin system represented by the isotropic Heisenberg Hamiltoni-
an. The system is placed in an external magnetic field directed along the z-axis. The
Hamiltonian of the system is as follows

H = Hint +Hmf , (1)

with

Hint = J


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�

σ1
z + σ2

z

�

, (3)

where σ1
i = σi ⊗ 1, σ2

i = 1 ⊗ σi, σi are the Pauli matrices, J is the interaction coupling
which is a constant, hz is proportional to the strength of the magnetic field. Let us
consider quantum evolution of a two-spin system with this Hamiltonian in detail.

Hamiltonian (1) has four eigenvalues, namelly, 2 (J + hz), 2 (J − hz), 2J , −2J with
the corresponding eigenvectors

| ↑↑�, (4)

| ↓↓�, (5)

1√
2
(| ↑↓�+ | ↓↑�) , (6)

1√
2
(| ↑↓� − | ↓↑�) . (7)

Taking into account that Hint commutes with Hmf , we can represent the evolution
operator in the following form

U(t) = e−iJHintte−ihzσ
1

z
te−ihzσ

2

z
t, (8)

where

e−iJHintt = cos (2Jt)− i

2J
sin (2Jt)Hint, (9)

Here we use the fact that H2
int = (2J)2. We set � = 1. It means that the energy is

measured in frequency units. In the basis labelled as | ↑↑�, | ↑↓�, | ↓↑� and | ↓↓�, the
evolution operator U(t) can be represented as

U(t) =









e−i2(hz+J)t 0 0 0
0 cos (2Jt) −i sin (2Jt) 0
0 −i sin (2Jt) cos (2Jt) 0

0 0 0 ei2(hz−J)t









. (10)
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Let us consider the evolution of the system of two spins having started from the
initial state |ψi� = a| ↑↑� + b| ↑↓� + c| ↓↑� + d| ↓↓�, with the normalization condition
|a|2 + |b|2 + |c|2 + |d|2 = 1. The action of the evolution operator (8) on the state |ψi� is
as follows

|ψ� = U(t)|ψi� = ae−i(φ+θ)| ↑↑�+ (b cos θ − ic sin θ) | ↑↓�
+ (−ib sin θ + c cos θ) | ↓↑�+ dei(φ−θ)| ↓↓�, (11)

where

θ = 2Jt, φ = 2hzt. (12)

Note that this state is defined by two real parameters θ and φ. An arbitrary quantum
state of two qubits contains six real parameters. So we can conclude that we cannot reach
an arbitrary state of two-spin system, which is represented by the Hamiltonian (1).

It is easy to see from (11) that the following equalities are satisfied

|ψ(θ + π, φ)� = −|ψ(θ, φ)�,
|ψ(θ, φ+ 2π)� = |ψ(θ, φ)�. (13)

So, modulo a global phase this state is periodic with period π for θ and with period 2π for
φ. This means that parameters θ and φ belong to the intervals θ ∈ [0, π] and φ ∈ [0, 2π],
respectively. In the next section in order to investigate the properties of the manifold we
consider the Fubini-Study metric.

3 The Fubini-Study metric

The Fubini-Study metric is the infinitesimal distance ds between two neighbouring
pure quantum states |ψ(ξα)� and |ψ(ξα + dξα)� [16–19]. It is given by the following
expression

ds2 = gαβdξ
αdξβ , (14)

where ξα is a set of real parameters which define the state |ψ(ξα)�. The components of
the metric tensor gαβ have the form

gαβ = γ2� (�ψα|ψβ� − �ψα|ψ��ψ|ψβ�) , (15)

where γ is an arbitrary factor which is often chosen to have value 1,
√
2 or 2 and

|ψα� =
∂

∂ξα
|ψ�. (16)

Let us calculate metric of the manifold defined by state (11). This state is determined
by two real parameters θ and φ. First of all, it is necessary to calculate the following
derivatives

|ψθ� = −iae−i(φ+θ)| ↑↑�+ (−b sin θ − ic cos θ) | ↑↓�
+ (−ib cosθ − c sin θ) | ↓↑� − idei(φ−θ)| ↓↓�,
|ψφ� = −iae−i(φ+θ)| ↑↑�+ idei(φ−θ)| ↓↓�. (17)
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Using these results, we obtain the following scalar products

�ψ|ψθ� = −i [1−B] , �ψ|ψφ� = −iD,

�ψθ|ψθ� = 1, �ψφ|ψφ� = A, �ψφ|ψθ� = D, (18)

where

A = |a|2 + |d|2, B = |b− c|2, D = |a|2 − |d|2. (19)

Substituting (18) into (15), we obtain

ds2 = γ2
�

B (2−B) (dθ)2 +
�

A−D2
�

(dφ)2 + 2DBdθdφ
�

. (20)

It is worth noting that the components of the metric tensor do not depend on the
parameters θ an φ. Also, as we mentioned earlier, the state (11) is periodic modulo
a global phase with period π for θ and 2φ for φ. So, we conclude that the expression (20)
describes metric of the torus.

4 Conclusion

In this article we considered the quantum system of a two spins represented by
the isotropic Heisenberg Hamiltonian. The quantum evolution of such system placed
in external magnetic field was studied. We concluded that the evolution of the system
is defined by two real parameters, namely, period of time of evolution and value of
the magnetic field. Therefore, the evolution happens on two parametric manifold. We
calculated the metric of this manifold and showed that the manifold is torus.
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Herbrüggen, Thomas; Glaser, Steffen J. (2006). arXiv:quant-ph/0605071.

8. Li, Bin; Yu, Zu-Huan; Fei, Shao-Ming (2013). Geometry of Quantum Computation
with Qutrits Nature Scientific Report Vol. 3, pages number (2594).

9. Provost, J. P.; Vallee, G. (1980). Riemannian structure on manifolds of quantum
states. Commun. Math. Phys. Vol. 76, pages number (289-301).

10. Brody, Dorje C.; Graefe, Eva-Maria (2010). Coherent states and rational surfaces. J.
Phys. A Vol. 43, pages number (255205).

11. Sen, Surajit; Nath, Mihir Ranjan; Dey, Tushar Kanti; Gangopadhyay, Gautam
(2012). Bloch space structure, the qutrit wavefunction and atom-field entanglement
in three-level systems. Annals of Physics Vol. 327, (224-252).

12. Bertlmann, Reinhold A.; Krammer, Philipp (2008). Bloch vectors for qudits. Journal
of Physics A Vol. 41, pages number (235303).

13. Brody, Dorje C.; Hughston, Lane P. (2001). Geometric quantum mechanics. Journal
of Geometry and Physics Vol. 38, pages number (19-53).

14. Kimura, Gen (2003). The Bloch vector for N -level systems. Phys. Lett. A Vol. 314,
pages number (339-349).

15. Kuzmak, A. R.; Tkachuk, V. M. (2013). The quantum brachistochrone problem for
two spins-1/2 with anisotropic Heisenberg interaction. J. Phys. A Vol. 46, pages
number (155305).

16. Tkachuk, V. M. (2011). Fundamental problems of quantum mechanic Ivan Franko
National University of Lviv, Lviv. [in Ukrainian]

17. Page, D. A. (1987). Geometrical description of Berry’s phase. Phys. Rev. A Vol. 36,
pages number (3479-3481).

18. Kobayashi, S.; Nomizu, K. (1969). Fundations of Differential Geometry Vol. 2, Wiley,
New York.
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Квантова еволюцiя на торi для двох спiнiв з iзотропною

взаємодiєю Гайзенберґа
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Розглядається квантова система двох спiнiв з iзотропною взаємодiєю Гай-
зенберґа. Ми дослiджуємо квантову еволюцiю цiєї системи у магнiтному
полi. Показано, що ця еволюцiя вiдбувається на многовидi, який є тором.

Ключовi слова: квантова еволюцiя, многовид, спiнова система

Квантовая эволюция на торе для двух спинов с изотропным

взаимодействием Гейзенберга
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Рассматривается квантовая система двух спинов с изотропным взаимодей-
ствием Гейзенберга. Мы исследуем квантовую эволюцию этой системы в
магнитном поле. Показано, что эта эволюция происходит на многообразии,
которое является тором.

Ключевые слова: квантовая эволюция, многообразие, спиновая система.


