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ÀÍÎÒÀÖIß

Ðîçãëÿäà¹òüñÿ íåêîìóòàòèâíà àëãåáðà êàíîíi÷íîãî òèïó, ÿêà îïèñó¹ îñîáëèâîñòi

ñòðóêòóðè ïðîñòîðó íà ïëàíêiâñüêèõ ìàñøòàáàõ. Àëãåáðà ¹ ñôåðè÷íî-ñèìåòðè÷íà,

à òàêîæ äîçâîëÿ¹ çáåðåãòè ñèìåòðiþ âiäíîñíî iíâåðñi¨ ÷àñó. Ó êâàíòîâàíîìó ïðî-

ñòîði çi çáåðåæåíèìè ñôåðè÷íîþ ñèìåòði¹þ òà ñèìåòði¹þ âiäíîñíî iíâåðñi¨ ÷àñó

îá÷èñëþþòüñÿ âëàñíi çíà÷åííÿ îïåðàòîðà êâàäðàòó äîâæèíè ó êîîðäèíàòíîìó òà

iìïóëüñíîìó ïðîñòîði ç òî÷íiñòþ äî äðóãîãî ïîðÿäêó çà ïàðàìåòðàìè íåêîìóòà-

òèâíîñòi. Çíàõîäèòüñÿ âèðàç äëÿ ìiíiìàëüíî¨ äîâæèíè ó êîîðäèíàòíîìó òà iìïóëü-

ñíîìó ïðîñòîði.

ABSTRACT

Noncommutative canonical algebra which describes the features of space structure

on the Planck scale is considered. Algebra is rotationally invariant, and also allows

preserve time reversal symmetry. In a quantized space with preserved rotational symmetry

and time reversal symmetry the eigenvalues of the length square operator in the coordi-

nate and momentum space are calculated up to the second order to noncommutative

parameters. The expression for the minimal length in the coordinate and momentum

space is found.
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Ðîçäië 1

Âñòóï

Íåêîìóòàòèâíiñòü êîîðäèíàò ÷àñòî äàñëiäæó¹òüñÿ ó íàø ÷àñ, àëå ïî÷àòîê

iñòîði¨ öi¹¨ iäå¨ ïî÷àñÿ ùå ó XX ñòîëiòòi. Ïåðøèì õòî ïðåäñòàâèâ òåîðiþ ùîäî íå-

êîìóòàòèâíîñòi êîîðäèíàò áóâ Ãåéçåíáåðã ó 1927 ðîöi. Ó ñâî¹ìó ëèñòi äî Ïàéðëñ

âií ïðèïóñòèâ, ùî ïðèíöèï íåâèçíà÷åíîñòi êîîðäèíàò ìîæå âèðiøèòè ïðîáëåìó

óëüòðàôiîëåòîâèõ ðîçáiæíîñòåé ó êâàíòîâié òåîði¨ ïîëÿ. Ïåðøà ñòàòòÿ ç iäå¹þ

íåêîìóòàòèâíîñòi áóëà îïóáëiêîâàíà Ñíàéäåðîì [1]. Áàãàòî â÷åíèõ äîñëiäæóâàëè

ôiçè÷íi ñèñòåìè ó íåêîìóòàòèâíîìó ïðîñòîði [17-24]. Ùîá îïèñàòè êâàíòîâàíèé

ïðîñòið áóëî çàïðîïîíîâàíî íåêîìóòàòèâíó àëãåáðó Ëi òèïó, íåëiíiéíi äåôîðìîâà-

íi àëãåáðè òà íåêîìóòàòèâíó àëãåáðó êàíîíi÷íîãî òèïó.

Ó íåêîìóòàòèâíîìó ïðîñòîði êàíîíi÷íîãî òèïó îïåðàòîðè êîîðäèíàò Xi òà iìïóëü-

ñiâ Pi çàäîâîëüíÿþòü òàêi êîìóòàöiéíi ñïiââiäíîøåííÿ:

[Xi, Xj] = i~θij, (1.1)

[Xi, Pj] = i~δij, (1.2)

[Pi, Pj] = 0. (1.3)

Âàðòî çàóâàæèòè, ùî ó ïîðiâíÿííi çi çâè÷àéíèìè êîìóòàöiéíèìè ñïiââiäíîøåííÿ-

ìè:

[xi, xj] = 0, (1.4)

[xi, pj] = i~δij, (1.5)

[pi, pj] = 0, (1.6)

ó íåêîìóòàòèâíîìó ïðîñòîði äëÿ êîîðäèíàò âèêîíó¹òüñÿ ðiâíiñòü (1). Êîìóòàòîð

êîîðäèíàò äîðiâíþ¹ i~θij , äå ïàðàìåòðè θij íàçèâàþòü ïàðàìåòðàìè íåêîìóòà-

òèâíîñòi. Ó íåêîìóòàòèâíîìó ôàçîâîìó ïðîñòîði âèêîíóþòüñÿ òàêi ñïiââiäíîøå-
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ííÿ

[Xi, Xj] = i~θij, (1.7)

[Xi, Pj] = i~(δij + γij), (1.8)

[Pi, Pj] = i~ηij, (1.9)

òóò θij, ηij, γij � êîíñòàíòè.

Ó ïðîñòîði ç íåêîìóòàòèâíiñòþ êîîðäèíàò Ëi òèïó âèêîíóþòüñÿ òàêi ðiâíîñòi

[Xi, Xj] = i~(θ0ijt+ θkijXk), (1.10)

[Xi, Pj] = i~(δij + θ̄kijXk + θ̃kijPk), (1.11)

[Pi, Pj] = 0. (1.12)

Òóò i, j, k = (1, 2, 3), θ0ij, θ
k
ij, θ̄

k
ij, θ̃

k
ij � êîíñòàíòè.

Âiäîìèìè íåëiíiéíèìè àëãåáðàìè ¹ íåðåëÿòèâiñòñüêà àëãåáðà Ñíàéäåðà

[Xi, Xj] = i~β2(PjXi − PiXj), (1.13)

[Xi, Pj] = i~(δij + β2PiPj), (1.14)

[Pi, Pj] = 0, (1.15)

i, j = (1, 2, 3) Àëãåáðà Êåìïôà

[Xi, Xj] = i~
(2β − β′) + (2β + β′)βP 2

1 + βP 2
(PiXj − PjXi), (1.16)

[Xi, Pj] = i~(δij(1 + βP 2) + β′PiPj), (1.17)

[Pi, Pj] = 0. (1.18)

òóò β, β′ � ïàðàìåòðè äåôîðìàöi¨.
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Ó ðîáîòi âèâ÷à¹òüñÿ äîâæèíà ó êâàíòîâàíîìó ïðîñòîði, êàíîíi÷íîãî òèïó,

ÿêèé ¹ ñôåðè÷íî-ñèìåòðè÷íèé òà iíâàðiàíòíèé âiäíîñíî iíâåðñi¨ ÷àñó.

Àêòóàëüíiñòü ïðîáëåìè: çóìîâëåíà âàæëèâiñòþ ïðîâåäåíèõ îá÷èñëåíü äëÿ

ïîäàëüøèõ äîñëiäæåíü âïëèâó êâàíòîâàíîñòi ïðîñòîðó íà âëàñòèâîñòi ôiçè÷íèõ

ñèñòåì, äëÿ îöiíêè âåëè÷èíè êâàíòà ïðîñòîðó.

Îá'¹êò äîñëiäæåííÿ: äîâæèíà ó ñôåðè÷íî-ñèìåòðè÷íîìó, iíâàðiàíòíîìó

âiäíîñíî iíâåðñi¨ ÷àñó êâàíòîâàíîìó ïðîñòîði êàíîíi÷íîãî òèïó.

Ïðåäìåò äîñëiäæåííÿ: âëàñíi çíà÷åííÿ îïåðàòîðà êâàäðàòà äîâæèíè, ìi-

íiìàëüíà äîâæèíà ó ñôåðè÷íî-ñèìåòðè÷íîìó, iíâàðiàíòíîìó âiäíîñíî iíâåðñi¨ ÷àñó

êâàíòîâàíîìó ïðîñòîði êàíîíi÷íîãî òèïó.

Ìåòà ðîáîòè: çíàõîäæåííÿ ìiíiìàëüíî¨ äîâæèíè ó êâàíòîâàíîìó ïðîñòîði

íà îñíîâi àíàëiçó âëàñíèõ çíà÷åíü îïåðàòîðà êâàäðàòà äîâæèíè â ðàìêàõ íåêîìó-

òàòèâíî¨ àëãåáðè êàíîíi÷íîãî òèïó çi çáåðåæåíîþ ñôåðè÷íîþ ñèìåòði¹þ òà ñèìå-

òði¹þ âiäíîñíî iíâåðñi¨ ÷àñó.

Çàâäàííÿ: äîñëiäèòè îïåðàòîð êâàäðàòà äîâæèíè ó ñôåðè÷íî-ñèìåòðè÷íîìó,

iíâàðiàíòíîìó âiäíîñíî iíâåðñi¨ ÷àñó êâàíòîâàíîìó ïðîñòîði êàíîíi÷íîãî òèïó, çíà-

éòè âëàñíi çíà÷åííÿ îïåðàòîðà êâàäðàòà äîâæèíè ó êîîðäèíàòíîìó òà iìïóëüñíî-

ìó ïðîñòîðàõ, îòðèìàòè âèðàç äëÿ ìiíiìàëüíî¨ äîâæèíè.

Ìåòîäè äîñëiäæåííÿ: óñåðåäíåííÿ îïåðàòîðà êâàäðàòà äîâæèíè çà äîäà-

òêîâèìè ñòóïåíÿìè âiëüíîñòi, ïðåäñòàâëåííÿ äëÿ íåêîìóòàòèâíèõ êîîðäèíàò òà

íåêîìóòàòèâíèõ iìïóëüñiâ ÷åðåç êîîðäèíàòè òà iìïóëüñè, ÿêi çàäîâîëüíÿþòü çâè-

÷íi ñïiââiäíîøåííÿ.

Ïðàêòè÷íå çíà÷åííÿ ðîáîòè: Îòðèìàíi ðåçóëüòàòè ¹ âàæëèâèìè äëÿ çíà-

õîäæåííÿ îöiíêè âåëè÷èíè êâàíòà ïðîñòîðó, òîìó ïåðåäáà÷à¹òüñÿ, ùî âîíè áóäóòü

âèêîðèñòàíi ó ïîäàëüøèõ äîñëiäæåííÿõ.

Ñòðóêòóðà ðîáîòè. Ðîáîòà ñëàäà¹òüñÿ çi âñòóïó, äâîõ ðîçäiëiâ òà âèñíîâ-

êiâ.

Ó ïåðøîìó ðîçäiëi ðîçãëÿäà¹òüñÿ àëãåáðà êàíîíi÷íîãî òèïó ç íåêîìóòàòèâ-

íiñòþ êîîðäèíàò òà íåêîìóòàòèâíiñòþ iìïóëüñiâ, ÿêà ñôåðè÷íî-ñèìåòðè÷íà òà ií-

âàðiàíòíà âiäíîñíî iíâåði¨ ÷àñó.

Ó äðóãîìó ðîçäiëi çíàõîäÿòüñÿ âëàñíi çíà÷åííÿ îïåðàòîðà êâàäðàòà äîâæèíè

ó êîîðäèíàòíîìó òà iìïóëüñíîìó ïðîñòîði. Îòðèìóþòüñÿ âèðàçè äëÿ ìiíiìàëüíî¨

äîâæèíè

Ðåçóëüòàòè ïiäñóìîâóþòüñÿ ó âèñíîâêàõ.
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Ðîçäië 2

Íåêîìóòàòèâíèé ôàçîâèé ïðîñòið çi

çáåðåæåíèìè ñôåðè÷íîþ ñèìåòði¹þ

òà ñèìåòði¹þ âiäíîñíî iíâåðñi¨ ÷àñó

2.1 Àëãåáðà ç íåêîìóòàòèâíiñòþ êîîðäèíàò òà íå-

êîìóòàòèâíiñòþ iìïóëüñiâ

Ðîçãëÿíåìî iäåþ óçàãàëüíåííÿ ïàðàìåòðiâ íåêîìóòàòèâíîñòi. Äëÿ öüîãî çàïèøåìî

÷îìó äîðiâíþþòü òåíçîðè [3-8] θij i ηij :

θij =
Cθ
~
∑
k

εijkp
a
k (2.1)

ηij =
Cη
~
∑
k

εijkp
b
k (2.2)

Îòðèìà¹ìî ñôåðè÷íî-ñèìåòðè÷íó íåêîìóòàòèâíó àëãåáðó:

[Xi, Xj] = icθ
∑
k

εijkp
a
k, (2.3)

[Xi, Pj] = i~
(
δij +

cθcη
4~2

(pa · pb)δij −
cθcη
4~2

pajp
b
i

)
, (2.4)

[Pi, Pj] = icη
∑
k

εijkp
b
k. (2.5)

Äîäàòêîâi êîîðäèíàòè òà iìïóëüñè âiäïîâiäàþòü ãàðìîíi÷íèì îñöèëÿòîðàì:

Ha
osc =

(pa)2

2mosc

+
moscω

2
osca

2

2
, (2.6)

Hb
osc =

(pb)2

2mosc

+
moscω

2
oscb

2

2
. (2.7)
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Íåêîìóòàòèâíà àëãåáðà (6)-(8) ¹ åêâiâàëåíòíîþ íåêîìóòàòèâíié àëãåáði êàíîíi÷íî-

ãî òèïó òà ñôåðè÷íî-ñèìåòðè÷íà. Ïiñëÿ ïîâîðîòó ìè îòðèìó¹ìî íàñòóïíi âèðàçè:

[X ′i, X
′
j] = icθ

∑
k

εijkp
a′
k , (2.8)

[X ′i, P
′
j ] =

= i~
(
δij +

cθcη
4~

(pa′ · pb′)δij −
cθcη
4~

pa′j p
b′
i

)
, (2.9)

[P ′i , P
′
j ] = icη

∑
k

εijkp
b′
k . (2.10)

òóò

X ′i = U(ϕ)XiU
+(ϕ), (2.11)

P ′i = U(ϕ)PiU
+(ϕ), (2.12)

pa′i = U(ϕ)paiU
+(ϕ), (2.13)

pb′i = U(ϕ)pbiU
+(ϕ), (2.14)

Îïåðàòîð ïîâîðîòó ìà¹ âèãëÿä

U(ϕ) = exp(iϕ(n · Lt)/~), (2.15)

Lt �ìîìåíò êiëüêîñòi ðóõó ó íåêîìóòàòèâíîìó ôàçîâîìó ïðîñòîði.

Äëÿ äîäàòêîâèõ êîîðäèíàò òà äîäàòêîâèõ iìïóëüñiâ âèêîíóþòüñÿ ðiâíîñòi

[ai, aj] = [bi, bj] = [ai, bj] = 0, (2.16)

[pai , p
a
j ] = [pbi , p

b
j] = [pai , p

b
j] = 0, (2.17)

[ai, p
a
j ] = [bi, p

b
j] = i~δij, (2.18)

[ai, p
b
j] = [bi, p

a
j ] = 0, (2.19)

[ai, Xj] = [ai, Pj] = [pbi , Xj] = [pbi , Pj] = 0. (2.20)

Âàæëèâî, ùî

[θij, Xk] = [θij, Pk] = [ηij, Xk] = [ηij, Pk] = 0, (2.21)

[γij, Xk] = [γij, Pk] = 0. (2.22)
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Òîìó àëãåáðà åêâiâàëåíòíà àëãåáði êàíîíi÷íîãî òèïó.

Ïðè ïåðåòâîðåííi iíâåðñi¨ ÷àñó íàïðÿìîê ïëèíó ÷àñó çìiíþ¹òüñÿ ÿê t → −t.
Êîîðäèíàòè òà iìïóëüñè çìiíþþòüñÿ ÿê

Xi → Xi, Pi → −Pi, (2.23)

pai → −pai , pbi → −pbi , (2.24)

Ïðè òàêîìó ïåðåòâîðåííi çíàéäåìî, ùî

[Xi, Xj] = −icθ
∑
k

εijk(−pak), (2.25)

[−Pi,−Pj] = −icη
∑
k

εijk(−pbk), (2.26)

[Xi,−Pj] = −i~
(
δij +

cθcη
4~2

((−pa) · (−pb))δij −
cθcη
4~2

(−paj )(−pbi)
)
, (2.27)

ùî óçãîäæó¹òüñÿ çi ñïiââiäíîøåííÿìè íåêîìóòàòèâíî¨ àëãåáðè.
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Ðîçäië 3

Ìiíiìàëüíà äîâæèíà ó

íåêîìóòàòèâíîìó ôàçîâîìó ïðîñòîði

3.1 Îïåðàòîð êâàäðàòà äîâæèíè ó êîîðäèíàòíîìó

ïðîñòîði

Îïåðàòîð êâàäðàòà äîâæèíè ìà¹ âèãëÿä:

R2 =
∑
i

X2
i , (3.1)

Ìè ââîäèëè äîäàòêîâi êîîðäèíàòè òà iìïóëüñè, òîìó â ñôåðè÷íî-ñèìåòðè÷íîìó

íåêîìóòàòèâíîìó ïðîñòîði äëÿ çíàõîäæåííÿ âëàñíèõ çíà÷åíü R2 ìè ïîâèííi ðîç-

ãëÿíóòè òàêèé îïåðàòîð [9-16]:

R̃2 = R2 +Ha
osc +Hb

osc (3.2)

Ïåðåïèøåìî éîãî â iíøîìó âèãëÿäi

R̃2 = R2
0 + ∆R2 (3.3)

Äå R2
0 ðiâíèé:

R2
0 =< R2 >ab +Ha

osc +Hb
osc (3.4)

Òóò < ... >ab ïîçíà÷à¹ óñåðåäíåííÿ íà õâèëüîâèìè ôóíêöiÿìè ãàðìîíi÷íèõ îñöè-

ëÿòîðiâ ó îñíîâíèõ ñòàíàõ. Ðîçðàõó¹ìî < R2 >ab. Äëÿ öüîãî ìè ñêîðèñòà¹ìîñü

ïðåäñòàâëåííÿì íåêîìóòàòèâíèõ êîîðäèíàò òà íåêîìóòàòèâíèõ iìïóëüñiâ ÷åðåç

êîîðäèíàòè òà iìïóëüñè xi, pi, ÿêi çàäîâîëüíÿþòü çâè÷àéíi êîìóòàöiéíi ñïiââiä-

íîøåííÿ [11]:

[xi, xj] = [pi, pj] = 0, (3.5)

[xi, pj] = i~δij (3.6)
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Ïðåäñòàâëåííÿ âiäáóâà¹òüñÿ íàñòóïíèì ÷èíîì :

Xi = xi −
∑
j

1

2
θijpj = xi +

1

2
[θ × p]i, (3.7)

äå p = (p1, p2, p3) ,

θij =
cθ
~
∑
k

εijkp
a
k, θi =

∑
jk

εijkθjk
2

=
cθp

a
i

~
(3.8)

Îòæå, âèêîðèñòîâóþ÷è (18), ìè ìîæåìî ïèñàòè íàñòóïíèé âèðàç:

R2 = r2 +
(θ[x× p])

2
+

[θ × p]2

4
(3.9)

3.2 Âëàñíi çíà÷åííÿ îïåðàòîðà êâàäðàòà äîâæèíè

ó êîîðäèíàòíîìó ïðîñòîði. Ìiíiìàëüíà äîâæè-

íà

Äëÿ çíàõîäæåííÿ âëàñíèõ çíà÷åíü îïåðàòîðà êâàäðàòà äîâæèíè ó êîîðäèíàòíîìó

ïðîñòîði îá÷èñëèìî [2]:

< R2 >ab=< ψa0,0,0 | R2 | ψa0,0,0 > (3.10)

òóò

| ψa0,0,0 >=
1

π
3
4 l

3
2
P

e
− a2

2l2
P . (3.11)

Äëÿ öüîãî îá÷èñëèìî òàêå ñåðåäí¹

〈θ2〉 =
∑
i

〈θ2i 〉 =
∑
i

c2θ
~2
〈ψa0,0,0|(pai )2|ψa0,0,0〉 =

3c2θ
2l2P

, (3.12)

Òàêîæ ìà¹ìî

〈θi〉 = 0, (3.13)

< ψb0,0,0 | p̃bi p̃bj | ψb0,0,0 >=
c2θ

2l2P
δij. (3.14)

Ïiñëÿ òîãî ÿê ìè óñåðåäíèëè, ëiíiéíèé äîäàíîê çà ïàðàìåòðîì íåêîìóòàòèâ-

íîñòi çíèêà¹, i ìè îòðèìó¹ìî:

< R2 >= r2 +
< θ2 > p2

6
(3.15)
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Çíàéäåìî ∆R2

∆R2 = r2 +
(θ[x× p])

2
+

[θ × p]2

4
− r2 − < θ2 > p2

6
=

(θ[x× p])

2
+

[θ × p]2

4
− < θ2 > p2

6
(3.16)

Ç òî÷íiñòþ äî äðóãîãî ïîðÿäêó çà ∆R2 ïîïðàâêè äî âëàñíèõ çíà÷åíü îïåðàòî-

ðà R2 äîðiâíþþòü íóëþ. Îòæå, ç òî÷íiñòþ äî äðóãîãî ïîðÿäêó çà ïàðàìåòðàìè

íåêîìóòàòèâíîñòi, âëàñíi çíà÷åííÿ îïåðàòîðà êâàäðàòó äîâæèíè ¹ âëàñíèìè çíà-

÷åííÿìè < R2 >. Êîîðäèíàòè òà iìïóëüñè xi, pj ó < R2 > çàäîâîëüíÿþòü çâè÷àéíi

êîìóòàöiéíi ñïiââiäíîøåííÿ. Îòæå, âëàñíi çíà÷åííÿ ìàþòü âèãëÿä:

R2
n1,n2,n3

=

√
2~2 < θ2 >

3
(n1 + n2 + n3 +

3

2
) (3.17)

ç êâàíòîâèìè ÷èñëàìè: n1 = 0, 1, 2, ..., n2 = 0, 1, 2, ..., n3 = 0, 1, 2, ...,

Êâàäðàò ìiíiìàëüíî¨ äîâæèíè âèçíà÷à¹òüñÿ ÿê

R2
0,0,0 =

√
3~2 < θ2 >

2
(3.18)

Ìiíiìàëüíà äîâæèíà ó êîîðäèíàòíîìó ïðîñòîði âèðàæà¹òüñÿ ÷åðåç ïàðàìåòð êî-

îðäèíàòíî¨ íåêîìóòàòèâíîñòi

Rmin =
4

√
3~2 < θ2 >

2
(3.19)

3.3 Îïåðàòîð êâàäðàòà äîâæèíè ó iìïóëüñíîìó ïðî-

ñòîði

Ðîçãëÿíåìî îïåðàòîð êâàäðàòà äîâæèíè ó iìïóëüñíîìó ïðîñòîði

P 2 =
∑
i

P 2
i (3.20)

Ìè ââîäèëè äîäàòêîâi êîîðäèíàòè òà iìïóëüñè, òîìó ðîçãëÿíüìî òàêîæ äîäàíîê,

ÿêèé âiäïîâiäà¹ ãàðìîíi÷íîìó îñöèëÿòîðó

P̃ 2 = P 2 +Hb
osc (3.21)

Ïåðåïèøåìî P̃ 2 ó âèãëÿäi:

P̃ 2 = P 2
0 + ∆P 2 (3.22)



12

Äå P 2
0 âèçíà÷à¹òüñÿ ÿê

P 2
0 =< P 2 >b +Hb

osc, (3.23)

< P 2 >b=< ψb0,0,0 | P 2 | ψb0,0,0 >, (3.24)

| ψb0,0,0 >=
1

π
3
4 l

3
2
P

e
− b2

2l2
P . (3.25)

Âèêîðèñòà¹ìî ïðåäñòàâëåííÿ:

Pi = pi +
∑
j

1

2
ηijxj = pi +

1

2
[η × x]i (3.26)

äå x = (x1, x2, x3) ,

ηij =
Cη
~
∑
k

εijkp
b
k, (3.27)

ηi =
∑
jk

εijkηjk
2

=
cηp

b
i

~
. (3.28)

Îòæå, ìîæåìî ïèñàòè òàêèé âèðàç:

P 2 = p2 − (η[x× p]) +
[η × x]2

4
(3.29)

3.4 Ìiíiìàëüíà äîâæèíà ó iìïóëüñíîìó ïðîñòîði

Çíàéäåìî âëàñíi çíà÷åííÿ îïåðàòîðà êâàäðàòó äîâæèíè ó iìïóëüñíîìó ïðîñòîði.

Äëÿ öüîãî îá÷èñëèìî [25-30]:

< P 2 >=< ψb0,0,0 | P 2 | ψb0,0,0 >=

=< ψb0,0,0 | p2 − (η[x× p]) +
[η × x]2

4
| ψb0,0,0 > (3.30)

Ðîçðàõó¹ìî:

〈ηi〉 = 0, (3.31)

< ψb0,0,0 | p̃bi p̃bj | ψb0,0,0 >=
c2θ

2l2P
δij, (3.32)

〈η2〉 =
∑
i

〈η2i 〉 =
∑
i

c2η
~2
〈ψb0,0,0|(pbi)2|ψb0,0,0〉 =

3c2η
2l2P

, (3.33)
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Ïiñëÿ óñåðåäíåííÿ çíàéäåìî:

< P 2 >= p2 +
< η2 > x2

6
(3.34)

Òàêîæ ìîæåìî çàïèñàòè:

∆P 2 = p2 − (η × [x× p]) +
[η × x]2

4
− p2 − < η2 > x2

6
=

= −(η × [x× p]) +
[η × x]2

4
− < η2 > x2

6
(3.35)

Ç òî÷íiñòþ äî äðóãîãî ïîðÿäêó çà ïàðàìåòðàìè íåêîìóòàòèâíîñòi âëàñíi çíà÷åííÿ

îïåðàòîðà êâàäðàòó äîâæèíè ó iìïóëüñíîìó ïðîñòîði ìàþòü âèãëÿä:

P 2
n1,n2,n3

=

√
2~2 < η2 >

3
(n1 + n2 + n3 +

3

2
) (3.36)

n1 = 0, 1, 2, ..., n2 = 0, 1, 2, ..., n3 = 0, 1, 2, ...,� êâàíòîâi ÷èñëà. Êâàäðàò ìiíiìàëüíî¨

äîâæèíè ó iìïóëüñíîìó ïðîñòîði

P 2
0,0,0 =

√
3~2 < η2 >

2
(3.37)

Ìiíiìàëüíà äîâæèíà ó iìïóëüñíîìó ïðîñòîði âèðàæà¹òüñÿ ÷åðåç ïàðàìåòð iìïóëü-

ñíî¨ íåêîìóòàòèâíîñòi

Pmin =
4

√
3~2 < η2 >

2
(3.38)
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Ðîçäië 4

Âèñíîâîê

Ðîçãëÿíóòî êâàíòîâàíèé ïðîñòið, îïèñàíèé çà äîïîìîãîþ àëãåáðè ç íåêîìó-

òàòèâíiñòþ êîîðäèíàò òà íåêîìóòàòèâíiñòþ iìïóëüñiâ, ÿêà ¹ ñôåðè÷íî-ñèìåòðè÷íà

òà íå çóìîâëþ¹ ïîðóøåííÿ ñèìåòði¨ âiäíîñíî iíâåðñi¨ ÷àñó.

Ó ñôåðè÷íî-ñèìåòðè÷íîìó íåêîìóòàòèâíîìó ïðîñòîði ðîçãëÿíóòî îïåðàòî-

ðè êâàäðàòà äîâæèíè ó êîîðäèíàòíîìó òà iìïóëüñíîìó ïðîñòîði. Çíàéäåíî âëàñíi

çíà÷åííÿ öèõ îïåðàòîðiâ ç òî÷íiñòþ äî äðóãîãî ïîðÿäêó çà ïàðàìåòðàìè íåêîìóòà-

òèâíîñòi. Îòðèìàíî âèðàçè äëÿ ìiíiìàëüíî¨ äîâæèíè ó êîîðäèíàòíîìó òà iìïóëü-

ñíîìó ïðîñòîðàõ. Âñòàíîâëåíî, ùî ìiíiìàëüíà äîâæèíà ó êîîðäèíàòíîìó ïðîñòîði

âèçíà÷à¹òüñÿ ïàðàìåòðîì êîîðäèíàòíî¨ íåêîìóòàòèâíîñòi. Ìiíiìàëüíà äîâæèíà ó

iìïóëüñíîìó ïðîñòîði ïðåäñòàâëÿ¹òüñÿ ÷åðåç ïàðàìåòð iìïóëüñíî¨ íåêîìóòàòèâíî-

ñòi.
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