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Àíîòàöiÿ

Ìåòîþ ìàãiñòåðñüêî¨ ðîáîòè ¹ òàêå óçàãàëüíåííÿ ïîëiòðîïíî¨ òåîði¨ äëÿ

íîðìàëüíèõ çið, ÿêå äîçâîëÿ¹ îäíî÷àñíî çàäîâîëüíÿòè ãðàíè÷íi óìîâè ó öåí-

òði çîði i íà ¨¨ ïîâåðõíi. Òàêà óçàãàëüíåíà ìîäåëü ç iíäåêñîì n=3 çàïðîïîíî-

âàíà äëÿ Ñîíöÿ. Ïîáóäîâàíî äâà âàðiàíòè ðîçâ'ÿçêó ðiâíÿííÿ Åìäåíà, îäèí

ç ÿêèõ âèêîðèñòîâó¹ çíà÷åííÿ ðàäióñà Ñîíöÿ, à äðóãèé � ãóñòèíó ó öåíòði

ÿäðà. Ìîäåëüíèé ðîçâ'ÿçîê çáiãà¹òüñÿ ç ïåðøèì ðîçâ'ÿçêîì âñåðåäèíi ñîíÿ-

÷íîãî ÿäðà, à ç äðóãèì � çà ìåæàìè ÿäðà. Îäåðæàíèé ðîçâ'ÿçîê äà¹ ïðàâèëü-

íå çíà÷åííÿ ãóñòèíè ðå÷îâèíè ó öåíòði i ïðàâèëüíó âåëè÷èíó ðàäióñà Ñîíöÿ.

Âiäõèëåííÿ âiä "òî÷íèõ" ÷èñëîâèõ ðîçðàõóíêiâ íà îñíîâi 4-õ ðiâíÿíü ñòðó-

êòóðè çîði íå ïåðåâèùó¹ 5 %. Îäåðæàíå çíà÷åííÿ öåíòðàëüíî¨ òåìïåðàòóðè

Ñîíöÿ äîðiâíþ¹ 15.58 · 106 K.

Abstrat

The objetive of the master's thesis is to make suh a generalization of the

polytropi theory of normal stars, whih would allow to satisfy the boundary

onditions in the enter of a star and on its surfae simultaneously. Suh a generali-

zed model with the index n=3 is proposed for the Sun. Two variants of the soluti-

on of Emden's equation are onstruted, one of whih employs the value of the

Sun's radius and the other employs the density in the enter of the ore. The

model solution oinides with the �rst solution inside the Sun's ore and with

the seond one ouside the ore. The obtained solution yields the orret value of

the density of matter in the enter and the orret value of the Sun's radius. The

deviation from the "exat" numerial alulations based on 4 equations of stellar

struture does not exeed 5%. The obtained value of the entral temperature of

the Sun is 15.58·106 K.
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Âñòóï

Ïîëiòðîïíà òåîðiÿ áóëà ïåðøèì åòàïîì ðîçâèòêó òåîði¨ âíóòðiøíüî¨ áóäî-

âè çið. Âîíà ïîáóäîâàíà ó ðîáîòàõ Ëåíà [1℄, Åìäåíà [2℄, Ôàóëåðà [3℄, Åääiíãòî-

íà[4℄, Ìiëíà [5℄, ×àíäðàñåêàðà [6℄, Äæåéìñà [7℄ òà iíøèõ äîñëiäíèêiâ â îñíîâ-

íîìó ó ïåðøié ïîëîâèíi 20 ñò. Ó öié òåîði¨ äîñëiäæó¹òüñÿ ñòðóêòóðà ãàçîâèõ

çið òèïó Ñîíöÿ ÿê ðåçóëüòàò ðiâíîâàãè ìiæ ãðàâiòàöiéíèì ñòèñêîì òà âíóòði-

øíiì òèñêîì ðå÷îâèíè çîði. Çà âiäñóòíîñòi äàíèõ ïðî îñíîâíi äæåðåëà åíåðãi¨

çið âèêîðèñòîâóâàëîñü ðiâíÿííÿ ïîëiòðîïíèõ ïðîöåñiâ äëÿ ìîäåëþâàííÿ ðiâ-

íÿííÿ ñòàíó çîðÿíî¨ ðå÷îâèíè. Òîìó öÿ òåîðiÿ ìà¹ ìîäåëüíèé, íàáëèæåíèé

õàðàêòåð. Âiäêðèòòÿ òåðìîÿäåðíèõ äæåðåë åíåðãi¨ çið äàëî ìîæëèâiñòü äîñëi-

äæóâàòè âíóòðiøíþ áóäîâó çið ðiçíèõ òèïiâ íà îñíîâi ñèñòåìè ðiâíÿíü çîðÿíî¨

ñòðóêòóðè, ÿêi îïèñóþòü ÿê ìåõàíi÷íó, òàê i åíåðãåòè÷íó ðiâíîâàãó. Îäíàê ïî-

ëiòðîïíà òåîðiÿ íå âòðàòèëà çíà÷åííÿ i òåïåð, îñîáëèâî ïðè âðàõóâàííi ðiçíèõ

�àêòîðiâ, ùî �îðìóþòü ñòðóêòóðó çið, à ñàìå îñüîâîãî îáåðòàííÿ, ìàãíiòíèõ

ïîëiâ, ìiæ÷àñòèíêîâèõ âçà¹ìîäié. Ôàêòè÷íî òåïåð ïîëiòðîïíó òåîðiþ ìîæíà

ðîçãëÿäàòè ÿê äåÿêèé åêñïðåñ-ìåòîä, ùî äà¹ ìîæëèâiñòü ÿêiñíî i øâèäêî

äîñëiäæóâàòè îñîáëèâîñòi áóäîâè çið âçàãàëi, à òàêîæ äàâàòè iíòåðïðåòàöiþ

ñïîñòåðåæóâàíèõ äàíèõ äëÿ êîíêðåòíèõ çið. Îñîáëèâå çíà÷åííÿ ïîëiòðîïíà

òåîðiÿ ñòàíîâèòü äëÿ äîñëiäæåííÿ áóäîâè çið áåç ñóòò¹âèõ äæåðåë åíåðãi¨,

çîêðåìà âèðîäæåíèõ êàðëèêiâ, íîðìàëüíèõ çið çi øâèäêèì îñüîâèì îáåðòàí-

íÿì [8℄, [9℄, [10℄ òîùî. Ó öèõ ðîáîòàõ çíàéäåíî ðîçâ'ÿçêè ðiâíÿííÿ ðiâíîâàãè

äëÿ çîði α Åðiäàíà (B3V), ùî ìà¹ äóæå âèñîêó êóòîâó øâèäêiñòü îñüîâîãî

îáåðòàííÿ (ω ≈ 3 · 10−5


−1
), âèêîðèñòîâóþ÷è ïîëiòðîïó ç iíäåêñîì n = 1.

Ïðîòå òî÷íiñòü ðîçðàõóíêiâ çið ó ïîëiòðîïíèõ ìîäåëÿõ íà ñüîãîäíiøíié äåíü

íå âèâ÷åíà, ùî ðîáèòü ðåçóëüòàòè òàêèõ ðîáiò íåäîñòàòíüî îáãðóíòîâàíèìè.

Îñêiëüêè äåòàëi âíóòðiøíüî¨ áóäîâè Ñîíöÿ äîñëiäæåíi íà îñíîâi ñèñòåìè

ðiâíÿíü çîðÿíî¨ ñòðóêòóðè, òî àêòóàëüíîþ ¹ çàäà÷à ðîçðàõóíêó õàðàêòåðè-

ñòèê Ñîíöÿ ó ïîëiòðîïíîìó íàáëèæåííi, ùî ìîæå äàòè îöiíêó òî÷íîñòi ïîëi-

òðîïíî¨ òåîði¨ äëÿ íîðìàëüíèõ çið, à òàêîæ ðîçðîáèòè âàðiàíòè ïîêðàùåííÿ

ïîëiòðîïíèõ ìîäåëåé.
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Ìåòîþ äàíî¨ ðîáîòè ¹ óçàãàëüíåííÿ ñòàíäàðòíî¨ ïîëiòðîïíî¨ ìîäåëi i

ðîçðàõóíêè õàðàêòåðèñòèê Ñîíöÿ.

Îñíîâíi çàâäàííÿ ðîáîòè:

1) îãëÿä ñòàíäàðòíî¨ ïîëiòðîïíî¨ ìîäåëi â òåîði¨ íîðìàëüíèõ çið;

2) óçàãàëüíåííÿ ïîëiòðîïíî¨ ìîäåëi øëÿõîì âðàõóâàííÿ ãðàíè÷íèõ óìîâ ÿê

íà ïîâåðõíi, òàê i â öåíòði çîði;

3) ðîçðàõóíîê ðîçïîäiëó ãóñòèíè i òåìïåðàòóðè âçäîâæ ðàäióñà äëÿ ìîäåëi

Ñîíöÿ.
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1 Ïîëiòðîïíà ìîäåëü â òåîði¨ ñòðóêòóðè çið

Îñíîâíèì ñïiââiäíîøåííÿì ïîëiòðîïíî¨ ìîäåëi çið áåç îñüîâîãî îáåðòàííÿ

¹ ðiâíÿííÿ ìåõàíi÷íî¨ ðiâíîâàãè

∇P (r) = −ρ(r)∇Φ(r), (1)

äå ρ(r) îçíà÷à¹ ãóñòèíó ðå÷îâèíè íà ñ�åði ðàäióñà r,

Φ(r) = −G

∫

V

ρ(r
′

)dr
′

|r− r
′| (2)

¹ ãðàâiòàöiéíèì ïîòåíöiàëîì íà öié ñ�åði, à òèñê ìîäåëþ¹òüñÿ ïîëiòðîïíîþ

çàëåæíiñòþ

P (r) = Kρν(r) = Kρ1+1/n(r), (3)

äå K i ν (àáî n = [ν − 1]−1
) ¹ ñòàëèìè (ïàðàìåòðè ìîäåëi).

Çãiäíî çi ñïiââiäíîøåííÿì (3) ãðàäi¹íò òèñêó äîðiâíþ¹

∇P (r) = K
(

1 +
1

n

)

ρ1/n(r)∇ρ(r), (4)

à

1

ρ(r)
∇P (r) = K

(

1 +
1

n

)

ρ1/n−1(r)∇ρ(r) = K(1 + n)∇(ρ1/n(r)). (5)

Òîìó ç ðiâíÿííÿ (1) îäåðæó¹ìî ñïiââiäíîøåííÿ

1

ρ
∇P (r) = −∇Φ(r), (6)

àáî

K (1 + n)∇(ρ1/n(r)) = −∇Φ(r). (7)

Äiþ÷è îïåðàòîðîì ∇ íà ðiâíÿííÿ (7), çíàõîäèìî ðiâíÿííÿ

K (1 + n)∇2(ρ1/n(r)) = −∇2Φ(r). (8)

ßê âiäîìî ç òåîði¨ ãðàâiòàöiéíîãî ïîòåíöiàëó

∇2Φ(r) = 4πGρ(r), (9)
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ùî äà¹ ðiâíÿííÿ ðiâíîâàãè ó âèãëÿäi

K (1 + n) ∆r(ρ
1/n(r)) = −4πGρ(r). (10)

Òóò

∆r ≡ ∇2 =
1

r2
d

dr

(

r2
d

dr

)

=
d2

dr2
+

2

r

d

dr
(11)

¹ ðàäiàëüíîþ ñêëàäîâîþ îïåðàòîðà Ëàïëàñà. Íàøà ìîäåëü çîði ìà¹ ñ�åðè÷íó

ñèìåòðiþ, áî îñüîâå îáåðòàííÿ íå áåðåòüñÿ äî óâàãè. �iâíÿííÿ (10) ¹ ðiâíÿí-

íÿì, ùî âèçíà÷à¹ çàëåæíiñòü ãóñòèíè âiä ðàäiàëüíî¨ êîîðäèíàòè (0 ≤ r ≤ R,

äå R � ðàäióñ çîði).

Äëÿ çðó÷íîñòi ðîçðàõóíêiâ ïåðåõîäÿòü äî áåçðîçìiðíèõ çìiííèõ ïiäñòà-

íîâêîþ

r = ξλ, ρ(r) = ρcy
n(ξ), (12)

äå ρc � ãóñòèíà ó öåíòði çîði, λ � äåÿêèé ìàñøòàá äîâæèíè. Ó öèõ çìiííèõ

ðiâíÿííÿ (10) íàáóâà¹ âèãëÿäó

ρ1/nc K (1 + n)
1

λ2
∆ξy(ξ) = −4πGρcy

n(ξ). (13)

Âèáèðàþ÷è λ ç óìîâè

K (1 + n) = λ24πGρ1−1/n
c , (14)

îäåðæó¹ìî áåçðîçìiðíó �îðìó ðiâíÿííÿ ðiâíîâàãè

∆ξy(ξ) = −yn(ξ), (15)

äå

∆ξ =
d2

dξ2
+

2

ξ

d

dξ
=

1

ξ2
d

dξ

(

ξ2
d

dξ

)

(16)

îïåðàòîð Ëàïëàñà ó çìiííèõ ξ. Çà îçíà÷åííÿì (12) ìà¹ìî y(0) = 1. Îñêiëüêè

�içè÷íèé çìiñò ìàþòü ëèøå ðåãóëÿðíi ðîçâ'ÿçêè ðiâíÿííÿ (15), òî øóêàþòü

ðîçâ'ÿçêè, ÿêi çàäîâîëüíÿþòü ãðàíè÷íi óìîâè

y(0) = 1,
dy

dξ
|ξ=0 = 0. (17)



8

Òàêi ðîçâ'ÿçêè íàçèâàþòüñÿ ðîçâ'ÿçêàìè Åìäåíà. Î÷åâèäíî òàêîæ, ùî y(ξ) ≥ 0.

Äëÿ n = 0, 1 i 5 ðîçâ'ÿçêè âiäîìi â àíàëiòè÷íié �îðìi:

y0(ξ) = 1 − ξ2

6
; ξ1(0) =

√
6; (n = 0)

y1(ξ) =
sin ξ

ξ
; ξ1(1) = π; (n = 1) (18)

y5(ξ) =

{

1 +
ξ2

3

}−1/2

; ξ1(5) = ∞; (n = 5),

äå yn(ξ) ≡ y(ξ) äëÿ çàäàíîãî iíäåêñà n, à ξ1(n) ¹ êîðåíåì ðiâíÿííÿ yn(ξ) = 0 i

âèçíà÷à¹ áåçðîçìiðíèé ðàäióñ çîði ó ìîäåëi ç iíäåêñîì n. Êðiì çíà÷åííÿ ξ1(n)

âàæëèâèìè ¹ òàêîæ âåëè÷èíè

αn = ξ21(n)

∣

∣

∣

∣

dyn(ξ)

dξ

∣

∣

∣

∣

ξ=ξ1

; ξ1(n)[5 − n]. (19)

Ïðè çíà÷åííÿõ iíäåêñà n 6= 0; 1; 5 ðîçâ'ÿçêè ðiâíÿííÿ (15) çíàõîäÿòüñÿ ÷è-

ñåëüíèì iíòåãðóâàííÿì (äèâ. ðèñ. 1). Âåëè÷èíè ξ1(n), αn, ξ1(n)[5 − n] ïðè

-0.4

-0.2

 0

 0.2

 0.4

 0.6

 0.8

 1

 0  1  2  3  4  5  6  7  8  9  10

ξ

n=0 1.0 2.0 3.0

yn(ξ)

�èñ. 1: �îçâ'ÿçêè ðiâíÿííÿ ðiâíîâàãè.

äåÿêèõ n íàâåäåíî ó òàáëèöi 1. �èñóíîê 1 i òàáëèöþ 1 âçÿòî ç [11℄. �îçâ'ÿçêè

Åìäåíà ìàþòü àñèìïòîòèêó [6℄ â îêîëi ξ ≪ 1 ïðè äîâiëüíèõ n:

yn(ξ) = 1 − 1

3!
ξ2 +

n

5!
ξ4 − n(8n− 5)

3 · 7!
ξ6 + ... . (20)
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Òàáë. 1: Ïàðàìåòðè ïîëiòðîïíèõ ìîäåëåé çið

n 0 1 1.5 2 3 4 5

ξ1(n)
√

6 π 3.654 4.35 6.896 14.97 ∞
αn ≡ ξ21(n)|y′(ξ1)| 2

√
6 π 2.714 2.41 2.018 1.80

√
3

(5 − n)ξ1(n) 5
√

6 12.566 12.79 13.05 13.792 14.97 32
√

3π−1

�îçâ'ÿçêàìè ðiâíÿííÿ (15) âèçíà÷à¹òüñÿ êîîðäèíàòíà çàëåæíiñòü õàðàêòå-

ðèñòèê çîði-ïîëiòðîïè

ρ(r) = ρcy
n
n(r/λ), P (r) = Kρ1+1/n

c yn+1
n (r/λ). (21)

Âèêîðèñòîâóþ÷è ðiâíÿííÿ ñòàíó iäåàëüíîãî êëàñè÷íîãî ãàçó

P =
N

V
kBT = ρkBT [µ∗mu]−1, (22)

ìîæíà âèçíà÷èòè êîîðäèíàòíó çàëåæíiñòü òåìïåðàòóðè

T (r) =
P (r)µ∗
ρ(r)R∗

= K µ∗
R∗

ρ1/nc yn(r/λ), (23)

äå µ∗ � ñåðåäíÿ ìîëåêóëÿðíà ìàñà (â îäèíèöÿõ mu), kB � ñòàëà Áîëüöìàíà,

mu � àòîìíà îäèíèöÿ ìàñè (1.67 · 10−24
ã), R∗ = kB/mu.

Ó ìîäåëi çîði, ÿêó ìè ðîçãëÿäà¹ìî, �iãóðóþòü ïàðàìåòðè λ, K, i ρc, ÿêi
íàïåðåä ¹ íåâiäîìèìè. �õ ìîæíà âèçíà÷èòè, âèêîðèñòîâóþ÷è íàÿâíi ñïîñòå-

ðåæóâàíi äàíi. Äëÿ öüîãî îá÷èñëèìî ìàñó çîði

M =

∫

V

ρ(r)dr = 4π

R
∫

0

r2ρ(r)dr = (24)

= 4πλ3ρc

ξ1(n)
∫

0

ξ2ynn(ξ)dξ.

Çãiäíî ç ðiâíÿííÿì (15) i îçíà÷åííÿì (16),

ξ2ynn(ξ) = − d

dξ

(

ξ2
dyn
dξ

)

, (25)
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òîìó

M = −4πλ3ρc

ξ1(n)
∫

0

d

dξ

(

ξ2
dyn
dξ

)

dξ = (26)

= −4πλ3ρc

(

ξ2
dyn
dξ

)

|ξ1(n) = 4πλ3ρcαn.

Ç �îðìóë (12) ìà¹ìî

R = ξ1(n)λ. (27)

Òàêèì ÷èíîì îäåðæó¹òüñÿ ñèñòåìà ðiâíÿíü

K(1 + n) = 4πλ2Gρ1−1/n
c ; M = 4πλ3ρcαn, R = ξ1(n)λ. (28)

1. ßêùî çi ñïîñòåðåæåíü âiäîìi M i R, à iíäåêñ n çà�iêñîâàíî, òî λ, ρc, K
ìîæíà âèçíà÷èòè iç ñèñòåìè (28) i âîíè áóäóòü çàëåæàòè âiä âèáîðó ïàðàìåòðà

n:

λ =
R

ξ1(n)
, ρc =

M

4παn

ξ31(n)

R3
; (29)

K = (4π)1/n
G

1 + n
M1−1/n

(

ξ1(n)

R

)1−3/n
1

α
1−1/n
n

.

Îñêiëüêè iíäåêñó n ìîæíà íàäàòè äîâiëüíi çíà÷åííÿ â iíòåðâàëi (1 . n / 3),

òî òàêó òåîðiþ íàçèâàþòü îäíîïàðàìåòðè÷íîþ.

2. Ìîæëèâèé iíøèé âèáið ïàðàìåòðiâ, êîëè âiäîìà ìàñà M i ãóñòèíà ó

öåíòði ρ̃c. Òîäi iç ñèñòåìè (28) îäåðæó¹ìî

λ̃ =

(

M

4παnρ̃c

)1/3

; R̃ = ξ1(n)

(

M

4παnρ̃c

)1/3

; (30)

K̃ =
(4π)1/3GM2/3

(1 + n)α
2/3
n

ρ̃1/3−1/n
c ,

ïðè öüîìó ρ̃c âiäðiçíÿ¹òüñÿ âiä ρc, à R̃ � âiä R. ßêùî ρ̃c > ρc, òî R̃ < R, ÿê

âèäíî ç �îðìóë (29), (30).

Ó âèïàäêó 1 çàëåæíiñòü ãóñòèíè ðå÷îâèíè âiä êîîðäèíàòè âèçíà÷à¹òüñÿ

�îðìóëîþ

ρ(r) = ρcy
n
n(ξ) = ρcy

n
n

( r

λ

)

= ρcy
n
n

( r

R
ξ1(n)

)

, (31)
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à ó âèïàäêó 2 ìà¹ìî

ρ̃(r) = ρ̃cy
n
n(ξ) = ρ̃cy

n
n

(

r

λ̃

)

= (32)

= ρ̃cy
n
n

(

r

R̃
ξ1(n)

)

= ρ̃cy
n
n

(

r

R
ξ1(n)

R

R̃

)

.

Òàêèì ÷èíîì, äâà ìîæëèâi ñïîñîáè çíàõîäæåííÿ ïàðàìåòðiâ ïîëiòðîïè äà-

þòü äâà ðiçíi ðîçâ'ÿçêè çàäà÷i. Ùîá âèÿñíèòè, ÿê ìîæíà ñêîðèñòàòèñÿ öèìè

äâîìà ðîçâ'ÿçêàìè, ìè ðîãëÿíåìî ðîçðàõóíîê âíóòðiøíüî¨ ñòðóêòóðè Ñîíöÿ

ó ðàìêàõ òî÷íiøîãî ïiäõîäó.

2 Ñèñòåìà ðiâíÿíü äåòàëüíî¨ áóäîâè Ñîíöÿ

Ñèñòåìà ðiâíÿíü âíóòðiøíüî¨ ñòðóêòóðè çîði òèïó Ñîíöÿ ìà¹ âèãëÿä (äèâ.

íàïð. [13℄)

dM

dr
= 4πρr2;

dP

dr
= −MG

r2
ρ; (33)

dL

dr
= 4περr2;

dT

dr
= − 3Læρ

64σπr2T 3
.

Òóò âèêîðèñòàíî òàêi ïîçíà÷åííÿ: P ≡ P (r) � òèñê íà ñ�åði ðàäióñà r, M ≡
M(r) � ìàñà çîði âñåðåäèíi ñ�åðè ðàäióñà r, L ≡ L(r) ñâiòíiñòü öi¹¨ ñ�åðè,

ρ ≡ ρ(r) � ãóñòèíà ðå÷îâèíè íà ñ�åði ðàäióñà r, T ≡ T (r) � òåìïåðàòóðà

íà ñ�åði, æ ≡ æ(r) � êîå�iöi¹íò ïîãëèíàííÿ �îòîíiâ, σ � ñòàëà Ñòå�àíà-

Áîëüöìàíà, ε = ε(r) � �óíêöiÿ åíåðãîâèäiëåííÿ (øâèäêiñòü ãåíåðàöi¨ åíåðãi¨

â ðîçðàõóíêó íà îäèíèöþ ìàñè ðå÷îâèíè). Ñèñòåìi (33) âiäïîâiäàþòü î÷åâèäíi

ãðàíè÷íi óìîâè

M = L = 0 ïðè r = 0, (34)

M = M⊙, L = L⊙ íà ïîâåðõíi Ñîíöÿ äëÿ ðàäióñà R⊙ i âiêó 4.5 · 109 ðîêiâ.

Ïðè öüîìó âåëè÷èíè æ ≡ æ(r) i ε ≡ ε(r) âèçíà÷àþòüñÿ ëîêàëüíèìè çíà÷åí-

íÿìè ãóñòèíè ρ(r) i òåìïåðàòóðè T (r), à òàêîæ õiìi÷íèì ñêëàäîì ðå÷îâèíè.

Îñòàíí¹ ðiâíÿííÿ ñèñòåìè (33) âiäïîâiäà¹ ïðîìåíèñòîìó ïåðåíîñó åíåðãi¨ ó
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ÿäði òà ïðîìiæíié îáëàñòi. Äëÿ êîíâåêòèâíî¨ çîíè âèêîðèñòîâóþòü çâè÷àéíî

ðiâíÿííÿ

dT

dr
=

γ − 1

γ

T

P

dP

dr
, (35)

ùî âiäïîâiäà¹ íàáëèæåííþ àäiàáàòè÷íèõ ïðîöåñiâ,

P (r) = ΓT γ/(γ−1)(r), (36)

äå γ = Cp/CV � âiäíîøåííÿ òåïëî¹ìíîñòi ïðè ñòàëîìó òèñêó äî òåïëî¹ì-

íîñòi ïðè ñòàëîìó îá'¹ìi. Çà ìåæàìè êîíâåêòèâíî¨ îáëàñòi âèêîðèñòîâóþòü

ðiâíÿííÿ ñòàíó iäåàëüíîãî ãàçó

P (r) =
kB

µ(r)mu
ρ(r)T (r), (37)

äå mu = 1.67 ·10−24
ã � àòîìíà îäèíèöÿ ìàñè, µ(r) � áåçðîçìiðíà ìîëåêóëÿðíà

ìàñà

µ(r) =

{

2X(r) +
3

4
Y (r) +

1

2
Z(r)

}−1

. (38)

Òóò X = ρH/ρ, Y = ρHe/ρ � ìàñîâi äîëi âîäíþ i ãåëiþ, Z = ρ
ií

/ρ � ìàñîâà

äîëÿ (ñóìàðíà) âñiõ iíøèõ åëåìåíòiâ.

Ó âèïàäêó ïðîòîí-ïðîòîííîãî öèêëó �óíêöiÿ åíåðãîâèäiëåííÿ

ε(r) ∼= 2.5 · 106ρ(r)X2(r)

(

106

T (r)

)2/3

exp

{

−33.8

(

106

T (r)

)1/3
}

. (39)

Äëÿ êîå�iöi¹íòà ïîãëèíàííÿ âèêîðèñòîâóþòü íàáëèæåíi âèðàçè òèïó �îðìó-

ëè Êðàìåðñà

æ(r) = æ0ρ(r)T−7/2(r), (40)

äå æ0 çàëåæèòü ëèøå âiä õiìi÷íîãî ñêëàäó. Â ðîáîòi [12℄ áóëè îäåðæàíi ðîçâ'ÿçêè

ñèñòåìè ðiâíÿíü äëÿ Ñîíöÿ ïðè ñåðåäíüîìó õiìi÷íîìó ñêëàäi X = 0.708;

Y = 0.272; Z = 0.02. Ïðè öüîìó ïðèéíÿòî, ùî ρc = 158ã/ñì3
, Tc = 1.57 ·107K

(ãóñòèíà i òåìïåðàòóðà ó öåíòði). �åçóëüòàòè ðîçðàõóíêiâ ïðåäñòàâëåíî ó òà-

áëèöi 2. Òóò íàâåäåíî çíà÷åííÿ ãóñòèíè ρ(r), òåìïåðàòóðè T (r), ìàñè M(r),

ñâiòíîñòi L(r), òèñêó P (r) äëÿ 0.001 ≤ r
R⊙

≤ 1. Íà ðèñ. 2 çîáðàæåíî çà-

ëåæíiñòü âiä çìiííî¨ r/R⊙ äëÿ ãóñòèíè. Iç òàáëèöi 2 âèäíî ðiçêó çìiíó êî-
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�èñ. 2: �îçïîäië ãóñòèíè â ìîäåëi Ñîíöÿ âiä êîîðäèíàòè ç ðîáîòè [14℄.

îðäèíàòíî¨ çàëåæíîñòi òåìïåðàòóðè (àíàëîãi÷íà çàëåæíiñòü ¹ äëÿ òèñêó) â

îêîëi òî÷êè

r
R⊙

= 0.86, ùî âiäïîâiäà¹ íèæíié ãðàíèöi êîíâåêòèâíî¨ îáëà-

ñòi. Â çîíi

r
R⊙

> 0.86 áà÷èìî äóæå øâèäêå ñïàäàííÿ òåìïåðàòóðè i òèñêó.

Äåùî ñëàáøå âèÿâëÿ¹òüñÿ çìiíà ïîâåäiíêè ρ(r), T (r), P (r) â îêîëi òî÷êè

r
R⊙

≈ 0.25 (â îáëàñòi

r
R⊙

< 0.25 ïîõiäíi öèõ âåëè÷èí ìåíøi âiä ïîõiäíèõ â

îáëàñòi

r
R⊙

> 0.25). Òîáòî êîîðäèíàòíà çàëåæíiñòü ρ(r), T (r), P (r) âiäîáðà-

æà¹ iñíóâàííÿ òðüîõ îáëàñòåé ç ðiçíèì ñòàíîì òåðìîäèíàìi÷íèõ ïàðàìåòðiâ

� ÿäðî, ïðîìiæíà îáëàñòü, i êîíâåêòèâíà çîíà.

3 Óçàãàëüíåíà ïîëiòðîïíà ìîäåëü Ñîíöÿ

Íà ðèñ. 3 çîáðàæåíî çàëåæíiñòü ãóñòèíè ðå÷îâèíè Ñîíöÿ. Êðèâà 1 âiäïî-

âiäà¹ ðîçðàõóíêó çà �îðìóëîþ (31), à êðèâà 2 � çà �îðìóëîþ (32) ó ïîëiòðî-

ïíîìó íàáëèæåííi ïðè n = 3. Ïðè öüîìó êðèâà 1 âiäïîâiäà¹ ρc = 80 ã/ì

3

(ðîçðàõîâàíà çà �îðìóëîþ (29)), à êðèâié 2 âiäïîâiäà¹ öåíòðàëüíà ãóñòèíà

ρ̃c = 158 ã/ì3
, ÿê i â ðîáîòi [14℄.

Òàêà ïîâåäiíêà êðèâèõ 1 i 2 äîçâîëÿ¹ ïîáóäóâàòè ìîäåëüíèé ðîçïîäië ãó-

ñòèíè ó Ñîíöi, çîáðàæàþ÷è ¨¨ â îáëàñòi ÿäðà êðèâîþ 2 (òîáòî ρ̃(r)), à çà
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ìåæàìè öi¹¨ îáëàñòi � êðèâîþ 1 (òîáòî ρ(r)). Ó òî÷öi r0/R⊙ ≈ 0.285 öi äâi

êðèâi "çøèâàþòüñÿ" (ρ(r0) = ρ̃(r0)), õî÷à ¨õíi ïîõiäíi ó öié òî÷öi i âiäõèëÿþ-

òüñÿ íà äóæå ìàëó âåëè÷èíó. Òîáòî ìîäåëüíà ãóñòèíà ðå÷îâèíè çîáðàæà¹òüñÿ
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r0

�èñ. 3: �îçïîäië ãóñòèíè Ñîíöÿ âçäîâæ ðàäióñà. Êðèâà 1 âiäïîâiäà¹ ρ(r), êðè-

âà 2 � ρ̃(r).

òàêèì ñïiââiäíîøåííÿì:

ρ(r) =







ρ̃cỹ
3
(

r
R⊙

ξ1(3)R⊙

R̃

)

ïðè r ≤ r0;

ρcy
3
(

r
R⊙

ξ1(3)
)

ïðè r > r0.
(41)

Âåëè÷èíà r0 äóæå áëèçüêà äî çàãàëüíîïðèéíÿòîãî ðàäióñà ñîíÿ÷íîãî ÿäðà. ßê

âèäíî ç ðèñóíêà, âiäõèëåííÿ ìîäåëüíîãî ðîçïîäiëó âiä êðèâî¨ 1 íå ïåðåâèùó¹

5 %. Öå âiäõèëåííÿ ìîæíà çìåíøèòè, âèêîðèñòîâóþ÷è äåùî ìåíøå çíà÷åííÿ

öåíòðàëüíî¨ ãóñòèíè. Ïåðåâiðêîþ âåëè÷èíè iíòåãðàëüíî¨ ïîõèáêè ìîæå áóòè

âiäõèëåííÿ ìàñè Ñîíöÿ, ðîçðàõîâàíî¨ çà �îðìóëîþ

M(r) = 4π







r0
∫

0

dr · r2ρ̃(r) +

R⊙
∫

r0

dr · r2ρ(r)







(42)

ç âèêîðèñòàííÿì âèðàçiâ (31) i (32).
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�èñ. 4: �îçïîäië ãóñòèíè Ñîíöÿ âçäîâæ ðàäióñà. Êðèâà 1 âiäïîâiäà¹ ðîáîòi

[14℄, êðèâà 2 � íàøi ðîçðàõóíêè.

Íà ðèñ. 4 çîáðàæåíî ðîçïîäië ãóñòèíè Ñîíöÿ âçäîâæ ðàäióñà. Ùîá ïå-

ðåêîíàòèñü, ùî íåâåëèêå âiäõèëåííÿ ìîäåëüíîãî ðîçïîäiëó ãóñòèíè âiä "òî-

÷íîãî" ç ðîáîòè [14℄ íå ¹ âèïàäêîâiñòþ, ìè ðîçðàõóâàëè òàêîæ êîîðäèíàòíó

çàëåæíiñòü òåìïåðàòóðè Ñîíöÿ. Íà ðèñ. 5 êðèâà 1 çîáðàæà¹ ðîçïîäië òåìïå-

ðàòóðè, îäåðæàíèé ó ðîáîòi [14℄, à êðèâà 2 âiäïîâiäà¹ ìîäåëüíîìó ðîçïîäiëó:

T (r) = K µ∗
R∗







ρ̃
1/3
c ỹ

(

r
R⊙

ξ1(3)R⊙

R̃

)

ïðè r ≤ r0;

ρ
1/3
c y

(

r
R⊙

ξ1(3)
)

ïðè r > r0.
(43)

Òóò âðàõîâàíî, ùî ïðè n = 3

K = K̃ =
(4π)1/3GM2/3

4α
2/3
3

.

Âiäõèëåííÿ êðèâî¨ 2 âiä "òî÷íî¨" êðèâî¨ 1 ìà¹ òàêó æ ïîâåäiíêó, ÿê i ó âè-

ïàäêó ðîçïîäiëó ãóñòèíè.
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�èñ. 5: �îçïîäië òåìïåðàòóðè Ñîíöÿ âçäîâæ ðàäióñà. Êðèâà 1 âiäïîâiäà¹ ðî-

áîòi [14℄, êðèâà 2 � íàøi ðîçðàõóíêè. Tc = 15.58 · 106 K.

Âèñíîâêè

1. Ó òðàäèöiéíîìó ïîëiòðîïíîìó ïiäõîäi êîîðäèíàòíà çàëåæíiñòü ìàñè, ãó-

ñòèíè i òåìïåðàòóðè âèçíà÷à¹òüñÿ ¹äèíîþ �óíêöi¹þ Åìäåíà ïðè çàäà-

íîìó iíäåêñi ïîëiòðîïè n. Ïàðàìåòð ïîëiòðîïè K âèçíà÷à¹òüñÿ iíäåêñîì

n òà ñïîñòåðåæóâàíèìè çíà÷åííÿìè ìàñè i ðàäióñà çîði.

2. Ùîá çàáåçïå÷èòè íåâåëèêi âiäõèëåííÿ õàðàêòåðèñòèê âíóòðiøíüî¨ ñòðó-

êòóðè çîði âiä ÷èñåëüíèõ ðîçâ'ÿçêiâ ñèñòåìè ðiâíÿíü çîðÿíî¨ ñòðóêòóðè,

íåîáõiäíî âðàõóâàòè ãðàíè÷íi óìîâè äëÿ ðîçâ'ÿçêó ïîëiòðîïíîãî ðiâíÿ-

ííÿ ðiâíîâàãè ÿê íà ïîâåðõíi, òàê i â öåíòði çîði. Òàê âèíèêàþòü äâà

âàðiàíòè ðîçâ'ÿçêó ïîëiòðîïíîãî ðiâíÿííÿ ðiâíîâàãè, ùî ïîáóäîâàíi íà

�óíêöi¨ Åìäåíà ç ðiçíèìè àðãóìåíòàìè.

3. Äëÿ Ñîíöÿ îäåðæàíi ðîçâ'ÿçêè "çøèâàþòüñÿ" â îêîëi r = 0.285R⊙, ùî

áëèçüêî äî ðàäióñà ñîíÿ÷íîãî ÿäðà.

4. Âiäõèëåííÿ îäåðæàíîãî ðîçâ'ÿçêó âiä "òî÷íèõ" ðîçðàõóíêiâ (íà îñíîâi

ñèñòåìè ðiâíÿíü ñîíÿ÷íî¨ ñòðóêòóðè) íå ïåðåâèùó¹ 5%.
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5. Ó òàêîìó âàðiàíòi ïîëiòðîïíèé ïiäõiä äiéñíî ¹ åêñïðåñ-ìåòîäîì äëÿ

øâèäêîãî ðîçðàõóíêó õàðàêòåðèñòèê çið çà âiäîìèìè çíà÷åííÿìè ìàñè

i ðàäióñà, à òàêîæ âiäîìîþ (÷è íàáëèæåíî âiäîìîþ) ãóñòèíîþ ó öåíòði

çîði, àáî ç äîäàòêîâîþ ãðàíè÷íîþ óìîâîþ

L⊙ = 4π

R⊙
∫

0

r2ρ(r)ε(r)dr.
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Òàáë. 2: �åçóëüòàòè ðîçðàõóíêiâ äëÿ ìîäåëi Ñîíöÿ ç ðîáîòè [14℄.

r/R⊙ Mr/M⊙ Lr/L⊙ logT, K logP, log ρ, µ ε dT/dr

0.0011 0.0000 0.0000 7.1990 17.3770 2.194 0.862 17.9100 0.3320

0.0181 0.0007 0.0058 7.1950 17.3670 2.183 0.852 17.3860 0.3330

0.0459 0.0098 0.0791 7.1790 17.3170 2.126 0.808 14.9070 0.3310

0.0709 0.0322 0.2290 7.1540 17.2430 2.049 0.758 11.8290 0.3270

0.0904 0.0601 0.3790 7.1310 17.1720 1.98 0.723 9.3670 0.3230

0.1096 0.0959 0.5291 7.1060 17.0930 1.908 0.693 7.1240 0.3170

0.1311 0.1448 0.6792 7.0750 16.9960 1.825 0.668 4.9550 0.3070

0.1590 0.2183 0.8239 7.0340 16.8580 1.714 0.646 2.8780 0.2910

0.1874 0.3001 0.9140 6.9920 16.7080 1.597 0.633 1.5190 0.2720

0.2141 0.3795 0.9598 6.9520 16.5570 1.481 0.626 0.7920 0.2540

0.2398 0.4541 0.9823 6.9150 16.4070 1.366 0.623 0.4160 0.2390

0.2647 0.5228 0.9933 6.8800 16.2560 1.249 0.622 0.2190 0.2270

0.2893 0.5851 0.9979 6.8470 16.1060 1.132 0.621 0.0770 0.2170

0.3137 0.6410 0.9992 6.8150 15.9550 1.013 0.62 0.0300 0.2090

0.3382 0.6907 0.9997 6.7840 15.8050 0.893 0.62 0.0150 0.2030

0.3628 0.7346 0.9999 6.7540 15.6550 0.773 0.619 0.0080 0.1990

0.3878 0.7732 1.0000 6.7240 15.5050 0.652 0.619 0.0040 0.1950

0.4131 0.8070 1.0001 6.6950 15.3540 0.531 0.619 0.0020 0.1930

0.4390 0.8365 1.0001 6.6660 15.2040 0.409 0.618 0.0010 0.1920

0.4653 0.8620 1.0001 6.6370 15.0540 0.287 0.618 0.0010 0.1910

0.4922 0.8842 1.0001 6.6090 14.9040 0.165 0.618 0.0000 0.1910

0.5197 0.9032 1.0000 6.5800 14.7530 0.044 0.617 0.0000 0.1930

0.5478 0.9196 1.0000 6.5510 14.6030 −0.077 0.617 0.0000 0.1960

0.5764 0.9337 1.0000 6.5210 14.4530 −0.198 0.617 0.0000 0.2020

0.6055 0.9456 1.0000 6.4900 14.3030 −0.317 0.617 0.0000 0.2120

0.6349 0.9558 1.0000 6.4560 14.1520 −0.435 0.616 0.0000 0.2310

0.6645 0.9644 1.0000 6.4190 14.0020 −0.549 0.615 0.0000 0.2690

0.6939 0.9715 1.0000 6.3760 13.8520 −0.658 0.611 0.0000 0.3200

0.7221 0.9775 1.0000 6.3210 13.7030 −0.755 0.607 0.0000 0.3960

0.7490 0.9824 1.0000 6.2620 13.5530 −0.845 0.607 0.0000 0.3960

0.7739 0.9863 1.0000 6.2020 13.4030 −0.935 0.608 0.0000 0.3960

0.7970 0.9895 1.0000 6.1430 13.2530 −1.026 0.609 0.0000 0.3960

0.8181 0.9920 1.0000 6.0830 13.1030 −1.116 0.609 0.0000 0.3960

0.8550 0.9955 1.0000 5.9640 12.8030 −1.296 0.611 0.0000 0.3960

0.8851 0.9975 1.0000 5.8460 12.5020 −1.476 0.613 0.0000 0.3950

0.9094 0.9986 1.0000 5.7270 12.2020 −1.656 0.615 0.0000 0.3940

0.9284 0.9993 1.0000 5.6110 11.9080 −1.833 0.618 0.0000 0.3920

0.9436 0.9996 1.0000 5.4940 11.6080 −2.013 0.622 0.0000 0.3890

0.9605 0.9999 1.0000 5.3210 11.1580 −2.284 0.63 0.0000 0.3810

0.9813 1.0000 1.0000 4.9640 10.1580 −2.904 0.664 0.0000 0.3420

0.9904 1.0000 1.0000 4.6370 9.1580 −3.542 0.72 0.0000 0.2760

0.9972 1.0000 1.0000 4.2580 7.1580 −5.054 0.924 0.0000 0.1360

0.9998 1.0000 1.0000 3.9150 5.1580 −6.581 1.247 0.0000 0.5780

1.0000 1.0000 1.0000 3.7050 4.4830 −7.041 1.259 0.0000 0.0440
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